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Abstract

In this paper we prove that in a Krein space a given frame has only
one dual and similar frame: the canonical dual one. It is also shown that
in a Krein space K with fundamental decomposition K = K+⊕K−, the
subspaces K± are invariant under the frame operator of a given frame
of this space if and only if it commutes with the associated fundamental
symmetry of the space K.
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1 Introduction

The frames in Hilbert spaces have been extensively studied in the last years.
One of the most important results in this theory is the Frame Decomposition
Theorem that tell us how to write each vector of the Hilbert space as a “linear
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combination” of the element of the frame [4, 5, 6, 7, 8, 9, 12]. Namely, for each
x in a Hilbert space (H, 〈·, ·〉) with a frame {xn}n∈N the theorem states that

x =
∑
n∈N

〈x, S−1xn〉xn, (1)

where Sx =
∑

n∈N〈x, xn〉xn is the frame operator of {xn}n∈N. Since invertible
operators transfer frames into frames it follows that {S−1xn}n∈N is also a frame
for H and it is called the canonical dual frame of the frame {xn}n∈N.

The formula (1) leads to a definition of dual frames in Hilbert spaces: two
frames {xn}n∈N and {yn}n∈N of a Hilber space (H, 〈·, ·〉) are said to be dual if
for any x ∈ H the following identity holds.

x =
∑
n∈N

〈x, yn〉xn. (2)

Two frames {xn}n∈N and {yn}n∈N are similar if there is an invertible operator
V : H −→ H such that Vxn = yn n ∈ N. By (1) the frames {S−1xn}n∈N and
{xn}n∈N are at the same time dual and similar frames.

Let H1, H2 be Hilbert spaces with frames {xn}n∈N and {yn}n∈N respec-
tively. If U : H1 −→ H1 and V : H2 −→ H2 are invertible operators with vn =
Vyn, n ∈ N, Uxn = un, n ∈ N, then it is easy to see that {xn}n∈N ∪ {yn}n∈N
and {un}n∈N ∪ {vn}n∈N are similar frames in the Hilbert space H = H1 ⊕H2.

However, if {zn}n∈N and {wn}n∈N are similar frames in H = H1 ⊕ H2

with Vzn = wn, then {P1wn}n∈N and {P2wn}n∈N are frames in H1 and H2

respectively, but they are not similar to {P1zn}n∈N and {P2zn}n∈N respectively,
where Pi : H −→ Hi (i = 1, 2) are orthogonal projections.

This fact is a motivation to study similar and dual frames in this sum-
spaces, in particular in Krein spaces. A vector space K over C with a sesquilin-
ear form [·, ·] : K×K −→ C is a Krein space if K = K+⊕K−, where (K+, [·, ·]),
(K−, −[·, ·]) are Hilbert spaces [2, 3].

The frame theory in Krein spaces was introduced by P. Acosta-Humánez,
K. Esmeral, O. Ferrer and E. Wagner in [1, 11], and alternatively by J. I.
Giribet, A. Maestripieri, F. Mart́ınez Peŕıa and P. Massey in [13]. The present
paper continues the study of the frame theory on Krein spaces. Our aim is
to show that the unique pair of similar and dual frames in Krein spaces are
{xn}n∈N and {S−1xn}n∈N. In addition, we show that the subspaces K± in a
Krein space K are invariant under the frame operator if and only if it commutes
with the associated fundamental symmetry of K.

This paper is structured as follows. Section 2 is based on the references
[2, 3, 11]. We will consider some basic aspects related to Krein spaces and
frames in Krein spaces. In Section 3 we present the main results. We start
this section studying frames that are at the same time similar and dual in Krein
space, and we proof that the unique similar and dual frame for a given frame is
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the canonical dual frame (Proposition 3.1). In the case of a similar frame but
not dual frame, it will be constructed a dual frame for it. Finally, we establish
a necessary and sufficient condition for the frame operator S commutes with
the associated fundamental symmetry of the Krein space (Theorem 3.6).

2 Preliminary notes

The purpose of this section is to fix notations and to recall the basic elements
of frame theory. For more details on Krein spaces, see, for instance, [2] and
[3]. A comprehensive introduction to frame theory can be found in [5].

2.1 Krein spaces

Throughout this paper, (K, [·, ·]) denotes a Krein space with fundamental de-
composition K+ ⊕K− and fundamental symmetry J given by

J(x+ + x−) = x+ − x−, x+ + x− ∈ K+ ⊕K−, (3)

such that the J-inner product

[x++x− , y++y−]J := [x++x− , J(y++y−)] = [x+ , y+]− [x− , y−], x±, y± ∈K±,
(4)

turns (K, [·, ·]J) into a Hilbert space. The positive definite inner product [·, ·]J
defines a topology on K through the J-norm

‖x‖J :=
√

[x, x]J =
√

[x, Jx], x ∈ K,

and K+ ⊕K− becomes the orthogonal sum of Hilbert spaces. Note that J2 =
idK by (3).

Topological concepts such as convergence and bounded linear operators
refer to the topology induced by the Hilbert space norm ‖ · ‖J . The angle
brackets 〈·, ·〉 are reserved to denote the positive definite inner product of a
given Hilbert space H. When no confusion can arise, we write shortly K for
a Krein space (K, [·, ·]), and H for a Hilbert space (H, 〈·, ·〉). The symbol
k2(N) will be used if K = `2(N) as a complex vector space. A J-orthonormal
basis is a complete family {en}n∈N ⊂ K such that [en, em] = 0 for n 6= m and
|[en, en]| = 1. A subspace V ⊂ K is said to be uniformly J-positive (resp.
uniformly J-negative) if there exists an ε > 0 such that [v, v] ≥ ε‖v‖2J (resp.
−[v, v] ≥ ε‖v‖2J) for all v ∈ V .

The unique adjoint T [∗] : (K2, [·, ·]2) → (K1, [·, ·]1) of a bounded linear
operator T : (K1, [·, ·]1) → (K2, [·, ·]2) is always taken with respect to the
specified inner products, i.e.,

[Tx, y]1 = [x, T [∗]y]2 for all x ∈ K1, y ∈ K2.
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For instance, it follows from (3) and (4) that J : (K, [·, ·]) → (K, [·, ·]) and
J : (K, [·, ·]J) → (K, [·, ·]J) are self-adjoint, i.e., J [∗] = J . Furthermore, the
identity operator

IJ : (K, [·, ·]) −→ (K, [·, ·]J), IJ x = x, (5)

has the adjoint J : (K, [·, ·]J)→ (K, [·, ·]) since [IJ x, y]J = [x, y]J = [x, J y] for
all x, y ∈ K. A self-adjoint operator A = A[∗] on (K, [·, ·]) is called uniformly
positive, if [Ax, x] ≥ ε[x, x]J for a suitable constant ε > 0 and all x ∈ K.
Observe that [Ax, x] = [JAx, x]J , we thus have JA ≥ ε idK on the Hilbert
space (K, [·, ·]J). As a consequence, A has a bounded inverse.

The fundamental projections

P+ := 1
2
(idK + J), P− := 1

2
(idK − J) (6)

act on K = K+⊕K− by P+(x++x−) = x+ and P−(x++x−) = x−. Equations
in (6) imply immediately that P± and J commute. Moreover, P+ and P− are
orthogonal projections, i.e. P 2

± = P± = P ∗±, regardless of whether we consider
[·, ·] or [·, ·]J on K. For more details on Krein spaces, see [2, 3].

2.2 Frames in Krein spaces

Next, we consider some definitions and facts about frames in Krein spaces.
For details see [11].

Definition 2.1. [11] Let K be a Krein space. A countable sequence {xn}n∈N ⊂
K is called a frame for K, if there exist constants 0 < a ≤ b <∞ such that

a‖x‖2J ≤
∑
n∈N

|[x, xn]|2 ≤ b‖x‖2J for all x ∈ K. (7)

Remark 2.2. Since we are mostly interested in infinite-dimensional spaces,
and since one can always fill up a finite frame with zero elements, we assume
that N = N whenever the finiteness of N is of no importance.

The constants a and b are called frame bounds, where the greatest constant
a and the smallest constant b satisfying (7) are called optimal lower frame
bound and optimal upper frame bound, respectively. A frame is tight, if one
can choose a = b. In particular, if a = b = 1 it is called a Parseval frame.

Proposition 2.1. [11] Let K be a Krein space and {xn}n∈N a sequence in
K. The following statements are equivalent:

i) {xn}n∈N is a frame for the Krein space K with frame bounds a ≤ b.

ii) {Jxn}n∈N is a frame for the Krein space K with frame bounds a ≤ b.
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iii) {xn}n∈N is a frame for the Hilbert space (K, [·, ·]J) with frame bounds a ≤ b.

iv) {Jxn}n∈N is a frame for the Hilbert space (K, [·, ·]J) with frame bounds
a ≤ b.

Definition 2.3. Let (K, [·, ·]) be a Krein space and let (k2(N), [·, ·]) be a
Krein space with fundamental symmetry J`2. Given a frame {xn}n∈N for K,
the linear map

T : k2(N) −→ K, T (αn)n∈N =
∑
n∈N

αnxn (8)

is called pre-frame operator.

The adjoint of T is called analysis operator and is given by

T [∗]x = J`2([x, xn])n∈N, x ∈ K. (9)

Indeed, for all (αn)n∈N ∈ k2(N) and x ∈ K, one has

[T (αn)n∈N, x] =
∑
n∈N

αn[x,xn] = [(αn)n∈N, ([x,xn])n∈N]J`2

= [(αn)n∈N, J`2([x,xn])n∈N].

To obtain a frame operator given by a formula analogous to the Hilbert case
with 〈· , ·〉 replaced by [·, ·], we make the following definition:

Definition 2.4. Let (K, [·, ·]) be a Krein space, (k2(N), [·, ·]) a Krein space
with fundamental symmetry J`2, and {xn}n∈N ⊂ K a frame for K. The oper-
ator

S := T J`2T
[∗]

is called frame operator.

It follows immediately from (8), (9) and J2
`2

= id`2 that

Sx =
∑
n∈N

[x, xn]xn, x ∈ K, (10)

as desired. Moreover, S is clearly self-adjoint. If (k2(N), [·, ·]) = (`2(N), 〈· , ·〉),
then S = TT ∗, exactly as in the Hilbert space case.

Equation (10) yields [Sx, x] =
∑

n∈N |[x, xn]|2 for all x ∈ K. Replacing x
by Jx and writing [Jx, xn] = [Jx, xn]J , we get from Equation (7) and Theorem
2.1.iii) that

a‖x‖2J ≤ [SJx, x]J ≤ b‖x‖2J , x ∈ K.
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Hence SJ is a strictly positive operator on the Hilbert space (K, [·, ·]J) satis-
fying a ≤ SJ ≤ b. Therefore S is invertible with bounded inverse, and

a−1 ≤ JS−1 ≤ b−1,

where we used J−1 = J . Equivalently, when viewed as positive operators on
the Krein space (K, [·, ·]), we have aJ ≤ S ≤ bJ and

b−1J ≤ S−1 ≤ a−1J. (11)

Proposition 2.2 (Frame Decomposition Theorem). Let {xn}n∈N be a frame
for the Krein space K, and let S be defined as in Definition 2.4. Then

x =
∑
n∈N

[x, xn]S−1xn =
∑
n∈N

[x, S−1xn]xn, (12)

and both series converge unconditionally for all x ∈ K.

By Proposition 2.1, each frame {xn}n∈N for (K, [·, ·]) gives rise to three
other frames with slightly different frame operators. These frame operators can
be related to S using (10). First, consider the frame {Jxn}n∈N for (K, [·, ·]).
Denoting the corresponding frame operator by S0, we get from (10)

S0x =
∑
n∈N

[x, Jxn]xn =
∑
n∈N

[Jx, xn]Jxn, x ∈ K. (13)

Comparing this equation with (10) we obtain S0 = J SJ. Next, let S1 be the
frame operator of the frame {xn}n∈N for (K, [·, ·]J). Then, by Equation (10),
we have

S1x =
∑
n∈N

[x, xn]J xn =
∑
n∈N

[Jx, xn]xn, x ∈ K,

and thus S1 = SJ.

Finally, with S2 denoting the frame operator of the frame {Jxn}n∈N for
(K, [·, ·]J), we get from (10)

S2x =
∑
n∈N

[x, Jxn]J Jxn =
∑
n∈N

[x, xn]Jxn, x ∈ K,

so that S2 = J S.

Proposition 2.3. [10] Let K1 and K2 be Krein spaces and {xn}n∈N, {yn}n∈N
be frames for K1, K2, respectively. Denote by SK1, SK2 their corresponding
frame operators. Then {xn}n∈N ∪ {yn}n∈N is a frame for K := K1 ⊕ K2 and
the corresponding frame operator is given by

S(x+ y) = SK1x+ SK2y, x+ y ∈ K. (14)



Dual and similar frames in Krein spaces 945

2.3 Dual frames

Now, we state a definition of dual frames in Krein spaces analogous to that
given in Hilbert space setting. Then describe dual frames in terms of the
fundamental symmetry J and the frame operator S.

Definition 2.5. Let {xn}n∈N be a frame for the Krein space K. A frame
{yn}n∈N for K is called a dual frame of {xn}n∈N if for every x ∈ K

x =
∑
n∈N

[x, yn]xn. (15)

Recall that, by Equation (15), a dual frame of the frame {xn}n∈N for the
Hilbert space (K, [·, ·]J) is a frame {yn}n∈N for (K, [·, ·]J) satisfying

x =
∑
n∈N

[x, yn]J xn, for all x ∈ K.

Proposition 2.4. [11] Let S be the frame operator of the frame {xn}n∈N
for the Krein space K. Then

i) {S−1xn}n∈N is a dual frame of {xn}n∈N for the Krein space K.

ii) {JS−1xn}n∈N is a dual frame of {Jxn}n∈N for the Krein space K.

iii) {JS−1xn}n∈N is a dual frame of {xn}n∈N for the Hilbert space (K, [·, ·]J).

iv) {S−1xn}n∈N is a dual frame of {Jxn}n∈N for the Hilbert space (K, [·, ·]J).

If 0 < a ≤ b <∞ are frame constants for {xn}n∈N, then all these dual frames
admit the frame constants 0 < b−1 ≤ a−1 <∞.

2.4 Similar frames in Krein spaces

It is easy to see that for any unitary operator U : K1 → K2, {xn}n∈N is a frame
for K1 if and only if {Uxn}n∈N is a frame for K2. Next, we introduce similar
frames in a Krein space.

Definition 2.6. Let (K1, [·, ·]1) and (K2, [·, ·]2) be Krein spaces. Two frames
{xn}n∈N and {yn}n∈N for K1 and K2 respectively, are said to be similar if there
exists an invertible operator U : K1 → K2 such that Uxn = yn for n ∈ N. The
frames are called unitarily equivalent if U is a unitary operator from K1 onto
K2.

The following result provides a criterion for a couple of frames to be similar.
It is an analogue to Deguang and Larson’s result [7] for Hilbert spaces. The
proof can be found in [10].
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Proposition 2.5. Let {xn}n∈N, and {yn}n∈N be frames for the Krein spaces

(K1, [·, ·]1) and (K2, [·, ·]2), respectively. Let T
[∗]
K1

and T
[∗]
K2

be the analysis opera-
tors for {xn}n∈N and {yn}n∈N, respectively. The frames {xn}n∈N, and {yn}n∈N
are similar if and only if T

[∗]
K1

and T
[∗]
K2

have the same range.

3 Main results

Some questions about similar and dual frames for Krein spaces arise:

1. May Similar frames be also dual frames?

2. Are there many pairs of frames for a Krein space K that are at the same
time similar and dual frames?

3. Let {xn}n∈N and {yn}n∈N be similar frames for a Krein space K. May
we construct from {yn}n∈N a dual frame for {xn}n∈N?

This section pretends to give answers to these questions. In addition, our main
results are stated and proved.

The following example shows that two similar frames {xn}n∈N and {yn}n∈N
in a Krein space may not be dual frames.

Example 3.1. Let a 6= 0 ∈ R and K = L2([−a, a]) be the space of all
complex valued functions that are square integrable with respect to the usual
Lebesgue measure on [−a, a]. On K consider the sesquilinear form [·, ·] : K ×
K→ C given by

[f, g] =

∫ a

−a
f(x)g(−x)dx.

Observe that K = K+ ⊕K−, where

K+ := {f ∈ L2([−a, a]) : f is even} , K− := {f ∈ L2([−a, a]) : f is odd} .

It is easily seen that (K+, [·, ·]) and (K−,−[·, ·]) are Hilbert spaces. There-
fore (K, [·, ·]) is a Krein space with fundamental symmetry (Jf)(x) = f(−x).
Clearly

[f, Jg] =

∫ a

−a
f(x)g(x)dx = 〈f, g〉. (16)

Recall that the family of functions {en : n ∈ Z}, where en(x) = 1√
2a
ei
nπ
a
x is

an orthonormal basis of (K, 〈·, ·〉) and hence is a Parseval frame for (K, [·, ·])
by Proposition 2.1. Let {xn}n∈Z be a frame for K and similar to {en}n∈Z.
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Then there is an invertible operator U : K −→ K such that en = Uxn. Thus,
by (16), (15) and the orthogonality of {en}n∈Z we have for every f ∈ K

∑
n∈Z

[f, en]xn = U−1

(∑
n∈Z

〈Jf, en〉en

)
= U−1Jf.

Therefore, {en}n∈Z and {xn}n∈Z are dual frames if and only if J = U. So, if
U 6= J we have the announced result.

By Proposition 2.4 item i and Definition 2.6 it follows easily that if {xn}n∈N
is a frame for K, then {xn}n∈N and {S−1xn}n∈N are similar and dual frames
for K. The following results show that {S−1xn}n∈N is the unique similar and
dual frame of {xn}n∈N.

Lemma 3.2. Let {xn}n∈N and {yn}n∈N be frames for a Krein space K. If
there is a bounded operator U : K −→ K such that Uxn = yn, n ∈ N, then

U = TJ`2 V
[∗]S−1, (17)

where S = V J`2V
[∗] is the frame operator of the family {xn}n∈N and T is the

pre-frame operator of {yn}n∈N.

Proof. Let T and V be the pre-frame operator for {yn}n∈N and {xn}n∈N resp.
By (8) and (9) for all (αn)n∈N ∈ k2(N) and every x ∈ K one gets that

T (αn)n∈N =
∑
n∈N

αnyn, V [∗]x = J`2{[x, xn]}n∈N. (18)

Thus, if S = V J`2V
[∗] is the frame operator corresponding to the family

{xn}n∈N, then by Frame Decomposition Theorem (Proposition 2.2) and (18)
for every x ∈ K we have

Ux = U

(∑
n∈N

[x, S−1xn]xn

)
=
∑
n∈N

[x, S−1xn]Uxn =
∑
n∈N

[S−1x, xn]yn

= T{[S−1x, xn]}n∈N = TJ`2 V
[∗]S−1x.

Lemma 3.3. Let K be a Krein space with frames {xn}n∈N and {yn}n∈N. If
{xn}n∈N and {yn}n∈N are dual frame, then

TJ`2 V
[∗] = idK, (19)

where T and V are the pre-frame operators of {yn}n∈N and {xn}n∈N.
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Proof. Let T and V be the pre-frame operators of {yn}n∈N and {xn}n∈N respec-
tively. Then by (18) for every x ∈ K we have

x =
∑
n∈N

[x, xn]yn = T{[x, xn]}n∈N = TJ`2 V
[∗]x.

Proposition 3.1. Let K be a Krein space. Then if {xn}n∈N and {yn}n∈N
are dual and similar frames with Uxn = yn, then U = S−1, where S is the
frame operator of {xn}n∈N.

Proof. Let T and V be the pre-frame operators of {yn}n∈N and {xn}n∈N respec-
tively. By Lemma 3.2 one gets that U = TJ`2V

[∗]S−1, where S is the frame
operator of {xn}n∈N. Since {xn}n∈N and {yn}n∈N are dual frames, by Lemma
3.3 we get TJ`2 V

[∗] = idK . Therefore U = S−1.

Corollary 3.4. Let K be a Krein space with fundamental symmetry J and
tight frame {xn}n∈N. If {xn}n∈N and {yn}n∈N are dual and unitarily equivalent
frames for K, then {xn}n∈N is a Parseval frame for K and yn = Jxn.

Proof. Since {xn}n∈N is a frame for K with frame bounds a = b, one gets that
the corresponding frame operator S is such that S = aJ and S−1 = a−1J .
Now, by Proposition 3.1 if Uxn = yn for all n ∈ N one has U = S−1 = a−1J .
Since U is unitary, it is easy to see that a = 1 and thus we get U = J .

Proposition 3.2. Let K be a Krein space with {xn}n∈N, {yn}n∈N similar
frames with Uxn = yn. If S1 and S2 are the frame operators of {xn}n∈N and
{yn}n∈N respectively, then {U−1S−12 yn}n∈N is a dual frame of {xn}n∈N

Proof. For every x ∈ K we calculate

S1x =
∑
n∈N

[x, xn]xn =
∑
n∈N

[x,U−1yn]Kxn =
∑
n∈N

[Ux, yn]U−1yn

= U−1

(∑
n∈N

[Ux, yn]yn

)
= U−1S2Ux.

Therefore, S1 = U−1S2U. Now, since {S−1K xn}n∈N y {xn}n∈N are dual frames,
then S−11 xn = U−1S2Uxn = U−1S−12 yn, n ∈ N.

Let K = K+ ⊕ K− be a Krein space with fundamental symmetry J . If
{x+n }n∈N and {x−n }n∈N are frames for (K+, [·, ·]) and (K−,−[·, ·]) respectively,
then by Proposition 2.3 one gets that {x+n }n∈N ∪ {x−n }n∈N is a frame for K

with frame operator S = S+⊕ S−, where S± is the frame operator of {x±n }n∈N
respectively. Therefore, for every x+ ∈ K+ we have

S(x+) = S(x+ + 0) = S+x
+ =

∑
n∈N

[x+, x+n ]x+n .
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Since Span{x+n : n ∈ N} = K+, we get S(x+) ∈ K+ for all x+ ∈ K+. In the
same way it is proved that S(x−) ∈ K− for all x− ∈ K−. For frame operators
in general this property is not true.

Example 3.5. Let K = C2 be a Krein space with indefinite inner product
[(z, w), (u, v)] = zu− wv. Observe that K = K+ ⊕K−, where

K+ = {λ(2, 1) : λ ∈ C}, K− = {λ(1, 2) : λ ∈ C}

Let {(1,−1), (1, 1), (0, 2)} be a subset of C2. For every (z, w) ∈ C2 one has
that

|[(z, w), (1,−1)]|2 + |[(z, w), (1, 1)]|2 + |[(z, w), (0, 2)]|2

= |z + w|2 + |z − w|2 + 4|w|2 = 2|z|2 + 2|w|2 + 4|w|2

= 2|z|2 + 6|w|2.

Therefore, the family {(1,−1), (1, 1), (0, 2)} is a frame for C2 with frame bounds
a = 2, b = 6. The corresponding frame operator is

S(z, w) = [(z, w), (1,−1)](1,−1) + [(z, w), (1, 1)](1, 1) + [(z, w), (0, 2)](0, 2)

= [z + w](1,−1) + [z − w](1, 1)− 2w(0, 2)

= (2z,−6w), z, w ∈ C.

Observe that (2, 1) belongs to K+ and S(2, 1) = (4,−6) = 14
3

(2, 1)− 16
3

(1, 2).

The next result provides a criterion for the subspaces K+ and K− to be
invariant under the frame operator.

Theorem 3.6. Let (K, [·, ·]) be a Krein space with fundamental decomposi-
tion K = K+⊕K− and associated fundamental symmetry J . Let {xn}n∈N be a
frame in K with frame operator S. Then S(K+) ⊂ K+ if and only if SJ = JS.

Proof. First of all let us show that if S(K+) ⊂ K+, then S(K−) ⊂ K−. In
fact, if S(K+) ⊂ K+, take x ∈ S(K−), that is, there exists y ∈ K− such that
x = Sy. If w ∈ K+ we shall have

[x,w] = [Sy, w] = [y, Sw] = 0

because y ∈ K− and by assumption Sw ∈ K+. So x ∈ K−. Being x an
arbitrary element in S(K−) we conclude that S(K−) ⊂ K−.

Now, let us prove the only-if part of the theorem: Let S(K+) ⊂ K+,
x = x+ + x− ∈ K. Since Jx+ = x+ and Jx− = −x−, one gets

SJx = SJ(x+ + x−) = S(x+ − x−) = Sx+ − Sx−

= JSx+ + JSx− = JS(x+ + x−) = JSx.
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Finally, the if part of the theorem: Suppose that SJ = JS. Then by (6) we
get

0 = JS − SJ = (P+ − P−)S(P+ + P−)− (P+ + P−)S(P+ − P−)

= (P+S − P−S)(P+ + P−)− (P+S + P−S)(P+ − P−)

= 2 (P+SP− − P−SP+) .

Therefore P+SP− = P−SP+. Since P+P− = P−P+ = 0, we have P+SP− =
P−SP+ = 0. i.e., P+Sx

− = 0 and P−Sx
+ = 0 for any x± ∈ K±. It follows

easily that Sx± ∈ K±.

The condition S(K+) ⊂ K+ in Theorem 3.6 can be improved. The following
result takes the condition of the invariance only for the projection of the frame
onto K+.

Corollary 3.7. Let (K, [·, ·]) be a Krein space with fundamental decompo-
sition K = K+ ⊕ K− and associated fundamental symmetry J , let {xn}n∈N
be a frame in K with frame operator S. S({P+xn}n∈N) ⊂ K+ if and only if
SJ = JS.

Proof. Let {xn}n∈N be a frame for K with xn = x+n + x−n and frame operator
S. Suppose that S({P+xn}n∈N) ⊂ K+. Then for any x ∈ S(K+) there is
y+ ∈ K+ such that Sy+ = x. By (10), Proposition 2.2 and P+y

+ = y+ one
has

y+ =
∑
n∈N

[y+, S−1xn]xn =
∑
n∈N

[y+, S−1xn]x+n .

Therefore

x = Sy+ =
∑
n∈N

[y+, S−1xn]Sx+n .

Since S ({P+xn}n∈N) ⊂ K+, it follows that x ∈ K+. The statement holds by
Theorem 3.6.

Conversely, Assume that SJ = JS. Then S(K+) ⊂ K+ by Theorem 3.6,
in particular S ({P+xn}n∈N) ⊂ K+.

Corollary 3.8. Let K = K+⊕ K− be a Krein space with associated funda-
mental symmetry J and let {xn}n∈N be a frame with frame operator S. The
frame {Jxn}n∈N has frame operator S if and only if S(K+) ⊂ K+.

Proof. Let {xn}n∈N be a frame for K with frame operator S. Suppose that
S is the frame operator of {Jxn}n∈N. Then by (13) one gets that S = JSJ .
Therefore by Theorem 3.6 we have S(K+) ⊂ K+.

Conversely, if S(K+) ⊂ K+, then by Theorem 3.6 the frame operator S
commutes with the fundamental symmetry J . By (13) it follows that JSJ = S
is the frame operator of {Jxn}n∈N.
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