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Abstract

Various families of generating functions have been established in di-
verse ways. The object of this paper is to establish certain (presumably)
new generating functions for the extended Appell hypergeometric func-
tion F2 (a, b, b

′; c, c′;x, y; p;µ). Some special cases of the main result here
are also considered.
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1 Introduction and Preliminaries

Recently, extensions of some well known special functions have been investi-
gated (see, e.g., [1, 2, 3, 4, 6, 8]). In 1997, Chaudhry et al. [2] introduced the
following extension of the Beta function:

B(x, y; p) :=

∫ 1

0

tx−1(1− t)y−1 exp

(
− p

t(1− t)

)
dt (<(p) > 0) (1)

and proved that this extension has certain connections with Macdonald, error,
and Wittaker functions.

In 2004, Chaudhry et al. [3] used B(x, y; p) to extend the hypergeometric
function as follows:

Fp (a, b; c; z) =
∞∑
n=0

(a)n
B (b+ n, c− b; p)

B (b, c− b)
zn

n!

(p ≥ 0, |z| < 1; <(c) > <(b) > 0).

(2)

Here and throughout this paper (λ)n denotes the Pochhammer symbol (see,
e.g., [12, p. 2 and p. 5]).

In 2010, Özarslan and Özergin [8] used B(x, y; p) to extend the Appell
hypergeometric function F2 (a, b, b′; c, c′;x, y) defined by (see, e.g., [13, p. 53,
Eq.(5)])

F2 (a, b, b′; c, c′;x, y) =
∞∑

m,n=0

(a)m+n (b)m (b′)n
(c)m (c′)n

xm yn

m!n!
(|x|+ |y| < 1) (3)

as follows:

F2 (a, b, b′; c, c′;x, y; p)

=
∞∑

m,n=0

(a)m+n
B (b+m, c− b; p)B (b′ + n, c′ − b′; p)

B (b, c− b)B (b′, c′ − b′)
xmyn

m!n!

(|x|+ |y| < 1; <(p) > 0).

(4)

In 2011, Lee et al. [7] introduced the following generalizations of the ex-
tended beta function (1) and the extended hypergeometric function (2), re-
spectively, as follows:

B(x, y; p;µ) :=

∫ 1

0

tx−1(1− t)y−1 exp

(
− p

tµ(1− t)µ

)
dt (<(p) > 0) (5)
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and

Fp;µ (a, b; c; z;µ) =
∞∑
n=0

(a)n
B (b+ n, c− b; p;µ)

B (b, c− b)
zn

n!

(p ≥ 0, |z| < 1; <(c) > <(b) > 0, <(µ) > 0).

(6)

Very recently, Parmar [9] used B(x, y; p;µ) to give a further generalization
of the extended Appell hypergeometric function (4) as follows:

F2 (a, b, b′; c, c′;x, y; p;µ)

=
∞∑

m,n=0

(a)m+n
B (b+m, c− b; p;µ)B (b′ + n, c′ − b′; p;µ)

B (b, c− b)B (b′, c′ − b′)
xmyn

m!n!

(|x|+ |y| < 1; <(µ) > 0, <(p) ≥ 0).

(7)

It is noted that the special cases of (4), (5) and (6) when µ = 1 yield an
extended beta function, an extended Gauss’s hypergeometric function and an
extended Appell hypergeometric function, respectively (see, for details, [7, 9]).
Obviously, the special cases of (4), (5) and (6) when p = 0 reduce to the beta
function, the Gauss’s hypergeometric function and the Appell hypergeometric
function, respectively (see, for details, [10, 13]).

In diverse areas in applied mathematics and mathematical physics, gener-
ating functions play an important role in the investigation of various useful
properties of the sequences which they generate. Generating functions are
used to find certain properties and formulas for numbers and polynomials in a
wide range of research subjects such as modern combinatorics (see, e.g.,[13]).
Motivated essentially by the demonstrated potential for applications of the
various extended hypergeometric functions of one and two variables in many
diverse areas of mathematical, physical, engineering and statistical sciences
(see, for details, [2, 3, 4, 8, 11] and the references cited therein), here, we aim
at establishing three (presumably) new generating functions for the general-
ized extended second Appell hypergeometric function F2 (a, b, b′; c, c′, x, y; p;µ)
in (7). Some special cases of the main results here are also considered.

2 Generating Functions

Here certain generating functions for the extended Appell function in (7) are
presented. Let C denote the set of complex numbers.

Theorem 2.1. The following generating function for F2 (a, b, b′; c, c′, x, y; p;µ)
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in (7) holds true:

∞∑
k=0

(λ)k
k!

F2 (λ+ k, b, b′; c, c′;x, y; p;µ) tk

= (1− t)−λ F2

(
λ, b, b′; c, c′;

x

1− t
,

y

1− t
; p;µ

)
(λ ∈ C, <(µ) > 0, <(p) ≥ 0, |t| < 1).

(8)

Proof. Let L be the left-hand side of (8). Using (7) and exchanging the order
of summations, we get

L =
∞∑

m,n=0

∞∑
k=0

(λ)k(λ+k)m+n
B (b+m, c− b; p;µ)B (b′ + n, c′ − b′; p;µ)

B (b, c− b)B (b′, c′ − b′)
xmyn

m!n!

tk

k!
.

Using the following easily-derivable identity:

(λ)k(λ+ k)m+n = (λ)m+n(λ+m+ n)k, (9)

we obtain

L =
∞∑

m,n=0

(λ)m+n
B (b+m, c− b; p;µ)B (b′ + n, c′ − b′; p;µ)

B (b, c− b)B (b′, c′ − b′)
xmyn

m!n!

×

(
∞∑
k=0

(λ+m+ n)k
tk

k!

)
.

Applying the following binomial theorem:

(1− z)−α =
∞∑
k=0

(α)k
k!

zk (α ∈ C, |z| < 1) (10)

to the inner sum, we have

L =
∞∑

m,n=0

(λ)m+n
B (b+m, c− b; p;µ)B (b′ + n, c′ − b′; p;µ)

B (b, c− b)B (b′, c′ − b′)

× xmyn

m!n!
(1− t)−λ−m−n,

which, upon using (7), is easily seen to lead to the right-hand side of (8).
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Theorem 2.2. Each of the following generating functions for F2 (a, b, b′; c, c′, x, y; p;µ)
in (7) holds true:

∞∑
k=0

(λ)k
k!

F2 (−k, b, b′; c, c′;x, y; p;µ) tk

= (1− t)−λ F2

(
λ, b, b′; c, c′,

−xt
1− t

,
−yt
1− t

; p;µ

)
(λ ∈ C, <(µ) > 0, , <(p) ≥ 0, |t| < 1)

(11)

and
∞∑
k=0

F2 (−k, b, b′; c, c′;x, y; p;µ)
tk

k!
= etΦp (b; c;−xt;µ) Φp (b′; c′;−yt;µ)

(λ ∈ C, <(µ) > 0, <(p) ≥ 0, |t| < 1),

(12)

where Φp (b; c; z;µ) is the generalized confluent hypergeometric function defined
by (see [7, Eq. (6.2)])

Φp (b; c; z;µ) =
∞∑
n=0

B(b+ n, c− b; p;µ)

B(b, c− b)
zn

n!

(<(µ) > 0, <(p) ≥ 0, <(c) > <(b) > 0).

(13)

Proof. A similar argument as in the proof of Theorem 2.1 will be able to
establish (11) and (12). So the details of their proofs are omitted.

3 Concluding Remarks and Special Cases

Most of the special functions in mathematical physics and engineering, such
as the Jacobi and Laguerre polynomials, can be expressed in terms of the
Gauss hypergeometric function and other related hypergeometric functions.
Therefore, the numerous generating functions involving extensions and gen-
eralizations of the Gauss hypergeometric function are capable of playing im-
portant rôles in the theory of special functions of applied mathematics and
mathematical physics.

We conclude this paper by considering two special cases of (8), which are
asserted by the following corollary.

Corollary 3.1. Each of the following formulas holds true:
∞∑
k=0

(λ)k
k!

F2 (λ+ k, b, b′; c, c′;x, y; p) tk

= (1− t)−λ F2

(
λ, b, b′; c, c′;

x

1− t
,

y

1− t
; p

)
(λ ∈ C, <(p) ≥ 0, |t| < 1)

(14)
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and

∞∑
k=0

(λ)k
k!

F2 (λ+ k, b, b′; c, c′;x, y) tk = (1− t)−λ F2

(
λ, b, b′; c, c′;

x

1− t
,

y

1− t

)
(λ ∈ C, |t| < 1),

(15)
where F2 (a, b, b′; c, c′;x, y; p) and F2 (a, b, b′; c, c′;x, y) are the the extended Ap-
pell hypergeometric function in (4) and the classical Appell hypergeometric
function in (3), respectively.

Proof. Setting µ = 1 and p = 0 in (8) is easily seen to yield the results (14)
and (15), respectively.
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