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Abstract

We aim to express the results involving Ramanujan’s modular equa-
tion of degree seven in [10] in terms of combinatorial partition identities.
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1 Introduction and Preliminaries

Throughout this paper, let C, Z and N be the sets of complex numbers, integers
and positive integers, respectively, and N0 := N∪{0}. The basic (or q-) shifted
factorial (a; q)µ (a, q, µ ∈ C with |q| < 1) is defined by (see, e.g., [2], [8] and
[9, Chapter 6] dealing with the q-analysis)

(a; q)µ :=
∞∏
j=0

(
1− aqj

1− aqµ+j

)
. (1)

We therefore have

(a; q)n :=


1 (n = 0)
n−1∏
k=0

(
1− a qk

)
(n ∈ N),

(2)

where a, q ∈ C and it is assumed that a 6= q−m (m ∈ N0). We also write

(a; q)∞ :=
∞∏
k=0

(
1− a qk

)
=
∞∏
k=1

(
1− a qk−1

)
(a, q ∈ C; |q| < 1).

(3)

It is noted that, when a 6= 0 and |q| = 1, the infinite product in (3) diverges.
So, whenever (a; q)∞ is involved in a given formula, the constraint |q| < 1 will
be tacitly assumed.

Ramanujan defined the general theta function f(a, b) as follows (see, for
details, [2, p. 31, Eq.(18.1)]):

f(a, b) = 1 +
∞∑
n=1

(ab)
n(n−1)

2 (an + bn)

=
∞∑

n=−∞

a
n(n+1)

2 b
n(n−1)

2 = f(b, a) (|ab| < 1).

(4)

We find from (4) that

f(a, b) = a
n(n+1)

2 b
n(n−1)

2 f(a(ab)n, b(ab)−n) = f(b, a) (n ∈ Z). (5)

Ramanujan also rediscovered the Jacobi’s famous triple-product identity
(see [2, p. 35, Entry 19]):

f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞, (6)
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which was first proved by Gauss.
Several q-series identities emerging from Jacobi’s triple-product identity (6)

are worthy of note here (see [2, pp. 36-37, Entry 22]):

φ(q) := f(q, q) =
∞∑

n=−∞

qn
2

= 1 + 2
∞∑
n=1

qn
2

= {(−q; q2)∞}2(q2; q2)∞ =
(−q; q2)∞(q2; q2)∞
(q; q2)∞(−q2; q2)∞

;

(7)

ψ(q) := f(q, q3) =
∞∑
n=0

q
n(n+1)

2 =
(q2; q2)∞
(q; q2)∞

; (8)

f(−q) := f(−q,−q2) =
∞∑

n=−∞

(−1)nq
n(3n−1)

2

=
∞∑
n=0

(−1)nq
n(3n−1)

2 +
∞∑
n=1

(−1)nq
n(3n+1)

2 = (q; q)∞.

(9)

Equation (9) is known as Euler’s Pentagonal Number Theorem. The following
q-series identity:

(−q; q)∞ =
1

(q; q2)∞
=

1

χ(−q)
(10)

provides the analytic equivalence of Euler’s famous theorem: The number of
partitions of a positive integer n into distinct parts is equal to the number of
partitions of n into odd parts.

Andrews et al. [1] investigated new double summation hypergeometric q-
series representations for several families of partitions and further explored
the role of double series in combinatorial partition identities by introducing
the following general family:

R(s, t, l, u, v, w) :=
∞∑
n=0

qs(
n
2)+tnr(l, u, v, w;n), (11)

where

r(l, u, v, w : n) :=

[n
u
]∑

j=0

(−1)j
quv(

j
2)+(w−ul)j

(q; q)n−uj(quv; quv)j
. (12)

The following interesting special cases of (11) are recalled (see [1, p. 106,
Theorem 3]; see also [8]):

R(2, 1, 1, 1, 2, 2) = (−q; q2)∞; (13)

R(2, 2, 1, 1, 2, 2) = (−q2; q2)∞; (14)
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R(m,m, 1, 1, 1, 2) =
(q2m; q2m)∞
(qm; q2m)∞

(m ∈ N). (15)

Here, in this paper, we aim to express Ramanujan’s modular equations of
degree seven in (16) and (17) in terms of combinatorial partition identities
R(s, t, l, u, v, w) in (11).

2 A Set of Preliminary Results

Here we recall Ramanujan’s modular equations of degree 7 (see [2], [7, Chapter
9]) which, very recently, has been proved in a different way by Vasuki and
Veeresha [10, Theorem 1 and p. 308]:

φ2(q)

φ2(q7)
− 7

φ2(q7)

φ2(q)
= 8q

ψ(q2)ψ(q14)

ψ(q)ψ(q7)
− 4

ψ(−q)ψ(−q7)
ψ(q)ψ(q7)

+ 32q4
ψ4(q2)ψ4(q14)

ψ4(q)ψ4(q7)
− 2

ψ4(−q)ψ4(−q7)
ψ4(q)ψ4(q7)

(16)

and

2X + Y = 1, (17)

where

X := q
ψ(q2)ψ(q14)

ψ(q)ψ(q7)
and Y :=

ψ(−q)ψ(−q7)
ψ(q)ψ(q7)

,

and the other notations are given as in Section 2.

From (3), (8), and (15), it is easy to get a set of identities asserted by the
following lemma.

Lemma 2.1. The following identities hold true:(
q2`; q2n

)
∞ =

(
q`; qn

)
∞

(
−q`; qn

)
∞ (` ∈ N0; n ∈ N) ; (18)

ψ (qm) = R(m,m, 1, 1, 1, 2) (m ∈ N) ; (19)

(−q2m; q2m)∞
(−qm; q2m)∞

=
R(2m, 2m, 1, 1, 1, 2)

R(m,m, 1, 1, 1, 2)
(m ∈ N) ; (20)

φ (qm) =
{R(m,m, 1, 1, 1, 2)}2

R(2m, 2m, 1, 1, 1, 2)
(m ∈ N) ; (21)

R(2, 1, 1, 1, 1, 2) = R(1, 1, 1, 1, 1, 2); (22)
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∞∑
n=0

q
n(n+1)

2

n∑
j=0

(−1)j
q

j(j+1)
2

(q; q)n−j (q; q)j
=
(
−q; q2

)
∞ (q ∈ C; |q| < 1); (23)

(
q2; q4

)
∞ =

1

R(2, 2, 1, 1, 2, 2)
. (24)

Proof. We prove only (21)-(24). Combing (7) and (8), we have

φ (qm) =
(−qm; q2m)∞
(−q2m; q2m)∞

ψ (qm) ,

which, upon using (19) and (20), yields the identity (21).

Setting m = 1 in (20), we obtain an identity for

(−q2; q2)∞
(−q; q2)∞

,

which, using (13) and (14), yields another identity. Then, equating the two
identities is easily seen to give the identity (22).

Using (22) and the definition R(1, 1, 1, 1, 1, 2) with (13), we obtain the
identity (23).

It is easy to get (24) by combining (10) and (14).

3 Main Results

Here we express (16) and (17) in terms of combinatorial partition identities
R(s, t, l, u, v, w) in (11) which are asserted by Theorems 3.1 and 3.2, respec-
tively.

Theorem 3.1. The following identity holds true:[
R(14, 14, 1, 1, 2, 2)R(2, 1, 1, 1, 2, 2)R(1, 1, 1, 1, 1, 2)

R(2, 2, 1, 1, 2, 2) {R(7, 7, 1, 1, 1, 2)}2

]2

− 7

[
{R(7, 7, 1, 1, 1, 2)}2R(2, 2, 1, 1, 2, 2)

R(14, 14, 1, 1, 2, 2)R(2, 1, 1, 1, 2, 2)R(1, 1, 1, 1, 1, 2)

]2
=

4{2q.R(2, 2, 1, 1, 1, 2)R(4, 4, 1, 1, 1, 2)− A(q)}
R(1, 1, 1, 1, 1, 2)R(7, 7, 1, 1, 1, 2)

+
2
[
{2q R(2, 2, 1, 1, 1, 2)R(14, 14, 1, 1, 1, 2)}4 − {A(q)}4

]
{R(1, 1, 1, 1, 1, 2)R(7, 7, 1, 1, 1, 2)}4

,

(25)
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where A(q) is given by
A(q) := ψ(−q)ψ(−q7). (26)

Proof. Choosing to apply some identities in Section 1 and Lemma 2.1 to the
identities (16) and (17), after a little simplification, we can get the desired
identity (25) and the desired identity (27). So the details of proofs are omitted.

Theorem 3.2. The following identity holds true:

2q R(2, 2, 1, 1, 1, 2)R(14, 14, 1, 1, 1, 2) + A(q)

R(1, 1, 1, 1, 1, 2)R(7, 7, 1, 1, 1, 2)
= 1, (27)

where A(q) is given as in (26).

We conclude this note by posing a problem which arises naturally from
dealing with this research in the following remark.

Remark 3.3. Can A(q) in (26) or ψ(−q) be expressed in terms of the
R(s, t, l, u, v, w) in (11)?
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