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Abstract

In this paper, we prove strong as well as ∆− convergence theorems in CAT(0)

spaces for totally asymptotically nonexpansive nonself mappings under a recent it-

erative scheme essentially due to Agarwal et al. [3] which is relatively faster as well

as independent to Ishikawa iterative scheme. Our results are improvements over

several corresponding results contained in [1, 2, 14, 22, 30, 31, 33] and several others.

Mathematics Subject Classification: 47J05, 47H09, 47H10

Keywords: Agarwal et al. iteration process, total asymptotically nonself
nonexpansive mappings, ∆− convergence, CAT(0) spaces

1. Introduction

In recent years, CAT(0) spaces have attracted the attention of several re-
searchers as newly proved results in such spaces may play a very important
role due to the involvement of varied geometric aspects (cf.[15]). Fixed point
theory in CAT(0) spaces was initiated by Kirk ([23], [24]) wherein it is shown
that every nonexpansive mapping defined on a bounded, closed and convex
subset of a complete CAT (0) space admits a fixed point.

In 1976, Lim [25] introduced a concept of convergence in metric spaces and
term the same as “∆− convergence”. In 2008, Kirk and Panyanak [24] spe-
cialized Lim’s concept in CAT(0) spaces and also indicated that many Banach
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space results involving weak convergence admit precise analogues in this set-
ting. Thereafter, numerous existence results were proved employing ∆− con-
vergence of the underlying iterative schemes for several classes of mappings
namely: nonexpansive mapping, asymptotically nonexpansive mapping nearly
asymptotically nonexpansive and asymptotically nonexpansive mapping in in-
termediate sense. In the recent past, several convergence results for asymp-
totically nonexpansive nonself mapping using iteration schemes due to Picard,
Mann [26], Ishikawa [21], Agarwal et al. [3] were proved in the framework of
CAT(0) spaces and by now there exists considerable literature on this theme
( e.g., [1, 2, 10, 14, 22, 33]).

Recently, Yang et al. [33], proved existence theorems besides results on
convexity and closedness of fixed point sets in CAT(0) spaces for total asymp-
totically nonexpansive nonself mappings which is essentially more general than
asymptotically nonexpansive nonself mappings. Furthermore, he also studied
sufficient conditions for ∆ and strong convergence of sequence generated by fi-
nite ( or infinite) family for totally asymptotically nonself mappings in CAT(0)
spaces.

Motivated by the above work, the purpose of this paper is to discuss strong
and ∆− convergence theorems for totally asymptotically nonexpansive nonself
mappings for modified Agarwal et al. iterative scheme [4]. Our results are
improvements over corresponding results contained in [1, 2, 14, 30, 31, 22, 33].

2. Preliminaries

A metric space X is called a CAT(0) space (cf.[17]) provided it geodesi-
cally connected and every geodesic triangle in X is at least as “thin” as its
comparison triangle in the Euclidean plane. For a rigorous discussion about
such spaces, one can be referred to [6] and [9]. A complex Hilbert ball with
Hyperbolic metric is a CAT (0) space (e.g., [19, 28]).

Let (X, d) be a metric space. A geodesic path joining x ∈ X to y ∈ X (or,
more briefly, a geodesic from x to y in X) is a map c from a closed interval
[0, l] ⊂ R to X such that c(0) = x, c(l) = y, and d(c(t), c(t

′
)) = |t − t′ | for all

t, t
′ ∈ [0, l].

In particular, c is an isometry and d(x, y) = l. The image of c is called a
geodesic ( or metric) segment joining x and y. In case this geodesic segment
is unique, it is denoted by [x, y]. The space (X, d) is said to be geodesic space
if every two points of X are joined by a geodesic, and X is said to be uniquely
geodesic if there is exactly one geodesic joining x and y for each x, y ∈ X. A
subset Y ⊆ X is said to be convex if Y includes every geodesic segment joining
any two of its points. A geodesic triangle ∆(x1, x2, x3) in a geodesic metric
space (X, d) consists of three points x1, x2, x3 in X ( referred as the vertices of
∆) and a geodesic segment between each pair of vertices (referred as the edges
of ∆).
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A comparison triangle for the geodesic triangle ∆(x1, x2, x3) in (X, d) is a
triangle ∆(x1, x2, x3) := ∆(x1, x2, x3, ) in the Euclidean plane E2 such that
dE2(xi, xj) = d(xi, xj) for i, j ∈ {1, 2, 3}. A geodesic space is said to be a
CAT(0) space if all geodesic triangles of appropriate size satisfy the following
comparison axiom.

Let ∆ be a geodesic triangle in (X, d) and let ∆ be a comparison triangle
for ∆. Then ∆ is said to satisfy the CAT(0) inequality if for all x, y ∈ ∆ and
all comparison points x, y ∈ ∆, such that

d(x, y) ≤ dE2(x, y).

If x, y1, y2 are points in a CAT(0) space and if y0 is the midpoint of the segment
[y1, y2], then the CAT(0) inequality implies

d(x, y0)
2 ≤ 1

2
d(x, y1)

2 +
1

2
d(x, y2)

2 − 1

4
d(y1, y2)

2. (CN)

Indeed, this is the (CN) inequality due to Bruhat and Tits [8]. In fact, a
geodesic space is a CAT(0) space if and only if it satisfies the (CN) inequality
( cf [9], p. 163).

Following are some elementary facts about CAT(0) spaces available in [14].

Lemma 2.1. Let (X, d) be a CAT(0) space. Then

(i) (X, d) is uniquely geodesic.

(ii) Let p, x, y be points of X and α ∈ [0, 1]. Let m1 and m2 be
respectively the points in [p, x] and [p, y] satisfying
d(p,m1) = αd(p, x) and d(p,m2) = αd(p, y). Then

d(m1,m2) ≤ αd(x, y).

(iii) Let x, y ∈ X, x 6= y and z, w ∈ [x, y] such that d(x, z) = d(x,w).
Then z = w.

(iv) Let x, y ∈ X. For each t ∈ [0, 1], there exists a unique point
z ∈ [x, y] such that

d(x, z) = td(x, y) and d(y, z) = (1− t)d(x, y). (2.1)

For convenience, from now on, we use the notation (1 − t)x ⊕ ty for the
unique point z satisfying (2.1).

Now, we give some definitions and known results needed in the sequel.

Definition 2.2. Let C be a nonempty subset of a metric space X and T : C →
C a mapping. A sequence {xn} in C is said to be approximating fixed point
sequence of T if

lim
n→∞

d(xn, Txn) = 0.
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Definition 2.3. Let C be a nonempty subset of a metric space X. The map-
ping T : C → C is said to be :

(a) nonexpansive if

d(Tx, Ty) ≤ d(x, y) for all x, y ∈ C;

(b) uniformly L−Lipschitizian if for each n ∈ N, there exists a positive
number L > 0 such that

d(T nx, T ny) ≤ Ld(x, y) for all x, y ∈ C;

(c) asymptotically nonexpansive (cf.[18]) if there exists a sequence {kn} ⊂
[1,∞)

with limn→∞ kn = 1 such that

d(T nx, T ny) ≤ knd(x, y) for all x, y ∈ C and n ∈ N;

(d) asymptotically nonexpansive in the intermediate sense (cf.[7]) if T is uni-
formly

continuous and following inequality holds:

lim sup
n→∞

sup
x,y∈C
{d(T nxn, T

nyn)− d(x, y)} ≤ 0 for all x, y ∈ C and n ∈ N;

(e) ({µn}, {vn}, ζ)− total asymptotically nonexpansive mappings (cf.[5]) , if
there exist

nonnegative sequences {µn} and {vn} with µn → 0 and vn → 0 as n→∞
and

strictly increasing continuous function ζ : [0,∞) → [0,∞) with ζ(0) = 0
such that

d(T nx, T ny) ≤ d(x, y) + vnζ(d(x, y)) + µn, for all x, y ∈ C and n ∈ N.

Remark 2.4. In view of Definition 2.3, every nonexpansive mapping is a
asymptotically nonexpansive (set sequence {kn} = 1) and each asymptotically
nonexpansive mapping is a ({µn}, {vn}, ζ)− total asymptotically nonexpansive
mapping (choose {µn} = 0, {vn} = kn − 1, for all n ≥ 1. and ζ(t) = t, t ≥ 0).

Let C be nonempty closed subset of a metric space X. Recall that C is said
to be a retract of X if there exists a continuous maps P : X → C such that
Px = x, ∀x ∈ C. A map P : X → C is said to be a retraction if P 2 = P . It
follows that if a map P is retraction, then Py = y for all y in the range of P .

Definition 2.5. [10] Let C be nonempty closed subset of a metric space X. Let
P : X → C be the nonexpansive retraction of X onto C. A map T : C → X
is said to be;

(a) asymptotically nonexpansive nonself if there exists a sequence
{kn} ⊂ [1,∞) with limn→∞ kn = 1 such that

d(T (PT )n−1x, T (PT )n−1y) ≤ knd(x, y),
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for all x, y ∈ C and n ∈ N,

(b) uniformly L− Lipschitzian if there exists a constant L > 0 such that

d(T (PT )n−1x, T (PT )n−1y) ≤ L d(x, y)

for all x, y ∈ C and n ∈ N and

(c) ({vn}, {µn}, ζ)− total asymptotically nonexpansive ( [33]), if there exist
nonnegative sequences {µn} and {vn} with µn → 0 and vn → 0 as n→∞

and
strictly increasing function ζ : [0,∞)→ [0,∞) with ζ(0) = 0 such that

d(T (PT )n−1x, T (PT )n−1y) ≤ d(x, y) + vnζ(d(x, y)) + µn (2.2)

for all x, y ∈ C and n ∈ N.

Let C be a nonempty closed convex subset of a CAT(0) space X. The
following iteration scheme is studied:

xn+1 = P [(1− αn)T (PT )n−1xn ⊕ αnT (PT )n−1yn]

yn = P [(1− βn)xn ⊕ βnT (PT )n−1xn] n ≥ 1, (2.3)

where {αn}, {βn} are real sequences in (0, 1). This scheme is called modified
Agrawal et al. iterative scheme, where T and P are as in Definition 2.5 (c).

Remark 2.6. If T is a selfmap, then P becomes identity map so that in
Definition 2.5 (a), (b) and (c) coincide with (b) , (c) and (e) of Definition
2.3 respectively. Moreover, (2.3) reduces to Agrawal et al. iterative scheme in
[3].

In the sequel, we need the following lemmas.

Lemma 2.7. (cf.[14], Lemma 2.4) Let X be a CAT(0) space. Then

d((1− t)x⊕ ty, z) ≤ (1− t)d(x, z) + td(y, z)

for all x, y, z ∈ X and t ∈ [0, 1].

Lemma 2.8. (cf.[10], Lemma 3.2) Let X be a CAT(0) space and x ∈ X
a given point. Suppose that{tn} is a sequence in [b, c] with b, c ∈ (0, 1) and
0 < b(1− c) ≤ 1

2
. if {xn} and {yn} are any sequences in X such that

lim sup
n→∞

d(xn, x) ≤ r, lim sup
n→∞

d(yn, x) ≤ r,

and

lim
n→∞

d((1− tn)xn ⊕ tnyn), x) = r,

for some r ≥ 0, then limn→∞ d(xn, yn) = 0.

Lemma 2.9. (cf.[10] Lemma 3.3) Let {an}, {λn} and {cn} be sequences of
nonnegative numbers such that

an+1 ≤ (1 + λn)an + cn,
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for all n ≥ 1. If
∞∑
n=1

λn < ∞ and
∞∑
n=1

cn < ∞, then lim
n→∞

an exists. If there

exists a subsequence of {an} which converges to 0, then lim
n→∞

an = 0.

Now, we recall the concept of ∆− convergence besides collecting some of its
basic properties.

Let C be a nonempty subset of a metric space (X, d) and {xn} a bounded
sequence in X. Let diam(C) denote the diameter of C. Consider the function
ra(., {xn}) defined by

ra(x, {xn}) = lim sup
n→∞

d(xn, x), x ∈ X.

The infimum of ra(., {xn}) over C is called the asymptotic radius of {xn}
with respect to C and is denoted by ra(C, {xn}). We denote the asymptotic
radius of {xn} with respect to X by ra({xn}). A point z ∈ C is said to be an
asymptotic center of the sequence {xn} with respect to C if

ra(z, {xn}) = inf{ra(x, {xn}) : x ∈ C}.
The set of all asymptotic centers of {xn} with respect to C is denoted by
Za(C, {xn}). The set of all asymptotic centers of {xn} with respect to X is
the set

Za({xn}) = {z ∈ X : ra(z, {xn}) = ra{xn}}.
It is known (cf.[[12], Proposition 7], [13]) that if C is a nonempty closed, convex
subset of a complete CAT(0) space, Za(C, {xn}) (and hence Za({xn}) consists
of exactly one point.

Next, we define ∆− convergence of a sequence in a CAT(0) space.

Definition 2.10. (cf.[24], [25]) Let {xn} be a bounded sequence in a complete
CAT(0) space X. Then {xn} is said to be ∆− convergent to x in X if x is
the unique asymptotic center of {xm} for every subsequence {xm} of {xn}. In
this case we write ∆− limn xn = x and call x to be the ∆− limit of {xn}.

The following Lemmas can be found in [14].

Lemma 2.11. (cf.[14], Lemma 2.7)

(i) Every bounded sequence in a complete CAT(0) space X has a ∆−
convergent subsequence.

(ii) If C is a closed convex subset of a complete CAT(0) space X and
{xn} is a bounded sequence in C, then the asymptotic center of
{xn} lies in C.

Recall that a bounded sequence {xn} in a complete CAT(0) space X is
said to be regular if ra(X, {xn}) = ra(X, {un}) for every subsequence {un}
of {xn}. It is also known that every bounded sequence in a Banach space
has a regular subsequence. Since every regular sequence ∆− converges, we
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see immediately that every bounded sequence in a complete CAT(0) space
admits a ∆−convergent subsequence. Notice that (e.g., [12], Proposition 7)
given a bounded sequence {xn} in a complete CAT(0) space X such that {xn}
∆−converges to x and given y ∈ X with y 6= x,

lim sup
n→∞

d(xn, x) < lim sup
n→∞

d(xn, y).

Clearly, X satisfies a condition which is well known in Banach space theory as
Opail property. We denote ww(xn) =

⋃
{Za({un}), where the union is taken

over all subsequences {un} of {xn}}.
We recall the definition of weak convergence in CAT(0) space.

Definition 2.12. (cf,[20]) Let C be a closed convex subset of a CAT(0) space
X. A bounded sequence {xn} in C is said to be weakly convergent to w ∈ C if
and only if φ(w) = infx∈C φ(x), where φ(x) = lim sup

n→∞
d(xn, x).

Notice that {xn}⇀ w if and only if Za(C, {xn}) = {w}.
The following Lemma establishes a relationship in between ∆− convergence
and weak convergence in a CAT(0) space.

Lemma 2.13 ([27], Proposition 3.12). Let {xn} be a bounded sequence in a
CAT(0) space X and C be a closed subset of X which contains {xn}. Then

(i) ∆− limn xn = x implies {xn}⇀ x,

(i) The converse of (i) is true {xn} is regular.

Lemma 2.14. [10] Let C be a closed and convex subset of a complete CAT(0)
space X and T : C → X a uniformly L− Lipschitizian and ({µn}, {vn}, ζ)-
totally asymptotically nonexpansive nonself mapping. If {xn} is a bounded
sequence in C such that {xn}⇀ q and d(xn, Txn) = 0, then Tq = q.

Lemma 2.15. [10] Let C be a closed and convex subset of a complete CAT(0)
space X, and T : C → X a asymptotically nonexpansive nonself mapping. if
{xn} is a bounded sequence in C such that {xn}⇀ q and d(xn, Txn) = 0, then
Tq = q.

Recently, Yang et al. [33] established the following existence theorem besides
results on convexity and closedness of a fixed point set in CAT(0) spaces in
respect of totally asymptotically nonexpansive nonself mappings.

Theorem 2.16. ([33], Theorem 3.1, 3.2 ) Let X be a complete CAT(0) space
and C a nonempty bounded closed and convex subset of X. If T : C → X
is a uniformly Lipschitzian and totally asymptotically nonexpansive nonself
mapping, then T has fixed point in C and set of fixed point is closed as well as
convex.

Theorem 2.17. Let C be a nonempty, closed and convex subset of a complete
CAT(0) space X and T : C → X a uniformly L− Lipschitzian ({µn}, {vn}, ζ)-
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totally asymptotically nonexpansive mapping. If {xn} is a bounded sequence
in C which ∆− converges to x and limn→∞ d(xn, Txn) = 0, then x ∈ C and
x = Tx.

Proof. Let {xn} be a bounded sequence in C which is an approximating fixed
point sequence of T and ∆− converges to x. One can notice (by Lemma 2.11)
that x ∈ C. Also, Za({xn}) = {x}, so that ra(x, {xn}) = ra({x}). By Theorem
2.16, we conclude that x = Tx. �

3. Strong and ∆ convergence Theorems

In this section, we establish ∆− convergence and strong convergence theo-
rems for modified Agrawal et al. sequence for ({vn}, {µn}, ζ) -total asymptot-
ically nonexpansive nonself mapping. Let F (T ) = {x ∈ C, Tx = x} denotes
the set of fixed points of T .
Now, we are equipped to prove our main result as follows.

Theorem 3.1. Let C be a nonempty closed, convex and bounded subset of a
complete CAT(0) space X. If T : C → X is a uniformly L− Lipschitzian and
({vn}, {µn}, ζ) -totally asymptotically nonexpansive nonself mapping satisfying
the following conditions:

(i)
∞∑
n=1

vn <∞,
∞∑
n=1

µn <∞;

(ii) there exists a constant M∗ > 0 such that ζ(r) ≤M∗r, ∀r ≥ 0;

(iii) there exist constants a, b ∈ (0, 1) with 0 < b(1 − c) ≤ 1
2

such that 0 <
a ≤ αn, βn ≤ b < 1;
If F (T ) 6= φ. Then the following holds:

(a) lim
n→∞

d(xn, x
∗) = lim

n→∞
d(yn, x

∗) exists for x∗ ∈ F (T );

(b) lim
n→∞

d(xn, T (PT )n−1xn) = 0;

(c) if T is uniformly L− Lipschitzian, it follows that {xn} has the property
lim
n→∞

d(xn, Txn) = 0;

(d) the sequence {xn} defined by (2.3) ∆− converges to a fixed point of T .

Proof. Since T : C → X be a ({µn}, {vn}, ζ)-totally asymptotically nonexpan-
sive nonself mapping, by the condition (ii) ( for any x, y ∈ C), we have

d(T (PT )n−1x, T (PT )n−1y) ≤ d(x, y) + vnζ(d(x, y)) + µn

≤ (1 + vnM
∗)d(x, y) + µn, ∀n ≥ 1. (3.1)
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(a) Firstly, we show that lim
n→∞

d(xn, x
∗) exists for each x∗ ∈ F (T ). In fact,

for each x∗ ∈ F (T ), using (2.3) and (3.1), we have

d(yn, x
∗) = d(P ((1− βn)xn ⊕ βnT (PT )n−1xn), x∗)

≤ d((1− βn)xn ⊕ βnT (PT )n−1xn), x∗)

≤ (1− βn)d(xn, x
∗) + βnd(T (PT )n−1xn, x

∗)

≤ (1− βn)d(xn, x
∗) + βn[(1 + vnM

∗)d(xn, x
∗) + µn]

≤ d(xn, x
∗) + βnvnM

∗d(xn, x
∗) + βnµn

≤ (1 + βnvnM
∗)d(xn, x

∗) + βnµn (3.2)

Again, using (2.3) and (3.1), we have

d(xn+1, x
∗) = d(P ((1− αn)T (PT )n−1xn ⊕ αnT (PT )n−1yn), x∗)

≤ d((1− αn)T (PT )n−1xn ⊕ T (PT )n−1yn), x∗)

≤ (1− αn)d(T (PT )n−1xn, x
∗) + αnd(T (PT )n−1yn, x

∗)

≤ (1− αn)[(1 + vnM
∗)d(xn, x

∗) + µn]

+ αn[(1 + vnM
∗)d(yn, x

∗) + µn]

≤ (1 + vnM
∗)[(1− αn)d(xn, x

∗) + αnd(yn, x
∗) + µn. (3.3)

Owing (3.2) and (3.3), we have

d(xn+1, x
∗) ≤ (1 + vnM

∗)[(1− αn)d(xn, x
∗) + αn(1 + vnβnM

∗)d(xn, x
∗)]

+ µn(1 + (1 + vnM
∗)αnβn)

≤ (1 + vnM
∗(1 + αnβn(1 + vnM

∗))d(xn, x
∗) + µn(1 + (1 + vnM

∗)αnβn)

≤ (1 + vnM)d(xn, x
∗) +M1µn. (3.4)

For some M and M1 ≥ 0, (owing to
∞∑
n=1

vn < ∞ and
∞∑
n=1

µn < ∞), {vn} and

{µn} are bounded. Now, in view of Lemma 2.9, lim
n→∞

d(xn, x
∗) exists.

(b) It follows from part (a) that lim
n→∞

d(xn, x
∗) exists. Set lim

n→∞
d(xn, x

∗) =

r ≥ 0. Since

d(T (PT )n−1xn, x
∗) ≤ (1 + vnM

∗)d(xn, x
∗) + µn,

we have that

lim sup
n→∞

d(T (PT )n−1xn, x
∗) ≤ r

so that

lim sup
n→∞

d(yn, x
∗) ≤ r. (3.5)

Hence

lim sup
n→∞

d(T (PT )n−1yn, x
∗) ≤ lim sup

n→∞
[(1 + vnM

∗)d(yn, x
∗) + µn] ≤ r.
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Since

lim
n→∞

d(xn+1, x
∗) = lim

n→∞
d(P ((1− αn)T (PT )n−1xn ⊕ αnT (PT )n−1yn), x∗)

≤ (1 +Mvn)d(xn, x
∗) +M1µn = r,

it follows (owing to Lemma 2.8) that

lim
n→∞

d(T (PT )n−1xn, T (PT )n−1yn) = 0. (3.6)

From (2.3) and (3.6), we have

d(xn+1, T (PT )n−1xn) = d(P ((1− αn)T (PT )n−1xn ⊕ T (PT )n−1yn), T (PT )n−1xn)

≤ αnd(T (PT )n−1xn, T (PT )n−1yn)

≤ bd(T (PT )n−1xn, T (PT )n−1yn)→ 0 as n→∞. (3.7)

Now,

d(xn+1, T (PT )n−1yn) ≤ d(xn+1, T (PT )n−1xn) + d(T (PT )n−1xn, T (PT )n−1yn)

so that from(3.6) and (3.7), we have

d(xn+1, T (PT )n−1yn)→ 0 as n→∞.
Also,

d(xn+1, x
∗) ≤ d(xn+1, T (PT )n−1yn) + d(T (PT )n−1yn, x

∗)

≤ d(xn+1, T (PT )n−1yn) + (1 + vnM
∗)d(yn, x

∗) + µn (3.8)

which gives rise (using (3.8)0 that

r ≤ lim inf
n→∞

d(yn, x
∗). (3.9)

Using (3.5) and (3.9), we obtain

r = lim
n→∞

d(yn, x
∗)

= lim
n→∞

d(P ((1− βn)xn ⊕ βnT (PT )n−1xn), x∗). (3.10)

On making use of Lemma 2.9 in (3.10), we obtain

lim
n→∞

d(xn, T (PT )n−1xn)) = 0

so that part (b) is proved.

(c) Since T is uniformly L− Lipschitzian, making use of (3.7) and part (b),
we have

d(xn, Txn) ≤ d(xn, xn+1) + d(xn+1, T (PT )nxn+1)

+ d(T (PT )nxn+1, T (PT )nxn) + d(T (PT )nxn, xn)

≤ (1 + L)d(xn, xn+1) + d(xn+1, T (PT )nxn+1)

+ Ld(xn, T (PT )n−1xn)→ 0 as n→∞
so that

lim
n→∞

d(xnTxn) = 0. (3.11)
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Hence part (c) is proved.

(d) Finally, we prove that the sequence {xn} ∆− converges to a fixed point
of T . For this, first we show that ww({xn}) ⊆ F (T ). Let u ∈ ww({xn}). Then
there exists a subsequence {un} of {xn} such that Za(C, {un}) = {u}. By
Lemma 2.11, there exists a subsequence {vn} of {un} such that ∆−limn vn = v
for some v ∈ C. In the view of (3.11), limn→∞ d(xn, Txn) = 0 and by Theorem
2.17, v ∈ F (T ) and by part (a), limn→∞ d(xn, v) exists. We now claim that
u = v. Suppose, to the contrary, that u 6= v. Then by uniqueness of asymptotic
centers, we have

lim sup
n→∞

d(vn, v) < lim sup
n→∞

d(vn, u) ≤ lim sup d(un, u)

≤ lim sup
n→∞

d(un, v) = lim sup
n→∞

d(xn, v)

= lim sup
n→∞

d(vn, v),

a contradiction. Thus, u = v ∈ F (T ) and hence ww({xn}) ⊆ F (T ). To show
that {xn} ∆− converges to a fixed point of T , it suffices to show that ww({xn})
consists of exactly one point. Let {un} be a subsequence of {xn}. By Lemma
2.11, there exists a subsequence {vn} of {un} such that ∆ − limn vn = v for
some v ∈ C. Let Za(C, {un}) = {u} and Za(C, {xn}) = {x}. We have already
seen that u = v and v ∈ F (T ). Finally we claim that x = v. Suppose not,
then by the existence of limn→∞ d(xn, v) and uniqueness of asymptotic centers,
we have that

lim sup
n→∞

d(vn, v) < lim sup
n→∞

d(vn, x) ≤ lim sup
n→∞

d(xn, x)

≤ lim sup
n→∞

d(xn, v) = lim sup d(vn, v),

a contradiction and hence x = v ∈ F (T ). Therefore, ww({xn}) = {x}.
Thus, the proof of Theorem 3.1 is completed. �

Notice that Theorem 3.1 extends corresponding results of Chang et al. [11],
Abbas et al. [22] and Yang et al. [33] to modified Agarwal et al. [3] which is
faster and independent of Ishikawa iterative scheme.

Next, we prove strong convergence theorem under modified Agrawal et al.
iteration process defined by (2.3) for ({µn}, {vn}, ζ)− totally asymptotically
nonexpansive nonself mapping.

Theorem 3.2. Let X be a complete CAT(0) space with C, T , {αn} and {βn}
be the same as in Theorem 3.1. Then the sequence {xn} defined by (2.3)
converges strongly to a fixed point of T if and only if lim infn→∞ d(xn, F (T )) =
0.

Proof. Necessity part is obvious. Conversely, suppose that lim infn→∞ d(xn, F (T )) =
0. From (3.4), we have

d(xn+1, F (T )) ≤ (1 +Mvn)d(xn, F (T )) +M1µn, n ∈ N,
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so that limn→∞ d(xn, F (T )) and limn→∞ d(xn, F (T )) = 0. Following arguments
similar to those given in [Lemma 5, [16], Theorem 4.3, [1] ], we obtain

d(xn+m, p) ≤ L

[
d(xn, p) +

∞∑
j=n

bj

]
,

for every p ∈ F (T ) and for all m,n ≥ 1, where L = e

M(

n+m−1∑
j=n

vn)

> 0 and

bj = M1µj. As,
∞∑
n=1

vn < ∞ so L∗ = e

M(

∞∑
n=1

vn)

≥ L = e

M(

n+m−1∑
j=n

vj)

> 0. Let

ε > 0 be arbitrarily chosen. Since limn→∞ d(xn, F ) = 0 and
∞∑
n=1

µn <∞, there

exists a positive integer n0 such that

d(xn, F ) <
ε

4L∗
and

∞∑
j=n0

bj <
ε

6L∗
, ∀n ≥ n0.

In particular, inf{d(xn0 , p) : p ∈ F} < ε
4L∗

. Thus there must exist p∗ ∈ F such
that

d(xn0 , p
∗) <

ε

3L∗
.

Hence for n ≥ n0, we have

d(xn+m, xn) ≤ d(xn+m, p
∗) + d(p∗, xn)

≤ 2L∗
[
d(xn0 , p

∗) +
∞∑

j=n0

bj

]
< 2L∗

(
ε

3L∗
+

ε

6L∗

)
= ε.

Hence {xn} is a Cauchy sequence in closed subset C of a complete CAT(0)
space which converges strongly to a point q in C. Now, limn→∞ d(xn, F (T )) = 0
gives rise d(q, F (T )) = 0. Since F (T ) is closed, we have q ∈ F (T ). This
concludes the proof. �

Recall that a mapping T from a subset of a metric space (X, d) into itself
with F (T ) 6= φ is said to be satisfy condition (A) (see [32]) if there exists
a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0, f(t) > 0 for
t ∈ (0,∞) such that

d(x, Tx) ≥ f(d(x, F (T ))) for all x ∈ C.

Finally, we prove the following:
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Theorem 3.3. Let X be a complete CAT(0) space with C, T , {αn} and {βn}
be the same as in Theorem 3.1. Suppose that T satisfies conditions (A). Then
the sequence {xn} defined by (2.3) converges strongly to a fixed point of T .

Proof. By part(c) of Theorem 3.1, we have limn→∞ d(xn, Txn) = 0 Further, by
the condition (A),

lim
n→∞

d(xn, Txn) ≥ lim
n→∞

f(d(xn, F (T ))),

so that lim
n→∞

d(xn, F (T )) = 0. Therefore, this result follows from Theorem

3.2. �

In view of Definitions 2.5, every nonexpansive mapping is an asymptotically
nonexpansive nonself mapping with a sequence {kn} = 1 while every asymptot-
ically nonexpansive nonself mapping is a ({µn}, {vn}, ζ)- totally asymptotically
nonexpansive nonself mapping with µn = 0, vn = kn − 1, for all n ≥ 1 and
ζ(t) = t, t ≥ 0. Thus, Theorems 3.1, 3.2 and 3.3 extends corresponding results
of Chidume et al. [11] from Banach spaces to CAT(0) spaces. It also extends
corresponding results of Dhompongsa et al. [14] from the class of nonexpan-
sive mapping to the class of nonexpansive nonself mapping. Our results are
improvements over corresponding results contained in [1, 2, 10, 14, 22, 24, 33]
due to the involvement of a relatively faster and independent iteration scheme
as compared to Ishikawa iterative scheme.

References

[1] M. Abbas, Z. Kadelburg and D. R. Sahu, Fixed point theorems for Lipschitzian type
mappings in CAT(0) spaces, Math. Comp. Modelling, 55 (2012), 1418-1427.
http://dx.doi.org/10.1016/j.mcm.2011.10.019

[2] M. Abbas, B. S. Thakur and D. Thakur, Fixed points of asymptotically nonexpansive
mappings in the intermediate sense in CAT(0) spaces, Commun. Korean Math. Soc.,
28 (2013), no. 1, 107-121. http://dx.doi.org/10.4134/ckms.2013.28.1.107

[3] R. P. Agarwal, D. O’Regan and D. R. Sahu, Iterative construction of fixed points
of nearly asymptotically nonexpansive mappings, Journal of Nonlinear and Convex
Analysis, 8 (2007), no. 1, 61-79.

[4] R. P. Agarwal, D. O’Regan and D. R. Sahu, Fixed Point Theory for Lipschitizian-type
Mappings with Applications, in: Topological Fixed Point Theory and its Applications,
Vol. 6, Springer, New York, 2009. http://dx.doi.org/10.1007/978-0-387-75818-3

[5] Ya. I. Albe, C. E. Chidume and H. Zegeye, Approximating Fixed points of to-
tal asymptotically nonexpansive mappings, Fixed Point Theory Appl., 2006 (2006).
http://dx.doi.org/10.1155/fpta/2006/10673

[6] M. Bridson and A. Haefliger, Metric Space of Non-positive Curvature, Springer-Verlag
Berline Heidelberg, 1999. http://dx.doi.org/10.1007/978-3-662-12494-9

[7] R. E. Bruck, T. Kuczumow and S. Reich, Convergence of iterates of asymptotically non-
expansive mappings in Banach spaces with the uniform Opial property, Colloquium
Mathematicum, 65 (1993), 169-179.

[8] F. Bruhat and J. Tits, Groupes reductifs sur un corps local I. Donnees radicielles valuees,

Mathmatiques de I’Institut des Hautes Études Scientifiques, 41 (1972), 5-251.
http://dx.doi.org/10.1007/bf02715544



102 Samir Dashputre and Yogesh Kumar Sahu

[9] D. Burago, Y. Burago and S. Ivanov, A Course in Metric Geometry, in Graduate
Studies in Math., vol. 33, Amer. Math. Soc., Providence RI, 2001.
http://dx.doi.org/10.1090/gsm/033

[10] S. S. Chang, L. Wang, H. W. Joseph Lee, C. K. Chen, L. Yang, Demiclosedness prin-
ciple and ∆− convergence theorems for total asymptotically nonexpansive mappings
in CAT(0) spaces, Applied Mathematics and Computation, 219 (2012), 2611-2617.
http://dx.doi.org/10.1016/j.amc.2012.08.095

[11] C. E. Chidume, E. U. Ofoedu and H. Zegeye, Strong and weak convergence theorems
for asymptotically nonexpansive mappings, J. Math. Anal. Appl., 280 (2003), 364-374.
http://dx.doi.org/10.1016/s0022-247x(03)00061-1

[12] S. Dhompongsa, W. A. Kirk and B. Sims, Fixed points of uniformly Lipschitzian map-
pings, Nonlinear Anal., 65 (2006), 762-772. http://dx.doi.org/10.1016/j.na.2005.09.044

[13] S. Dhomponsga, W. A. Kirk and B. Panyanak, Nonexpansive set-valued mappings in
metric and Banach spaces, J. Nonlinear Convex Anal., 8 (2007), 35-45.

[14] S. Dhompongsa and B. Panyanak, On ∆−convergence theorems in CAT (0) spaces,
Comput. Math. Appl., 56 (2008), 2572-2579.
http://dx.doi.org/10.1016/j.camwa.2008.05.036

[15] R. Espionla and A. Nicolae, Geodesic Ptolemy spaces and fixed points, Nonlinear Anal.,
74 (2011), no. 1, 27-34. http://dx.doi.org/10.1016/j.na.2010.08.009

[16] H. Fukhar-ud-din and S. H. Khan, Convergence of iterates with errors of asymptotically
quasi nonexpansive mappings and applications, J. Math. Anal. Appl., 328 (2007), 821-
829. http://dx.doi.org/10.1016/j.jmaa.2006.05.068

[17] M. Gromov, Metric Structure of Riemannian and Non-Riemannian Spaces, in Proge.
Math., Vol. 152, Birkhauser, Boston, 1984.

[18] K. Goebel and W. A. Kirk, A fixed point theorem for asymptotically nonexpansive
mappings, Proc. Amer. Math. Soc., 35 (1972), 171-174.
http://dx.doi.org/10.1090/s0002-9939-1972-0298500-3

[19] K. Goebel and S. Reich, Uniformly Convexity, Hyperbolic Geometry, and Nonexpansive
Mappings, Marcel Dekker, Inc., New York, 1984.

[20] N. Hussain and M.A. Khamsi, On asymptotic pointwise contractions in metric spaces,
Nonlinear Anal., 71 (2009), no. 10, 4423-4429.
http://dx.doi.org/10.1016/j.na.2009.02.126

[21] S. Ishikawa, Fixed points by a new iteration method, Proc. Amer. Math. Soc., 44
(1974), 147-150. http://dx.doi.org/10.1090/s0002-9939-1974-0336469-5

[22] S. H. Khan and M. Abbas, Strong and ∆−convergence of some iterative schemes in
CAT(0) spaces, Comp. Math. Appl., 61 (2011), 109-116.
http://dx.doi.org/10.1016/j.camwa.2010.10.037

[23] W. A. Kirk, Fixed point theorems in CAT(0) spaces and R-trees, Fixed Point Theory
and Its Applications, 2004 (2004), no. 4, 309-316.

[24] W. A. Kirk and B. Panyanak, A concept of convergence in geodesic spaces, Nonlinear
Anal., 68 (2008), 3689-3696. http://dx.doi.org/10.1016/j.na.2007.04.011

[25] T. C. Lim, Remarks on some fixed point theorems, Proc. Amer. Math. Soc., 60 (1976),
179-182. http://dx.doi.org/10.1090/s0002-9939-1976-0423139-x

[26] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc., 4 (1953),
506-510. http://dx.doi.org/10.1090/s0002-9939-1953-0054846-3

[27] B. Nanjaras and B. Panyanak, Demiclosed principle for asymptotically nonexpansive
mappings in CAT(0) spaces, Fixed Point Theory Appl., 2010 (2010), Art. ID 268780,
14. http://dx.doi.org/10.1155/2010/268780

[28] S. Reich and I. Shafrir, Nonexpansive iterations in hyperbolic space, Nonlinear Anal.,
15 (1990), 537-558. http://dx.doi.org/10.1016/0362-546x(90)90058-o



Strong and ∆− convergence theorems 103

[29] D. R. Sahu, Fixed points of demicontinuous nearly Lipschitzian mappings in Banach
spaces, Comment Math. Univ. Carolin, 46 (2005), no. 4, 653-666.

[30] S. M. Kang, S. Dashputre, B. Lal Malagar and A. Rafiq, On the convergence of fixed
points for Lipschitz Type Mappings in Hyperbolic Spaces, Fixed Point Theory and
Applications, 2014 (2014), 229. http://dx.doi.org/10.1186/1687-1812-2014-229

[31] S. M. Kang, S. Dashputre, B. Lal Malagar and Y. C. Kwun, Fixed Point Approxi-
mation for Asymptotically Nonexpansive Type Mappings in Uniformly Convex Hyper-
bolic Spaces, Journal of Applied Mathematics, 2015 (2015), Article ID 510798, 1-7.
http://dx.doi.org/10.1155/2015/510798

[32] H. F. Senter and W. G. Doston Jr., Approximating fixed points of nonexpansive map-
pings, Proc. Amer. Math. Soc., 44 (1974), no. 2, 375-380.
http://dx.doi.org/10.1090/s0002-9939-1974-0346608-8

[33] L. Yang and F. H. Zhao, Strong and ∆− convergence theorems for total asymptotically
nonexpansive nonself mappings in CAT(0) spaces, Journal of Inequality and Applica-
tions, 2013 (2013), 557. http://dx.doi.org/10.1186/1029-242x-2013-557

Received: January 6, 2016; Published: January 27, 2016


