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Abstract

An analytical representation of order continuous functionals on a space of mea-

surable sections of a liftable bundle of Banach spaces is given.

Mathematics Subject Classification: Primary 46B99; Secondary 47B99

Keywords: Measurable bundles of Banach spaces, lifting, order continuous
functionals, dominated operators

1. Introduction

The theory of Banach bundles which was introduced by von Neumann in
the last century [11], today is an active field of investigations (see for instance
[3, 5, 8, 9, 10]). In the present article we continue this line of research. We
find an analytical representation of order continuous functionals on a space of
measurable sections of a liftable bundle of Banach spaces.

1The research was supported by the Russian Foundation for Basic Research, the grant
number 14-01-91339
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2. Preliminaries

In this section we state some basic facts concerning Banach bundles and
lattice-normed spaces. We assume that a reader is familiar with the theory
of vector lattices, lattice-normed spaces and Banach bundles. All unexplained
terms and notions can be found in [1, 4, 7]. All our linear spaces are real.

Consider lattice-normed spaces (V,E) and (W,F ), a linear operator T : V →
W and a positive operator S ∈ L+(E, F ). If the conditionTv≤ S

v; (∀ v ∈ V )

is satisfied then we say that S dominates or majorizes T or that S is dominant
or majorant for T . In this case T is called a dominated or majorizable operator.
The set of all dominants of the operator T is denoted by maj(T ). If there is
the least element in maj(T ) with respect to the order induced by L+(E,F )
then it is called the least or the exact dominant of T and it is denoted by

T.
The set of all dominated operators from V to W is denoted by M(V,W ). If
(V,E) = (X,R), and (W,F ) = (F, F ), where X is a Banach space then lattice-
normed space M(V,W ) is called a space of operators with abstract norm and
is denoted by HA(X,F ).

Definition 2.1. Let Ω be a nonempty set. A bundle of Banach spaces over Ω
is a mapping X defined on Ω and associating a Banach space Xt := X (t) :=
(X (t), ‖·‖X (t)) with every point t ∈ Ω. The value Xt of bundle is called its fiber
over t. A mapping s defined on a nonempty set dom(s) ⊂ Ω is called a section
over dom(s) if s(t) ∈ Xt for every t ∈ dom(s). A section over Ω is called global.
Let G(Ω,X ) stands for the set of all global sections of X endowed with the
structure of vector space by letting (αu + βv)(t) = αu(t) + βv(t), (t ∈ Ω),
where α, β ∈ R and u, v ∈ G(Ω,X ). For each section s ∈ G(Ω,X ) we define
its point-wise norm by |‖s|‖ : t 7→ ‖s(t)‖X (t), (t ∈ Ω). A set of sections D is
called fiberwise dense in X if the set {s(t) : s ∈ D} is dense in X (t) for every
t ∈ Ω.

Definition 2.2. Consider a nonzero σ-finite measure space (Ω,Σ, µ). Let X
be a bundle of Banach spaces over Ω. Denote by S(Ω,X ) the set of all sections
of X defined almost everywhere on Ω. A set of sections I ⊂ S(Ω,X ) is called
a measurability structure on X if it satisfies the following conditions:

(1) I is a vector space, i.e. λv + µu ∈ I (λ, µ ∈ R, u, v ∈ I);

(2) |‖s‖| : Ω→ R is measurable for every s ∈ I;

(3) the set I is fiberwise dense in X . If I is a measurability structure in
X then we call the pair (X , I) a measurable bundle of Banach spaces over
(Ω,Σ, µ). We shall write simply X instead (X , I).

Let (X , I) be a measurable Banach bundle over Ω. We say that s ∈ S(Ω,X )

is a I-step-section (or simply a step-section) if s = s =
n∑

i=1

1Ai
ci, where mutually

disjoint measurable subsets of Ω and c1, . . . , cn ∈ I. A section u ∈ S(Ω,X )
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is called I-measurable (or simply measurable) if, for every measurable set K,
such that µ(K) <∞ there exists a sequence (sn)∞n=1 of step-sections such that
sn(ω) → u(ω) for almost all w ∈ Ω. The set of all measurable sections of X
is denoted by M(Ω,Σ, µ,X ) or M(Ω,X ) for brevity. Suppose that X is a
measurable Banach bundle over Ω. We consider the equivalence relation ∼ in
the set M(Ω,X ) which is the coincidence almost everywhere: u ∼ v means
that u(ω) = v(ω) for almost all ω ∈ Ω. The coset containing an element u ∈
M(Ω,X ) is denoted by u∼. The factor setM(Ω,X )/ ∼ is made into a vector
space in the natural way: we write r1u

∼ + r2v
∼ = (r1u+ r2v)∼, for r1, r2 ∈ R

and u, v ∈ M(Ω,X ). Observe that for every element u, v ∈ M(Ω,X )/ ∼ we
may define its vector norm

u∼= |‖u‖|∼ ∈ L0(Ω). It is clear that the pair
(M(Ω,X )/ ∼,

 ·) is a lattice-normed space over L0(Ω,Σ, µ) and is denoted
by L0(Ω,Σ, µ,X ), or shortly L0(Ω,X ).

Definition 2.3. Let X be a measurable bundle of Banach spaces over Ω and
E be an order ideal in L0(Ω,Σ, µ). Then we can define the set

E(X ) := {u ∈ L0(Ω,X ) : |‖u‖| ∈ E}.
Let X be a measurable bundle of Banach spaces over Ω. Since the measure

µ is σ-finite we can consider a fixed lifting ρ : L∞(µ)→ L∞(µ), see [6].

Definition 2.4. A mapping ρX : L∞(µ,X ) → L∞(µ,X ) is called a lifting of
L∞(µ,X ) associated with ρ if, for all u, v ∈ L∞(µ,X ) and e ∈ L∞(µ), the
following hold:

1) ρX (u) ∈ u and domρX (u) = Ω;
2)
ρX (u)

= ρ(
u);

3) ρX (u+ v) = ρX (u) + ρX (v);
4)
ρX (u)

= ρX (
u)Ω;

5)
ρX (eu)

= ρ(e)ρ(
u);

6) {ρX (u) : u ∈ L∞(Ω,X )} is fiberwise dense in X .

We say that X is a liftable bundle of Banach spaces provided that there
exists a lifting of L∞(µ) and a lifting of L∞(µ,X ) associated with it.

Theorem 2.5. ([4] Theorem 4.4.7.) Let X be a liftable bundle of Banach
spaces over Ω. Then there exists (a unique to within an isometric isomorphism)
liftable bundle of Banach spaces X ′ called a dual bundle such that the following
hold:

(1) at each point ω ∈ Ω, the fibre X ′(ω) is a Banach subspace of X (ω)′;

(2) if v ∈ L0(µ,X ) and v′ ∈ L0(µ,X ′), then 〈v, v′〉 ∈ L0(µ) where 〈v, v′〉 :
ω 7→ 〈v(ω), v′(ω)〉ω;

(3) for all v ∈ L∞(µ,X ) and v′ ∈ L∞(µ,X ′), we have ρ(〈v, v′〉∼) = 〈ρX (ṽ), ρX ′(ṽ
′)〉,

where ρX and ρX ′ are respective liftings of X and X ′ associated with ρ;

(4) if a bounded mapping v′ : ω 7→ v′(ω) is such that, for every v ∈
L∞(µ,X ) the function 〈v, v′〉 is measurable and ρ(〈v, v′〉) = 〈ρX (v), v′〉, then
v′ ∈ L∞(µ,X ′);
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For an order ideal E ⊂ L0(Ω,Σ, µ) the set E ′ which is defined by the formula

E ′ := {e′ ∈ L0(µ) : e′e ∈ L1(µ), ∀e ∈ E}
is called Köthe dual for E. It turned out that the set E ′ is also an ideal space
in L0(Ω,Σ, µ).

3. Result

In this section we assume that X is a liftable bundle of Banach spaces over
σ-finite measure space (Ω,Σ, µ) and E is an order ideal in L0(Ω,Σ, µ). The
our goal is to describe the structure of a space of order continuous functionals
on E(X ).

For a lineal functional T : E(X )→ R we set

|T |(v) := sup{|Tu| : u ∈ E(X ),
u≤v}.

Definition 3.1. A lineal functional T : E(X )→ R is called order bounded, if
for every v ∈ E(X ) the inequality |T |(v) < ∞ hold. The vector space of all
order bounded lineal functionals on E(X ) is denoted by E(X )∼. A functional
T ∈ E(X )∼ is called order continuous or (bo)-continuous, if for every order

bounded sequence (vn)∞n=1 ⊂ E(X ), such that
vn (o)→ 0 the sequence (Tvn)∞n=1

convergent to zero in R. The vector space of all order continuous functionals
is denoted E(X )∼n .

By Mo(L∞(X );E) is denoted the set of all linear dominated operators, such
that

|Tv| ≤ e‖
v‖L∞ , (v ∈ L∞(X ))

for some e ∈ E+. We need the following auxiliary lemma.

Lemma 3.2. Lattice-normed spaces Mo(L∞(X ), E) and E(X ?) are isomor-
phic.

Proof. For an every w ∈ E(X ?) we can define a linear operator Tw : L∞(X )→
E by the formula

Tw(v) = 〈w, v〉; v ∈ L∞(X ).

Since
|Tw(v)| =

〈w, v〉≤wv≤w‖v‖L∞
we may deduce that Tw ∈ Mo(L∞(X ), E). Let T ∈ Mo(L∞(X ), E). Then
T ((L∞(X )) ∈ {e}⊥⊥ and without a loss of generality we may assume that
0 < e(t) < ∞ for every t ∈ Ω. Set Re : L0(µ) → L0(µ) is an linear operator,
defined by the formula Re : f 7→ fe−1. It is clear that Re linear and lattice
isomorphism and R−1

e = Re−1 . If S := Re ◦ T , then S ∈ Mo(L∞(X ), L∞) andS= 1. Let ρ be the lifting of the space L∞(µ). Then for every t ∈ Ω there
exists linear functional w(t) ∈ X ?

t : x 7→ (ρ ◦ Sv)(t), where v(t) = x. Observe
that w(t) is well defined. Indeed, let there exists another measurable section
u ∈ L∞(X ) and u(t) = x. Then using the properties of lifting we have

|(ρ ◦ Sv)(t)− (ρ ◦ Su)(t)| = |(ρ ◦ S(v − u))(t)| ≤
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(ρ ◦ |S(v − v)|)(t) ≤ (ρ
v − u(t)) =

ρX (v − u)(t)
= 0.

Since ‖Sv(t)‖ ≤ ‖v(t)‖1 we have that w(t) is order bounded. Moreover
‖w(t)‖ = sup{‖ρ(Sv)(t)‖ :

v ≤ 1} and therefore
w = 1. Denote by

wT the coset of the measurable section ew. Then wT ∈ E(X ?),
wT

= e and

Tv = R−1
e Sv = e(·)〈w(·), v(·)〉 = 〈e(·)w(·), v(·)〉 = 〈wT (·), v(·)〉.

�

Remark that L∞(X ) is Banach space where the norm is defined by the
formula |‖v|‖ = ‖

v‖L∞ .

Lemma 3.3. Lattice-normed spaces Mo(L∞(X ), E) and HA(L∞(X ), E) are
coincided.

Proof. Let T ∈Mo(L∞(X ), E). Take the closed unit ball BL∞(X ) of the Banach
space L∞(X ). We must prove that the subset T (BL∞(X )) is bounded in F .
Since |‖v|‖ ≤ 1 we get that

v ≤ 1Ω. By the inequality |Tv| ≤ e
v, we

have
|Tv| ≤ e

v≤ e; (v ∈ BL∞(X )).

Therefore the subset T (BL∞(X )) is order bounded in E and T ∈ HA(L∞(X ), E).
Let us prove the converse inclusion. Fix T ∈ HA(L∞(X ), E). Then there ex-
ists an element f ∈ E+, such that |y| ≤ f for every y ∈ T (BL∞(X )). Take an
arbitrary element v ∈ L∞(X ), where |‖v|‖ = r. Then we may write

1

r
v ∈ BL∞(X ); |T

1

r
v| ≤ f ; |Tv| ≤ fr = f |‖v|‖

and T ∈Mo(L∞(X , F ), E). �

The following theorem is the main result of the article.

Theorem 3.4. Let T ∈ E(X )∼n . Then there exists an unique measurable
section w ∈ E ′(X ?), such that for every v ∈ E(X ) the following equality hold

Tv =

∫
A

〈w(t), v(t)〉dµ(t)(3.1)

Proof. The left side of the equality 3.1 we denote by Sw. It is clear that
Sw : E(X )→ R is linear functional. Let us prove that Sw is order continuous.
It is enough to prove that there exists the module |Sw|. Indeed, for every
measurable section v ∈ E(X ) and all measurable sections {u ∈ E(X ) :

u≤v} we may write∣∣∣ ∫
A

〈w(t), u(t)〉dµ(t)
∣∣∣ ≤ ∫

A

|〈w(t), u(t)〉|dµ(t) ≤∫
A

w(t)
u(t)

dµ(t) ≤
∫
A

w(t)
v(t)

dµ(t).

Thus, for every v ∈ E(X ) the inequality |Sw|v = sup{|Swu| :
u≤v} <

∞ is valid. If the sequence (vn)∞n=1 is order bounded in E(X ) and
vn (o)→ 0
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then we have |Swvn| → 0. Hence Sw ∈ E(X )∼n . On the other hand fix an
arbitrary order continuous functional T : E(X )→ R. Observe, that for every
e ∈ E+, u ∈ L∞(X ) the measurable section v = eu belongs to E(X ). Thus, for
an every element e ∈ E+ there exists continuous linear functional ge, from the
Banach space L∞(X ) to R which is defined by the formula ge(u) = T (eu). If

(|‖un|‖)→ 0, then
un (o)→ 0 and T (eun)→ 0. Hence ge ∈ L∞(X )?. Thus, is

defined a linear operator R : E → L∞(X )?, Re = ge. We need to show that R
is a dominated operator. By the ([7], Theor. 4.1.8) it is enough to prove that
for every e ∈ E+ there exists

sup
{ n∑

i=1

‖Rei‖L∞(X )? :
n∑

i=1

|ei| = e; n ∈ N
}

(3.2)

where elements {e1, . . . , en} could be assumed mutually disjoint. Since the
functional T is order bounded there exists the module |T | and

r = |T |(ev) = sup
{
|Tu| :

u≤ e
v}.

Moreover for the disjoint family {e1, . . . , en} the following equality hold

|T |(ev) = |T |
( n∑

i=1

eiv
)

=
n∑

i=1

|T |(eiv).

The norm of the linear functional ‖Rei‖ is calculated by the formula

‖Rei‖ = sup{|Rei(v)| : |‖v|‖ ≤ 1; v ∈ L∞(X )}.

Then for v ∈ BL∞(X ) we have

|R(eiv)| = |T (eiv)| ≤ |T |(eiφ),

where φ ∈ L∞(X ) is a measurable section and
φ = 1Ω. Passing to the

supremum over all v ∈ BL∞(X ), we have ‖R(eiv)‖ ≤ |T |(eiφ). Now for every

finite family of the mutually disjoint elements {e1, . . . , en} such that
n∑

i=1

ei = e

we may write
n∑

i=1

‖Rei‖L∞(X )? ≤
n∑

i=1

|T |(eiφ) = |T |(eφ).

Passing to the supremum over all finite families as above, we prove that
operator R : E → L∞(X )? is dominated. By ([2], Theor. 3.3) the space
M(E,L∞(X )?) is isomorphic to the space of the operators with an abstract
norm HA(L∞(X ), E ′). The isomorphism R ↔ R̃ is defined by the formula
〈Re, v〉 = 〈e, R̃v〉. By the Lemmas 3.2 and 3.3 there exists the measurable
section w ∈ E ′(X ?), such that for every u ∈ E(X ) the following equalities
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hold:

T (u) = T (ev) = 〈Re, v〉 = 〈e, R̃v〉 =∫
A

e(t)(R̃v)(t)dµ(t) =

∫
A

e(t)〈w(t), v(t)〉dµ(t) =∫
A

〈w(t), e(t)v(t)〉dµ(t) =∫
A

〈w(t), u(t)〉dµ(t) = Sw(u).

It is clear that w is unique and we finished the proof. �
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