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Abstract
In this work, we investigate the effect of spacial diffusion on the

dynamical behavior of a delayed epidemic model with spacial diffusion
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and general incidence rate. The delay introduced into the model de-
notes the incubation period and the general function models the disease
transmission which covers several forms of incidence rates existing in the
literature. First, the stabilities of equilibria are established by construct-
ing appropriate Lyapunov functionals. After, we apply our theoretical
results to a model with specific nonlinear incidence rate.

Keywords: Epidemic model, general incidence rate, diffusion, global sta-
bility, time delay

1 Introduction

In this study, we consider the generalized epidemic model proposed by Hattaf
et al. in [8]. This model is given by the following nonlinear system of three
differential equations

dS

dt
= Λ− µS(t)− f(S(t), I(t))I(t),

dI

dt
= f(S(t− τ), I(t− τ))I(t− τ)e−µτ − (µ+ d+ r)I(t),

dR

dt
= rI(t)− µR(t),

(1)

where S, I and R are susceptible, infectious and recovered classes, respectively.
Λ is the recruitment rate of the population, µ is the natural death rate of the
population, d is the death rate due to disease, r is the recovery rate of the
infected individuals, f(S, I) is the rate of transmission and τ is the incubation
period. The term e−µτ is the probability of surviving from time t− τ to time
t.

As in [8, 12, 11, 13], the incidence function f(S, I) is assumed to be continu-
ously differentiable in the interior of IR2

+ and satisfies the following hypotheses:

f(0, I) = 0, for all I ≥ 0, (H1)

∂f

∂S
(S, I) > 0, for all S > 0 and I ≥ 0, (H2)

∂f

∂I
(S, I) ≤ 0 , for all S ≥ 0 and I ≥ 0. (H3)

Note that this incidence rate becomes the bilinear incidence rate if f(S, I) =

βS, the saturated incidence rate if f(S, I) =
βS

1 +mS
or f(S, I) =

βS

1 + nI
,

the Beddington-DeAngelis functional response introduced in [2, 6] and used

in [4] when f(S, I) =
βS

1 +mS + nI
, the Crowley-Martin functional response
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presented in [5, 19, 15] if f(S, I) =
βS

1 +mS + nI +mnSI
and the specific

nonlinear incidence rate proposed by Hattaf et al. (see Sect. 5 in [13]) and

used in [1, 16, 10, 17] when f(S, I) =
βS

1 +mS + nI + lSI
where m,n, l ≥ 0

are constants.
On the other hand, the system (1) ignores the mobility of individuals. To

make the model (1) more realistic, we propose the following model that takes
into account the spatial effect

∂S

∂t
= dS∆S + Λ− µS(x, t)− f(S(x, t), I(x, t))I(x, t),

∂I

∂t
= dI∆I + f(S(x, t− τ), I(x, t− τ))I(x, t− τ)e−µτ − (µ+ d+ r)I(x, t),

∂R

∂t
= dR∆R + rI(x, t)− µR(x, t),

(2)
where S(x, t), I(x, t) and R(x, t) represent the densities of susceptible, infected,
and removed individuals at location x and time t, respectively. The positive
constants dS, dI and dR denote the corresponding diffusion rates for these three
classes of individuals.

The aim of this work is to study the global dynamics of the delayed reaction-
diffusion system (2). Note that R does not appear in the first two equations;
this allows us to study the following system

∂S

∂t
= dS∆S + Λ− µS(x, t)− f(S(x, t), I(x, t))I(x, t),

∂I

∂t
= dI∆I + f(S(x, t− τ), I(x, t− τ))I(x, t− τ)e−µτ − (µ+ d+ r)I(x, t),

(3)
with homogeneous Neumann boundary conditions

∂S

∂ν
=
∂I

∂ν
= 0, on ∂Ω× (0,+∞), (4)

and initial conditions

S(x, θ) = φ1(x, θ) ≥ 0, I(x, θ) = φ2(x, θ) ≥ 0, x ∈ Ω̄, θ ∈ [−τ, 0]. (5)

In the previous problem Ω is a bounded domain in IR2 with smooth bound-

ary ∂Ω,
∂

∂ν
denotes the outward normal derivative on ∂Ω.

This paper is structured as follows. In the next section, we discuss the
existence of equilibria for system (3). In section 3, we establish the global
stability of equilibria for problem (3)-(5). In section 4, we apply our method
to study the global stability of a diffused model with delay. The paper ends
with conclusion in section 5.
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2 Basic results

The system (3) has the threshold parameter given by

R0(τ) =
f(Λ

µ
, 0)e−µτ

µ+ d+ r
.

Biologically, the parameter R0(τ) represents the basic reproduction number,
i.e. the average rate of infection caused by a single infected individual through-
out the period of infection.

It is not hard to show that the system (3) has always a disease-free equi-
librium Ef (

Λ
µ
, 0), corresponding to the extinction of disease.

Let

G(S) = f(S,
Λ− µS

(µ+ d+ r)eµτ
)− (µ+ d+ r)eµτ ,

which is a continuous rational function about S defined on the interval
[0, Λ

µ
].

Clearly
dG

dS
=
∂f

∂S
− µ

(µ+ d+ r)eµτ
∂f

∂I
> 0, G(0) = −(µ + d + r)eµτ < 0 and

G(Λ
µ

) = (µ+ d+ r)eµτ (R0(τ)− 1) > 0 for R0(τ) > 1,

then G(S) = 0 has a unique positive root, which indicating there is one
and only one positive endemic equilibrium E∗(S∗, I∗) for system (3).

3 Global stability of the equilibria

The aim of this section is to determine the global stability for reaction-diffusion
equations (3)-(5) by constructing Lyapunov functionals. These Lyapunov func-
tionals are obtained from those for ordinary differential equations (1) by apply-
ing the method of Hattaf and Yousfi presented in [9]. Therefore, we construct
the Lyapunov functional for system (3)-(5) at Ef as follows

W1 =

∫
Ω

V1(S(x, t), I(x, t))dx,

where

V1 = S(t)− S0 −
∫ S(t)

S0

f(S0, 0)

f(ξ, 0)
dξ + eµτI(t) +

∫ t

t−τ
f(S(η), I(η))I(η)dη
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and S0 =
Λ

µ
. Calculating the time derivative of W1 along the solution of system

(3)-(5), we have

dW1

dt
=

∫
Ω

{
µS0(1− S

S0

)(1− f(S0, 0)

f(S, 0)
) + (µ+ d+ r)eµτI(

f(S, I)

f(S, 0)
R0 − 1)

}
dx

−dSf(S0, 0)

∫
Ω

|∇S|2

S2
dx.

Then

dW1

dt
≤

∫
Ω

{
µS0(1− S

S0

)(1− f(S0, 0)

f(S, 0)
) + (µ+ d+ r)eµτI(R0 − 1)

}
dx

−dSf(S0, 0)

∫
Ω

|∇S|2

S2
dx.

Using the same technique in [8], we have

(1− S

S0

)(1− f(S0, 0)

f(S, 0)
) 6 0.

Since R0 6 1, we have
dW1

dt
6 0. Thus, the disease-free equilibrium Ef is

stable, and
dW1

dt
= 0 if and only if I(R0 − 1) = 0 and S = S0. We discuss two

cases as follows.

• If R0 < 1, then I = 0.

• If R0 = 1. From S = S0 and the first equation of (3), we have

∂S

∂t
=
∂S0

∂t
= dS4S0 + Λ− µS0 − f(S0, I)I = 0.

Then, f(S0, I)I = 0. Since S0 > 0, then f(S0, I) > f(0, I) = 0 (use (H1)
and (H2)). Hence, I = 0.

By the above discussion, we deduce that the largest compact invariant set
in Γ = {(S, I)|dW1

dt
= 0} is just the singleton Ef . From LaSalle invariance

principle [14], we conclude that Ef is globally asymptotically stable.
Furthermore, it remains to show that Ef is instable when R0 > 1.

Let 0 = µ1 < µ2 < ... < µn < ... be the eigenvalues of the operator −∆ on Ω
with the homogeneous Neumann boundary conditions, and be E(µi) the eigen-
function space corresponding to µi in C1(Ω). Let {φij : j = 1, 2, ..., dimE(µi)}
be an orthonormal basis of E(µi), X = [C1(Ω)]2, and Xij = {cφ : c ∈ IR2}.
Then
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X =
∞⊕
i=1

Xi and Xi =

dimE(µi)⊕
i=1

Xij.

Let E = (S, I) be an arbitrary equilibrium, and consider the following change
of unknowns:

U(x, t) = S(x, t)− S, V (x, t) = I(x, t)− I.

By substituting U(x, t) and V (x, t) into system (3) and linearizing we get a
new system equivalent to

∂Z

∂t
= D∆Z + AZ(x, t) +BW (x, t− τ),

where

A =

(
−µ− ∂f

∂S
S −∂f

∂I
I − f(S, I)

0 −(µ+ d+ r)

)
,

B =

(
0 0

∂f

∂S
Ie−µτ

∂f

∂I
Ie−µτ + f(S, I)e−µτ

)
,

D = diag(dS, dI) and W (x, t) = (U(x, t), V (x, t))T .

We put LW = D∆W + AW (x, t) + BW (x, t − τ). For each i > 1, Xi is
invariant under the operator L, and ξ is an eigenvalue of L if and only if it is a
root of the characteristic equation det(−µiD + A+ Be−ξτ − ξI) = 0 for some
i > 1, in which case, there is an eigenvector in Xi.
The characteristic equation about the equilibrium Ef is given by

(ξ + µidS + µ)(ξ + µidI + (µ+ d+ r)(1−R0e
−ξτ )) = 0.

Clearly, ξ1 = −µidS − µ is a root of this equation. Further, we put

ψ(ξ) = ξ + µidI + (µ+ d+ r)(1−R0e
−ξτ ). (6)

We have lim
ξ→+∞

ψ(ξ) = +∞. Since µ1 = 0 when i = 1, we have ψ(0) = (µ+ d+

r)(1−R0) < 0. Then ψ has a positive real root and the disease-free equilibrium
Ef is unstable when R0(τ) > 1.

Using the same technique, we construct a Lyapunov functional W2 for sys-
tem (3)-(5) at E∗ from the Lyapunov functional V2 defined by Hattaf et al.
in [8]. Furthermore, we assume that the function f satisfies the following
condition: (

1− f(S, I)

f(S, I∗)

)(
f(S, I∗)

f(S, I)
− I

I∗

)
≤ 0, for all S, I > 0. (H4)
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Then, it is easy the show that V2 verifies the condition proposed in [9]. Hence,
W2 is a Lyapunov functional for the reaction-diffusion system (3)-(5) at E∗

when R0 > 1. We summarize the above in the following result.

Theorem 3.1. For all diffusion coefficients and all time delays, we have

(i) If R0 ≤ 1, then the disease-free equilibrium Ef of (3)-(5) is globally asymp-
totically stable, and it is unstable otherwise.

(ii) If R0 > 1 and (H4) hold, then the endemic equilibrium E∗ of (3)-(5) is
globally asymptotically stable.

Remark 3.1. Note that the hypotheses (H4) is necessary to show the global sta-
bility of the epidemic equilibrium. Hence, the lyapunov function W2 is valid for
many general functions f(S, I)I which includes, f(S, I)I = βSIq(0 < q ≤ 1),

f(S, I)I =
βSI

α0 + α1S + α2I + α3SI
,(α0, α1, α2, α3 > 0), f(S, I)I = βS ln(1 +

kI) adopted from [3], and f(S, I)I = βS(1 − e−αI) which was adopted for a
predator-prey model in [18] and for an epidemic models with α = 1 in the study
of the geographical spread of infection in Diekmann [7].

4 Application

The aim of this section is to apply our theoretical results to the following SIR
epidemic model

∂S

∂t
= dS4S + Λ− µS(x, t)− βS(x, t)I(x, t)

α0 + α1S(x, t) + α2I(x, t) + α3S(x, t)I(x, t)
,

∂I

∂t
= dI4I +

βe−µτS(x, t− τ)I(x, t− τ)

α0 + α1S(x, t− τ) + α2I(x, t− τ) + α3S(x, t− τ)I(x, t− τ)
−(µ+ d+ r)I(x, t),

(7)
with homogeneous Neumann boundary conditions

∂S

∂ν
=
∂I

∂ν
= 0, on ∂Ω× (0,+∞), (8)

and initial conditions

S(x, θ) = φ1(x, θ) ≥ 0, I(x, θ) = φ2(x, θ) ≥ 0, x ∈ Ω̄, θ ∈ [−τ, 0]. (9)

The system (7)-(9) is a special case of (3)-(5) with f(S, I) =
βS

α0 + α1S + α2I + α3SI
.

In addition, the system (7)-(9) has always a disease-free equilibriumEf (Λ/µ, 0),

and there exits an endemic equilibrium of the formE∗(S∗, I∗) ifR0 = βΛe−µτ

(µ+Λα1)(µ+d+r)
>
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1, where S∗ =
−(βe−µτ + µα2 − (µ+ d+ r)α1 − Λα3) +

√
∆

2α3µ
and I∗ =

(Λ− µS∗)e−µτ

µ+ d+ r
,

with ∆ = (βe−µτ + µα2 − (µ+ d+ r)α1 −Λα3)2 + 4α3µ((µ+ d+ r)α0 + Λα2).
It easy to see that the hypotheses (H1)-(H3) are satisfied. In the other hand,
we have(

1− f(S, I)

f(S, I∗)

)(
f(S, I∗)

f(S, I)
− I

I∗

)
=

−(I − I∗)2(α0 + α1S)(α2 + α3S)

(α0 + α1S + α2I + α3SI)(α0 + α1S + α2I∗ + α3SI∗)I∗
≤ 0.

Then, (H4) holds. By applying theorem 3.1, we get the following result.

Corollary 4.1. For all diffusion coefficients and all time delays, we have

(i) If R0 ≤ 1, then the disease-free equilibrium Ef of system (7)-(9) is globally
asymptotically stable, and unstable otherwise.

(ii) If R0 > 1, then the endemic equilibrium E∗ of system (7)-(9) is globally
asymptotically stable.

5 Conclusion.

In this paper, we investigate the effect of diffusion on the dynamics of a delayed
epidemic model with general incidence rate. This general incidence rate in-
cludes the traditional bilinear incidence rate, specific nonlinear incidence rate,
the saturated incidence rate, the Beddington-DeAngelis, Crowley-Martin func-
tional response and the specific nonlinear incidence rate proposed by Hattaf et
al. The global dynamics of the model are completely determined by the basic
reproduction number R0(τ). We proved that the disease-free equilibrium is
globally asymptotically stable if R0(τ) ≤ 1. When R0(τ) > 1, the disease-free
equilibrium becomes unstable and the endemic equilibrium is globally asymp-
totically stable.

By the explicit formula of R0(τ), we can see that reproduction number can
be reduced by increasing the time delay τ . Hence, the delay plays a crucial role
to prevent the infection. On the other hand, the basic reproduction number
R0(τ), is independent of the diffusion coefficient. Hence, we conclude that the
diffusion of individuals does not affect the global stability of the equilibria.
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