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Abstract

In this paper, we consider the Moudafi’s viscosity approximations
with generalized contractions for nonexpansive mappings in a complete
CAT(0) space. The results presented in this paper mainly extended the
corresponding results in literature.
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1 Introduction

It is well-known that the construction of fixed point of nonexpansive mappings
is an important subject in nonlinear mappings theory and its application. The
existence and approximation of the fixed point of nonexpansive mappings in
different situations have been studied by many papers, for example [24, 14, 3,
11, 30, 31].

In 2000, Moudafi [20] introduced the viscosity approximation method for
a nonexpansive mapping T in Hilbert spaces, which formally generates the
sequence {xn} by the recursive formula:

xn+1 = αnf(xn) + (1− αn)Txn, (1)
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where f is a contraction and αn ⊂ (0, 1) is a real sequence.
There are very important because they are applied to convex optimization,

linear programing and etc. His results have been extended in several direc-
tion see [32, 27] and reference therein. Subsequently, Suzuki [26] extended
Moudafi’s results [20] and proved the strong convergence of the Moudafi’s vis-
cosity approximations with Meir-Keeler contractions in a uniformly smooth
Banach space.

In 2012, Shi and Chen [25], studied the convergence theorems of the vis-
cosity iterations for a nonexpansive mapping T :

xt = tf(xt)⊕ (1− t)Txt, (2)

and x0 ∈ C is arbitrary chosen and

xn+1 = αnf(xn)⊕ (1− αn)Txn, n ≥ 0, (3)

where {αn} ⊂ (0, 1). They proved {xt} and {xn} defined by (2) and (3)
converge strongly as t → 0 to x̃ ∈ Fix(T ) such that x̃ = PFix(T )f(x̃) in the
framework of CAT(0) space satisfying property P , i.e., if for x, u, y1, y2 ∈ X,

d(x, P[x,y1]u)d(x, y1) ≤ d(x, P[x,y2]u)d(x, y2) + d(x, u)d(y1, y2).

By using the concept of quasilinearization, Wangkeeree and Preechasilp
[28] obtained the same strong convergence results in [25] without the assumed
property P . For more related result (see [29, 18]).

All of the above bring us the following conjectures.
Question Could we obtain the strong convergence for the viscosity ap-

proximation method for generalized contraction in the framework of CAT(0)
space?

The purpose of this paper is to study the strong convergence theorems of
the iterative schemes (2) and (3) with the Meir-Keeler contraction mapping
f in a complete CAT(0) space. We prove the iterative schemes (2) and (3)
converges strongly to x̃ such that x̃ = PFix(T )f(x̃) which is the unique solution
of the variational inequality

〈
−−−→
x̃f(x̃),

−→
xx̃〉 ≥ 0, x ∈ Fix(T ). (4)

2 Preliminaries

Let X be a metric space C a nonempty subset of X. Let T : C → C be a
self-mapping of C. T is said to be nonexpansive if d (Tx, Ty) ≤ d(x, y) for all
x, y ∈ C. The fixed point set of T is denoted by Fix(T ) := {x ∈ C : Tx = x}.
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A mapping ψ : R+ → R+ is said to be an L-function if ψ(0) = 0, ψ(t) > 0,
for each t > 0 and for every t > 0 and for every s > 0 there exists u > s such
that ψ(t) ≤ s, for all t ∈ [s, u], As a consequence, every L-function ψ satisfies
ψ(t) < t, for each t > 0.

Definition 2.1. Let (X, d) be a matric space. A mapping f : X → X is
said to be:

(i) A Meir-Keeler type mapping [19] if for each ε > 0 there exists δ =
δ(ε) > 0 such that for each x, y ∈ X, with ε ≤ d(x, y) < ε + δ we have
d(f(x), f(y)) < ε.

(ii) A (ψ,L)-contraction [22] if ψ : R+ → R+ is an L-function and d(f(x), f(y)) <
ψ(d(x, y)), for all x, y ∈ X, with x 6= y.

Remark 2.2. If we take ε = d(x, y), where x 6= y, in De�nition 2.1(i), then
we have that a Meir-Keeler type mapping is a nonexpansive mapping.

Theorem 2.3. [22] Let (X, d) be a complete metric space and f : X → X
be a (ψ,L)-contraction. Then Fix(f) = {x∗}.

Theorem 2.4. [19] Let (X, d) be a complete metric space and f : X → X
be a Meir{Keeler type mapping. Then Fix(f) = {x∗}.

Theorem 2.5. [17] Let (X, d) be a matric space and f : X → X be a map-
ping. The following assertions are equivalent:
(i) f is a Meir-Keeler type mapping :
(ii) there exists an L-function ψ : R+ → R+ such that f is a (ψ,L)-contraction.

A metric space (X, d) is called CAT(0) space if for each pair of points
x, y ∈ X there exists a point w ∈ X such that for all z ∈ X

d2(z, w) ≤ 1

2
d2(z, x) +

1

2
d2(z, y)− 1

4
d2(x, y).

A complete CAT(0) space is sometimes called global nonpositive curvature
space or Hadamard space. In the rest of paper, we denote X by complete
CAT(0) space. It is well-known that, in complete CAT(0) spaces, for each
x, y ∈ X there exists the unique point z in the geodesic segment joining from
x to y with

d(z, x) = td(x, y) and d(z, y) = (1− t)d(x, y).

We also denote by [x, y] the geodesic segment joining from x to y, that is,
[x, y] = {(1− t)x⊕ ty : t ∈ [0, 1]}. A subset C of X is convex if [x, y] ⊆ C for
all x, y ∈ C.

The following two lemmas use to prove the analogue of [26, Proposition 2]
and [21, Proposition 3.4], respectively, in complete CAT(0) spaces.
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Lemma 2.6. Let X be a CAT(0) space and C a convex subset of it. Let
f : C → C be a Meir-Keeler type mapping. Then for each ε > 0 there exists
r ∈ (0, 1) such that for each x, y ∈ C with d(x, y) ≥ ε we have d(f(x), f(y)) ≤
rd(x, y).

Proof. We note that f is nonexpansive. Fix ε > 0. Then there exists δ ∈ (0, ε)
such that

d(u, v) <
ε

4
+ δ implies d(f(u), f(v)) <

ε

4
.

for u, v ∈ C. We put r :=
4ε− δ

4ε
∈ (0, 1). Fix x, y ∈ C with d(x, y) ≥ ε and

put a = d(x, y). Then we have

d(f(x), f(y)) ≤
[a/ε]∑
j=0

d
(
f

((
1− ε+ δ

4a
j

)
x⊕ ε+ δ

4a
y

)
,

f

((
1− ε+ δ

4a
(j + 1)

)
x⊕ ε+ δ

4a
(j + 1)y

))
+ d

(
f

((
1− ε+ δ

4a

([a
ε

]
+ 1
))

x⊕ ε+ δ

4a

([a
ε

]
+ 1
)
y

)
, f(y)

)
≤

([a
ε

]
+ 1
) ε

4
+

(
1− ε+ δ

4a

([a
ε

]
+ 1
))

a

= a− δ

4

([a
ε

]
+ 1
)
≤ rd(x, y).

This completes the proof.

Lemma 2.7. Let X be a complete CAT(0) space and C be a closed convex
subset of it. Let T : C → C be a nonexpansive mapping and f is a (ψ,L)-
contraction. Then the following assertions hold:

(i) T ◦ f is a (ψ,L)-contraction on C and has a unique �xed point in C ;

(ii) for each α ∈ (0, 1) the mapping x 7→ αf(x)⊕(1−α)T (x) is a Meir-Keeler
type mapping on C and it has a unique �xed point in C.

Proof. 1. d((T ◦ f)(x), (T ◦ f)(y)) ≤ d(f(x), f(y)) < ψ(d(x, y)). for each
x, y ∈ C with x 6= y. The existence and uniqueness of the fixed point
follow from Theorem 2.3.

2. Fix α ∈ (0, 1). For each ε > 0, by Lemma 2.6 there exist r ∈ (0, 1) such
that for each x, y ∈ C with d(x, y) ≥ ε we have d(f(x), f(y)) ≤ rd(x, y).
Put

δ :=
αε(1− r)

1− α + αr
> 0.
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Fix x, y ∈ C with d(x, y) < ε+ δ. in the case of d(x, y) ≥ ε, we have

d ((1− α)Tx⊕ αf(x), (1− α)Ty ⊕ αf(y))

≤ (1− α)d(Tx, Ty) + αd(f(x), f(y))

≤ (1− α + αr)d(x, y)

< (1− α + αr)(ε+ δ) = ε.

In the other case of d(x, y) < ε, we have

d ((1− α)Tx⊕ αf(x), (1− α)Ty ⊕ αf(y)) ≤ d(x, y) < ε.

From Theorem 2.4, the proof is completes.

From now on by a generalized contraction mapping we mean a Meir-Keeler
type mapping or a (ψ,L)-contraction. We suppose that the L-function from
the characterization theorem (Theorem 2.5), as well as, the function ψ from
the definition of the (ψ,L)-contraction is continuous, strictly increasing and
limt→+∞ ψ(t) = +∞, where η(t) := t − ψ(t), t ∈ R+. As a consequence, we
have that η is a bijection on R+, η−1 is also.

The following lemmas play an important role in our paper.

Lemma 2.8. [2, Proposition 2.2] Let X be a CAT(0) space, p, q, r, s ∈ X
and λ ∈ [0, 1]. Then

d(λp⊕ (1− λ)q, λr ⊕ (1− λ)s) ≤ λd(p, r) + (1− λ)d(q, s).

Lemma 2.9. [9, Lemma 2.4] Let X be a CAT(0) space, x, y, z ∈ X and
λ ∈ [0, 1]. Then

d(λx⊕ (1− λ)y, z) ≤ λd(x, z) + (1− λ)d(y, z).

Lemma 2.10. [9, Lemma 2.5] Let X be a CAT(0) space, x, y, z ∈ X and
λ ∈ [0, 1]. Then

d2(λx⊕ (1− λ)y, z) ≤ λd2(x, z) + (1− λ)d2(y, z)− λ(1− λ)d2(x, y).

The concept of ∆-convergence introduced by Lim [16] in 1976 was shown by
Kirk and Panyanak [15] in CAT(0) spaces to be very similar to the weak con-
vergence in Banach space setting. Next, we give the concept of ∆-convergence
and collect some basic properties.

Let {xn} be a bounded sequence in a CAT(0) space X. For x ∈ X, we set

r(x, {xn}) = lim sup
n→∞

d(x, xn).
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The asymptotic radius r({xn}) of {xn} is given by

r({xn}) = inf{r(x, {xn}) : x ∈ X},

and the asymptotic center A({xn}) of {xn} is the set

A({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}.

It is known from [8, Proposition 7] that in a CAT(0) space, A({xn}) con-
sists of exactly one point.

Definition 2.11. A sequence {xn} ⊂ X is said to ∆-converge to x ∈ X if
A({xnk

}) = {x} for every subsequence {xnk
} of {xn}.

Lemma 2.12. [15] Every bounded sequence in a complete CAT(0) space
always has a ∆-convergent subsequence.

Lemma 2.13. [7] If C is a closed convex subset of a complete CAT(0) space
and if {xn} is a bounded sequence in C, then the asymptotic center of {xn} is
in C.

Lemma 2.14. [7] If C is a closed convex subset of X and T : C → X
is a nonexpansive mapping, then the conditions {xn} ∆-convergence to x and
d(xn, Txn)→ 0, and imply x ∈ C and Tx = x.

Berg and Nikolaev [1] introduced the concept of quasilinearization as fol-
lows:

Let us formally denote a pair (a, b) ∈ X × X by
−→
ab and call it a vector.

Then quasilinearization is defined as a map 〈·, ·〉 : (X × X) × (X × X) → R
defined by

〈
−→
ab,
−→
cd〉 =

1

2

(
d2(a, d) + d2(b, c)− d2(a, c)− d2(b, d)

)
, (a, b, c, d ∈ X). (5)

It is easily seen that 〈
−→
ab,
−→
cd〉 = 〈

−→
cd,
−→
ab〉, 〈

−→
ab,
−→
cd〉 = −〈

−→
ba,
−→
cd〉 and 〈−→ax,

−→
cd〉 +

〈
−→
xb,
−→
cd〉 = 〈

−→
ab,
−→
cd〉 for all a, b, c, d, x ∈ X. We say that X satisfies the Cauchy-

Schwarz inequality if

〈
−→
ab,
−→
cd〉 ≤ d(a, b)d(c, d) (6)

for all a, b, c, d ∈ X. It known [1, Corollary 3] that a geodesically connected
metric space is CAT(0) space if and only if it satisfies the Cauchy-Schwarz
inequality.

Having the notion of quasilinearization, Kakavandi and Amini [12] intro-
duced the following notion of convergence.
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Definition 2.15. A sequence {xn} in the complete CAT(0) space (X, d) w-
converges to x ∈ X if limn→∞〈−−→xxn,−→xy〉 = 0, i.e. limn→∞(d2(xn, x)−d2(xn, y)+
d2(x, y)) = 0 for all y ∈ X.

It is obvious that convergence in the metric implies w-convergence, and it is
easy to check that w-convergence implies ∆-convergence [12, Proposition 2.5],
but it is showed in ([13, Example 4.7]) that the converse is not valid. However
the following lemma shows another characterization of ∆-convergence as well
as, more explicitly, a relation between w-convergence and ∆-convergence.

Lemma 2.16. [13, Theorem 2.6] Let X be a complete CAT(0) space, {xn}
be a sequence in X and x ∈ X. Then {xn} ∆-converges to x if and only if
lim supn→∞〈−−→xxn,−→xy〉 ≤ 0 for all y ∈ X.

By using the concept of quasilinearization, Dehghan and Rooin [6] pre-
sented a characterization of metric projection in CAT(0) spaces as follows:

Theorem 2.17. [6, Theorem 2.4] Let C be a nonempty convex subset of a
complete CAT(0) space X, x ∈ X and u ∈ C. Then

u = PCx if and only if 〈−→yu,−→ux〉 ≥ 0, for all y ∈ C.

The following two lemmas can be found in [28, 29].

Lemma 2.18. Let X be a CAT(0) space. Then for all x, y, z ∈ X, the
following inequality holds

d2(x, u) ≤ d2(y, u) + 2〈−→xy,−→xu〉.

Lemma 2.19. Let X be a CAT(0) space. For any t ∈ [0, 1], let ut =
tu⊕ (1− t)v. Then, for all x, y ∈ X,

(i) 〈−→utx,−→uty〉 ≤ t〈−→ux,−→uty〉+ (1− t)〈−→vx,−→uty〉;

(ii) 〈−→utx,−→uy〉 ≤ t〈−→ux,−→uy〉 + (1 − t)〈−→vx,−→uy〉 and 〈−→utx,−→uty〉 ≤ t〈−→ux,−→vy〉 + (1 −
t)〈−→vx,−→vy〉.

Lemma 2.20. [33, Lemma 2.1] Let {an} be a sequence of non-negative real
number satisfying the property

an+1 ≤ (1− αn)an + αnβn, n ≥ 0,
where {αn} ⊆ (0, 1) and {βn} ⊆ R such that

(i)
∑∞

n=0 αn =∞;

(ii) lim supn→∞ βn ≤ 0 or
∑∞

n=0 |αnβn| <∞.

Then {an} converges to zero, as n→∞.
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3 Main Results

Now, we are a position to state and prove our main results.

Theorem 3.1. Let X be a complete CAT(0) space and let C be a nonempty
closed convex subset of X. Let T : C → C be a nonexpansive mapping such
that Fix(T ) 6= ∅, and f : C → C a generalized contraction on C. For each
t ∈ (0, 1), let {xt} be given by

xt = tf(xt)⊕ (1− t)Txt. (7)

Then {xt} converges strongly as t → 0 to x̃ such that x̃ = PFix(T )f(x̃) which
is equivalent to the following variational inequality:

〈
−−−→
x̃f(x̃),

−→
xx̃〉 ≥ 0, x ∈ Fix(T ). (8)

Proof. We first show that {xt} is bounded. For any p ∈ Fix(T ), we have that

d2(xt, p) = 〈−→xtp,−→xtp〉
≤ t〈

−−−−→
f(xt)p,

−→xtp〉+ (1− t)〈
−−→
Txtp,

−→xtp〉
≤ t〈

−−−−−−→
f(xt)f(p),−→xtp〉+ t〈

−−−→
f(p)p,−→xtp〉+ (1− t)〈

−−→
Txtp,

−→xtp〉
≤ td(f(xt), f(p))d(xt, p) + td(f(p), p)d(xt, p) + (1− t)d(Txt, p)d(xtp)

≤ tψ(d(xt, p))d(xt, p) + td(f(p), p)d(xt, p) + (1− t)d2(xt, p),

and hence

d2(xt, p) ≤ ψ(d(xt, p))d(xt, p) + d(f(p), p)d(xt, p).

Then
η(d(xt, p)) := d(xt, p)− ψ(d(xt, p)) ≤ d(f(p), p),

equivalent to
d(xt, p) ≤ η−1(d(f(p), p)).

Hence {xt} is bounded, so are {Txt} and {f(xt)}. We get that

lim
t→0

d(xt, Txt) = lim
t→0

d(tf(xt)⊕ (1− t)Txt, Txt)

≤ lim
t→0

[td(f(xt), Txt) + (1− t)d(Txt, Txt)]

≤ lim
t→0

td(f(xt), Txt) = 0.

Assume that {tn} ⊂ (0, 1) is such that tn → 0 as n→∞. Put xn := xtn . We
will show that {xn} contains a subsequence converging strongly to x̃ such that
x̃ = PFix(T )f(x̃) which is equivalent to the following variational inequality

〈
−−−→
x̃f(x̃),

−→
xx̃〉 ≥ 0, x ∈ Fix(T ). (9)
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Since {xn} is bounded, by Lemma 2.12, 2.14, we may assume that {xn} ∆-
converges to a point x̃, and x̃ ∈ Fix(T ). By Lemma 2.16, we have

lim sup
n→∞

〈
−−−→
f(x̃)x̃,

−−→
xnx̃〉 ≤ 0. (10)

We want to show that d(xn, x̃)→ 0 as n→∞. Suppose not, there exists ε > 0
and subsequence d(xnj

, x̃) of d(xn, x̃) such that d(xnj
, x̃) ≥ ε for all j ∈ N. By

Lemma 2.6, there exists r ∈ (0, 1) such that

d(f(xnj
), f(x̃)) ≤ rd(xnj

, x̃) for all j ∈ N. (11)

Put xj = xnj
and αj = αnj

for all j. It follows from Lemma 2.19 (i) that

d2(xj, x̃) = 〈−→xjx̃,
−→
xjx̃〉

≤ αj〈
−−−−→
f(xj)x̃,

−→
xjx̃〉+ (1− αj)〈

−−−→
Txjx̃,

−→
xjx̃〉

≤ αj〈
−−−−→
f(xj)x̃,

−→
xjx̃〉+ (1− αj)d(Txj, x̃)d(xj, x̃)

≤ αj〈
−−−−→
f(xj)x̃,

−→
xjx̃〉+ (1− αj)d

2(xj, x̃).

It follows that,

d2(xj, x̃) ≤ 〈
−−−−→
f(xj)x̃,

−→
xjx̃〉

= 〈
−−−−−−→
f(xj)f(x̃),

−→
xjx̃〉+ 〈

−−−→
f(x̃)x̃,

−→
xjx̃〉

≤ d(f(xj), f(x̃))d(xj, x̃) + 〈
−−−→
f(x̃)x̃,

−→
xjx̃〉

≤ rd2(xj, x̃) + 〈
−−−→
f(x̃)x̃,

−→
xjx̃〉,

and thus

d2(xj, x̃) ≤ 1

1− r
〈
−−−→
f(x̃)x̃,

−→
xjx̃〉. (12)

It follows from (10) and (12) that {xj} converge strongly to x̃, which is a
contradiction. This implies that d(xn, x̃)→ 0 as n→∞.

Next, we show that x̃ solves the variational inequality (8). Applying Lemma
2.10, for any q ∈ Fix(T ),

d2(xt, q) = d2(tf(xt)⊕ (1− t)Txt, q)
≤ td2(f(xt), q) + (1− t)d2(Txt, q)− t(1− t)d2(f(xt), Txt)

≤ td2(f(xt), q) + (1− t)d2(xt, q)− t(1− t)d2(f(xt), Txt).

It implies that

d2(xt, q) ≤ d2(f(xt), q)− (1− t)d2(f(xt), Txt)
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Taking the limit through t = tn → 0, we can get that

d2(x̃, q) ≤ d2(f(x̃), q)− d2(f(x̃), x̃).

Hence

0 ≤ 1

2

[
d2(x̃, x̃) + d2(f(x̃), q)− d2(x̃, q)− d2(f(x̃), x̃)

]
= 〈
−−−→
x̃f(x̃),

−→
qx̃〉, ∀q ∈ Fix(T ).

That is, x̃ solves the inequality (8).
Finally, we show that the entire net {xt} converges to x̃, assume xsn → x̂,

where sn → 0 as n→∞. By the same argument, we get that x̂ ∈ Fix(T ) and
solves the variational inequality (8), consequently we have

〈
−−−→
x̃f(x̃),

−→
x̃x̂〉 ≤ 0, (13)

and

〈
−−−→
x̂f(x̂),

−→
x̂x̃〉 ≤ 0. (14)

We want to show that x̃ = x̂, if not, there exists ε > 0 such that d(x̃, x̂) ≥ ε. By
Lemma 2.6 there exists r ∈ (0, 1) such that d (f(x̃), f(x̂)) ≤ rd(x̃, x̂). Adding
up (13) and (14), we get that

0 ≥ 〈
−−−→
x̃f(x̃),

−→
x̃x̂〉 − 〈

−−−→
x̂f(x̂),

−→
x̃x̂〉

= 〈
−−−→
x̃f(x̂),

−→
x̃x̂〉+ 〈

−−−−−−→
f(x̂)f(x̃),

−→
x̃x̂〉 − 〈

−→
x̂x̃,
−→
x̃x̂〉 − 〈

−−−→
x̃f(x̂),

−→
x̃x̂〉

= 〈
−→
x̃x̂,
−→
x̃x̂〉 − 〈

−−−−−−→
f(x̂)f(x̃),

−→
x̂x̃〉

≥ 〈
−→
x̃x̂,
−→
x̃x̂〉 − d(f(x̂), f(x̃))d(x̂, x̃)

≥ d2(x̃, x̂)− rd(x̂, x̃)d(x̂, x̃)

≥ d2(x̃, x̂)− rd2(x̂, x̃)

≥ (1− r)d2(x̃, x̂) ≥ (1− r)ε2 > 0.

This is a contradiction, so x̃ = x̂. Hence the net xt converge strongly to x̃
which is the unique solution to the variational inequality (8). This completes
the proof.

Theorem 3.2. Let C be a closed convex subset of a complete CAT(0) space
X, and let T : C → C be a nonexpansive mapping with Fix(T ) 6= ∅. Let f
be a generalized contraction on C. For the arbitrary initial point x0 ∈ C, let
{xn} be generated by

xn+1 = αnf(xn)⊕ (1− αn)Txn, ∀n ≥ 0, (15)

where {αn} ⊂ (0, 1) satis�es the following conditions:
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1. limn→∞ αn = 0;

2.
∑∞

n=0 αn =∞ and

3. either
∑∞

n=0 |αn+1 − αn| <∞ or limn→∞(αn+1/αn) = 1.

Then {xn} converges strongly as n→∞ to x̃ such that x̃ = PFix(T )f(x̃) which
is equivalent to the variational inequality (8).

Proof. First we show that {xn} is bounded. Indeed, if we take a fixed point
p ∈ Fix(T ). We will prove by induction that

d(xn, p) ≤M for all n ≥ 0,

where M := {d(x0, p), η
−1(d(f(p), p))}. The case n = 0 is obvious.

Suppose that d(xn, p) ≤M , we have

d(xn+1, p) ≤ αnd(f(xn), p) + (1− αn)d(Txn, p)

≤ αnd(f(xn), f(p)) + αnd(f(p), p) + (1− αn)d(Txn, p)

≤ αnψ(d(xn, p)) + αnd(f(p), p) + (1− αn)d(xn, p)

≤ αnψ(d(xn, p)) + αnη(η−1(d(f(p), p))) + (1− αn)d(xn, p)

≤ αnψ(M) + αnη(M) + (1− αn)M

= αnψ(M) + αn(M − ψ(M)) + (1− αn)M = M

By induction,

d(xn, p) ≤ max
{
d(x0, p), η

−1(d(f(p), p))
}
, ∀n ≥ 0.

Thus {xn} is bounded, and so are {Txn} and {f(xn)}.
Next, we claim that

lim
n→∞

d(xn+1, xn) = 0. (16)

If not, there exists ε > 0 and subsequence d(xnj+1, xnj
) of d(xn+1, xn) such

that d(xnj+1, xnj
) ≥ ε for all j ∈ N. By Lemma 2.6, there exists r ∈ (0, 1) such

that
d(f(xnj+1), f(xnj

)) ≤ rd(xnj+1, xnj
) for all j ∈ N. (17)

Put xj = xnj
and αj = αnj

for all j. Observing that

d(xj+1, xj) = d(αjf(xj)⊕ (1− αj)Txj, αj−1f(xj−1)⊕ (1− αj−1)Txj−1)

≤ d(αjf(xj)⊕ (1− αj)Txj, αjf(xj)⊕ (1− αj)Txj−1)

+d(αjf(xj)⊕ (1− αj)Txj−1, αjf(xj−1)⊕ (1− αj)Txj−1)

+d(αjf(xj−1)⊕ (1− αj)Txj−1, αj−1f(xj−1)⊕ (1− αj−1)Txj−1)

≤ (1− αj)d(Txj, Txj−1) + αjd(f(xj), f(xj−1)) + |αj − αj−1|d(f(xj−1), Txj−1)

≤ (1− αj)d(xj, xj−1) + αjd(f(xj), f(xj−1)) + |αj − αj−1|d(f(xj−1), Txj−1)

≤ (1− αj)d(xj, xj−1) + αjrd(xj, xj−1) + |αj − αj−1|d(f(xj−1), Txj−1)

= (1− αj(1− r))d(xn, xn−1) + |αj − αj−1|d(f(xn−1), Txn−1).
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By the conditions (ii) and (iii) and Lemma 2.20, we have limn→∞ d(xj+1, xj) =
0, which is a contradiction, so (16) is proved. It then follows that

d(xn, Txn) ≤ d(xn, xn+1) + d(xn+1, Txn)

= d(xn, xn+1) + d(αnf(xn)⊕ (1− αn)Txn, Txn)

≤ d(xn, xn+1) + αnd(f(xn), Txn)→ 0 as n→∞. (18)

Let {xt} be a net in C such that

xt = tf(xt)⊕ (1− t)Txt.

By Theorem 3.1, we have that {xt} converges strongly as t → 0 to a fixed
point x̃ ∈ Fix(T ) which solves the variational inequality (8). Now, we claim
that

lim sup
n→∞

〈
−−−→
f(x̃)x̃,

−−→
xnx̃〉 ≤ 0. (19)

Notice that f is a nonexpansive mapping. It follows from Lemma 2.19 (i) that

d2(xt, xn) = 〈−−→xtxn,−−→xtxn〉
≤ t〈

−−−−−→
f(xt)xn,

−−→xtxn〉+ (1− t)〈
−−−→
Txtxn,

−−→xtxn〉
= t〈

−−−−−−→
f(xt)f(x̃),−−→xtxn〉+ t〈

−−−→
f(x̃)x̃,−−→xtxn〉+ t〈−→x̃xt,−−→xtxn〉+ t〈−−→xtxn,−−→xtxn〉

+(1− t)〈
−−−−−→
TxtTxn,

−−→xtxn〉+ (1− t)〈
−−−−→
Txnxn,

−−→xtxn〉
≤ td(xt, x̃)d(xt, xn) + t〈

−−−→
f(x̃)x̃,−−→xtxn〉+ td(x̃, xt)d(xt, xn) + td2(xt, xn)

+(1− t)d2(xt, xn) + (1− t)d(Txn, xn)d(xt, xn)

≤ td(xt, x̃)M + t〈
−−−→
f(x̃)x̃,−−→xtxn〉+ td(x̃, xt)M + td2(xt, xn)

+(1− t)d2(xt, xn) + (1− t)d(Txn, xn)M

≤ d2(xt, xn) + td(xt, x̃)M + td(x̃, xt)M + d(Txn, xn)M + t〈
−−−→
f(x̃)x̃,−−→xtxn〉,

where M ≥ supm,n≥1{d(xt, xn)}. This implies that

〈
−−−→
f(x̃)x̃,−−→xnxt〉 ≤ 2d(xt, x̃)M +

d(Txn, xn)

t
M. (20)

Taking the limit as n→∞ first, and then t→ 0 inequality (20) yields that

lim sup
t→0

lim sup
n→∞

〈
−−−→
f(x̃)x̃,−−→xnxt〉 ≤ 0.

Since xt → x̃ as t → 0 and continuity of metric distance d, we have for any
fixed n ≥ 0,

lim
t→0
〈
−−−→
f(x̃)x̃,−−→xnxt〉 = lim

t→0

1

2
[d2(f(x̃), xt) + d2(x̃, xn)− d2(f(x̃), xn)− d2(x̃, xt)]

=
1

2
[d2(f(x̃), x̃) + d2(x̃, xn)− d2(f(x̃), xn)− d2(x̃, x̃)]

= 〈
−−−→
f(x̃)x̃,

−−→
xnx̃〉.
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It implies that, for any ε > 0, there exists a δ > 0 such that

〈
−−−→
f(x̃)x̃,

−−→
xnx̃〉 < 〈

−−−→
f(x̃)x̃,−−→xnxt〉+ ε, ∀ t ∈ (0, δ). (21)

Thus, by the limit as n → ∞ first, and then t → 0 inequality in (21), we get
that

lim sup
n→∞

〈
−−−→
f(x̃)x̃,

−−→
xnx̃〉 ≤ ε.

Since ε is arbitrary, it follows that

lim sup
n→∞

〈
−−−→
f(x̃)x̃,

−−→
xnx̃〉 ≤ 0.

Hence we have desired. Finally, we prove that xn → x̃, i.e., d(xn, x̃) → 0, as
n→∞. Suppose not, there exists ε > 0 and subsequence d(xnj

, x̃) of d(xn, x̃)
such that d(xnj

, x̃) ≥ ε for all j ∈ N. By Lemma 2.6, there exists r ∈ (0, 1)
such that

d(f(xnj
), f(x̃)) ≤ rd(xnj

, x̃) for all j ∈ N. (22)

Put xj = xnj
and αj = αnj

for all j. It follows from Lemma 2.19 (i) and
Cauchy-Schwarz inequality that

d2(xj+1, x̃) ≤ (1− αj)〈
−−−→
Txjx̃,

−−−→
xj+1x̃〉+ αj〈

−−−−→
f(xj)x̃,

−−−→
xj+1x̃〉

= (1− αj)〈
−−−→
Txjx̃,

−−−→
xj+1x̃〉+ αj〈

−−−−−−→
f(xj)f(x̃),

−−−→
xj+1x̃〉+ αj〈

−−−→
f(x̃)x̃,

−−−→
xj+1x̃〉

≤ (1− αj)d(Txj, x̃)d(xj+1, x̃) + αjd(f(xj), f(x̃))d(xj+1, x̃)

+αj〈
−−−→
f(x̃)x̃,

−−−→
xj+1x̃〉

≤ (1− αj)d(xj, x̃)d(xj+1, x̃) + αjrd(xj, x̃)d(xj+1, x̃) + αj〈
−−−→
f(x̃)x̃,

−−−→
xj+1x̃〉

≤ (1− αj)

2

(
d2(xj, x̃) + d2(xj+1, x̃)

)
+
αj

2
(r2d2(xj, x̃) + d2(xj+1, x̃))

+αj〈
−−−→
f(x̃)x̃,

−−−→
xj+1x̃〉

=
αjr

2 + (1− αj)

2
d2(xj, x̃) +

d2(xj+1, x̃)

2
+ αj〈

−−−→
f(x̃)x̃,

−−−→
xj+1x̃〉

which implies that

d2(xj+1, x̃) ≤
(
1− αj(1− r2)

)
d2(xj, x̃) + 2αj〈

−−−→
f(x̃)x̃,

−−−→
xj+1x̃〉

Applying Lemma 2.20 and (19), we can conclude that xj → x̃. This is a
contradiction. Hence xn → x̃ as n→∞.
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4 Conclusion

In this paper, we established the strong convergence theorem of Moudafi’s vis-
cosity approximation method for a nonexpansive mapping T with a generalized
contraction f in a complete CAT(0) space, which solves the variational inequal-
ity (4). Theorem 3.1 and 3.2 are more general than the results in Theorem 3.1
and 3.4 of [28] in the case where a mapping f is a generalized contraction.
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