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1 Introduction and preliminaries

In nonlinear analysis, fixed point theory is one of the most powerful and fruitful
tools. Banach’s contraction principle [4], which is a useful tool in the study of
many branches of mathematics and mathematical sciences, is one of the earlier
and fundamental results in fixed point theory.

Because of its importance in fixed point theory, a number of authors de-
fined contractive mappings [23] on complete metric spaces. Also, many authors
([1, 2, 8, 11, 12, 13, 14, 17, 18, 30] and reference therein) investigated gener-
alizations and extensions of Banach’s contraction principle in many directions
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and gave applications not only in many branches of mathemetics but also in
economics [6, 20].

On the other hand, almost of all the results on Banach’s contraction prin-
ciple dilate upon the existence of a fixed point for self maps.

Consider a non-self map T : A→ X, where (X, d) is a metric space and A
is a nonempty subset of X.

Then, it is probable that the equation Tx = x has no solution, i.e. d(x, Tx) >
0 for all x ∈ A.

In this standpoint, it is natual to seek an element x ∈ A such that x is
closest to Tx in some sense.

Best approximation theory and best proximity point theory have been de-
veloped in this direction. Best approximation theory study the existence of an
approximate solution, whereas best proximity point theory analyze the exis-
tence of an approximate solution that is optimal.

A well-known best approximation theorem, due to Fan [10], states that if A
is a nonempty compact convex subset of a Hausdorff locally convex topological
vector space X and T : A → X is continuous, then there exists x ∈ A such
that d(x, Tx) = d(Tx,A).

Since then, several author ([21, 22, 27, 28]) investigated the extensions of
Fan’s result in many directions.

The best proximity point evolves as a generalization of the concept of the
best approximation. The authors ([5, 9, 15, 19, 29] and reference therein)
obtained best proximity point theorems for certain contractions.

Especially, Caballero et al. [7] obtained a best proximity point theorem
for Geraghty contraction non-self maps in complete metric spaces. Afterward,
Karapinar [16] introduce the notion of ψ-Geraghty contraction non-self maps
and gave sufficient conditions for the existence of a unique best proximity point
for ψ-Geraghty contractions in complete metric spaces.

Very recently, Aydi et al. [3] introduced the concept of generalized almost
ψ-Geraghty contraction non-self maps and obtained best proximity point the-
orems for such maps in complete metric spaces.

In this paper, we introduce the concept of generalized almost Geraghty
type contraction maps and prove the existence of a best proximity point for
such maps in partially odered complete metric spaces.

We recall the following notations and definitions.

Let (X,�) be a partially ordered set.

We say that (X,�, d) is a partially ordered metric space when there exists
a metric d on X.

If there exists a metric d on X such that (X, d) is a complete metric space,
then we say that (X,�, d) is a partially ordered complete metric space.
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Let (X,�, d) be a partially ordered metric space, and let A and B be
nonempty subsets of X.

We use the following notations:

d(A,B) := inf{d(x, y) : x ∈ A and y ∈ B},
A0 := {x ∈ A : d(x, y) = d(A,B) for some y ∈ B},
B0 := {y ∈ B : d(x, y) = d(A,B) for some x ∈ A}.

Note that if A ∩B 6= ∅, then A0 6= ∅ and B0 6= ∅. Also, note that [25] if A
and B are closed subsets of a normed linear space with d(A,B) > 0 then A0

and B0 are contained in boundaries of A and B, respectively.

The pair (A,B) said to have p-property [26] if, for any x1, x2 ∈ A0 and
y1, y2 ∈ B0,

d(x1, y1) = d(A,B) and d(x2, y2) = d(A,B) imply d(x1, x2) = d(y1, y2).

Obviously, (A,A) has the p-property when A is nonempty subset of X.
Recently, the authors [31] gave the following concept, which is weaker than

the p-property.

The pair (A,B) said to have weak p-property if, for any x1, x2 ∈ A0 and
y1, y2 ∈ B0,

d(x1, y1) = d(A,B) and d(x2, y2) = d(A,B) imply d(x1, x2) ≤ d(y1, y2).

Let T : A→ B be a map.
The map T is said to be proximally nondecreasing if it satisfies the condi-

tion:

x � y, d(u, Tx) = d(A,B) and d(v, Ty) = d(A,B) imply u � v

for all x, y, u, v ∈ A.

Note that if A = B, then T reduces to nondecreasing map, i.e. x � y
implies Tx � Ty.

A point x ∈ A is called best proximity point of the map T if

d(x, Tx) = d(A,B).

X is called regular if, for any sequence {xn} ⊂ X with xn � xn+1 for all
n ∈ N and limn→∞ xn = x,

xn � x for all n ∈ N.

X is called C-regular if, for any sequence {xn} ⊂ X with xn � xn+1 for
all n ∈ N and limn→∞ xn = x, there exists a subsequence {xn(k)} of {xn} such
that xn(k) � x for all k ∈ N.

Note that if X is regular then it is C-regular.
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2 Best proximity points

We denote by F the family of all functions β : [0,∞) → [0, 1) which satisfies
the condition:

lim
n→∞

β(tn) = 1 implies lim
n→∞

tn = 0.

For a metric space (X, d) and a map T : A → B, where A and B are
nonempty subsets of X, we denotes

M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty)},
N(x, y) = min{d(x, Tx), d(y, Ty), d(y, Tx), d(x, Ty)},
m(x, y) = max{d(x, Tx), d(y, Ty)},
n(x, y) = min{d(x, Tx), d(y, Tx)}

for all x, y ∈ A.

Note that M(x, y) ≥ d(A,B), N(x, y) ≥ d(A,B), m(x, y) ≥ d(A,B) and
n(x, y) ≥ d(A,B).

Let (X,�, d) be a partially ordered metric space, and let A and B be
nonempty subsets of X.

A map T : A→ B is called generalized almost Geraghty type contraction if
there exists β ∈ F such that, for all x, y ∈ A with x � y,

d(Tx, Ty)

≤β(M(x, y))(max{d(x, y),m(x, y)− d(A,B)})
+ L(n(x, y)− d(A,B)) (2.1)

where L ≥ 0.

We now present and prove the main theorem about existence a best prox-
imity point for generalized almost Geraghty type contractions.

Theorem 2.1. Let (X,�, d) be a partially ordered complete metric space,
and let (A,B) be a pair of nonempty closed subsets of X such that A0 6= ∅.
Let T : A→ B be a map. Suppose that the following conditions are satisfied:

(1) T (A0) ⊂ B0;

(2) the pair (A,B) satsfies the weak p-property;

(3) T is generalized almost Geraghty type contraction;

(4) there exist x0, x1 ∈ A0 such that x0 � x1 and d(x1, Tx0) = d(A,B);

(5) T is proximally nondecreasing;
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(6) T is continuous.

Then, there exists x∗ ∈ A such that d(x∗, Tx∗) = d(A,B). Further more,
the sequence {xn}, defined by d(xn+1, Txn) = d(A,B) for all n ∈ N, converges
to the point x∗.

Proof. By hypothesis (4), there exist x0, x1 ∈ A0 such that x0 � x1 and
d(x1, Tx0) = d(A,B). Since Tx1 ∈ T (A0) ⊂ B0, there exists x2 ∈ A0 such
that d(x2, Tx1) = d(A,B). From (5), we obtain x1 � x2.

Continuiting this process, we can find a sequence {xn} in A0 such that, for
all n ∈ N,

xn−1 � xn (2.2)

and

d(xn, Txn−1) = d(A,B). (2.3)

If there exists n0 ∈ N such that xn0−1 = xn0 , then d(A,B) = d(xn0 , Txn0−1) =
d(xn0−1, Txn0−1). Hence, the proof is finished.

For the rest of proof, we assume that xn−1 6= xn for all n ∈ N.

From (2) we have

d(xn, xn+1) ≤ d(Txn−1, Txn) (2.4)

for all n ∈ N. Since T is generalized almost Geraghty type contraction and
xn−1 � xn for all n ∈ N, from (2.1) with x = xn−1 and y = xn, and using (2.4)
we have

d(xn, xn+1)

≤d(Txn−1, Txn)

≤β(M(xn−1, xn))(max{d(xn−1, xn),m(xn−1, xn)− d(A,B)})
+L(n(xn−1, xn)− d(A,B)) (2.5)

where L ≥ 0, m(xn−1, xn) = max{d(xn−1, Txn−1), d(xn, Txn)} and n(xn−1, xn) =
min{d(xn−1, Txn−1), d(xn, Txn−1)}.
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We deduce that

max{d(xn−1, xn),m(xn−1, xn)− d(A, .B)}
= max{d(xn−1, xn),max{d(xn−1, Txn−1), d(xn, Txn)} − d(A,B)},
≤max{d(xn−1, xn),max{d(xn−1, xn) + d(A,B), d(xn, xn+1) + d(A,B)} − d(A,B)},
= max{d(xn−1, xn), d(xn, xn+1)}

and

0 ≤ n(xn−1, xn)− d(A,B)

= min{d(xn−1, Txn−1), d(xn, Txn−1)} − d(A,B)

≤min{d(xn−1, xn) + d(A,B), d(A,B)} − d(A,B)

= min{d(xn−1, xn), 0}
=0

and so, n(xn−1, xn)− d(A,B) = 0.
From (2.5) we have

d(xn, xn+1)

≤d(Txn−1, Txn)

≤β(M(xn−1, xn)) max{d(xn−1, xn), d(xn, xn+1)}+ L · 0
=β(M(xn−1, xn)) max{d(xn−1, xn), d(xn, xn+1)}
<max{d(xn−1, xn), d(xn, xn+1)}. (2.6)

If max{d(xn−1, xn), d(xn, xn+1)} = d(xn, xn+1), then from (2.6) we obtain

d(xn, xn+1) < d(xn, xn+1)

which is a contradiction.
Thus,

max{d(xn−1, xn), d(xn, xn+1)} = d(xn−1, xn)

for all n ∈ N. From (2.6) we have

d(xn, xn+1) ≤ β(M(xn−1, xn))d(xn−1, xn) < d(xn−1, xn) (2.7)

for all n ∈ N.
So {d(xn, xn+1)} is decreasing, and there exists r ≥ 0 such that

lim
n→∞

d(xn, xn+1) = r.

From (2.7) we have

d(xn, xn+1)

d(xn−1, xn)
≤ β(M(xn−1, xn)) < 1.
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Taking limit n→∞ in the above inequality, we obtain

lim
n→∞

β(M(xn−1, xn)) = 1.

Since β ∈ F , limn→∞M(xn−1, xn) = 0.

Concequently,

lim
n→∞

d(xn−1, xn) = 0. (2.8)

We shall show that {xn} is a Cauchy sequence.

Suppose, on the contrary, that {xn} is not a Cauchy sequence. Then, there
exists ε > 0 such that, for all k > 0, there exist m(k) > n(k) > k with (the
smallest number satisfying the condition below)

d(xm(k), xn(k)) ≥ ε and d(xm(k)−1, xn(k)) < ε.

Then, we have

ε

≤d(xm(k), xn(k))

≤d(xm(k), xm(k)−1) + d(xm(k)−1, xn(k))

<d(xm(k), xm(k)−1) + ε.

Letting k →∞ in the above inequality, we have

lim
k→∞

d(xm(k), xn(k)) = ε. (2.9)

By using (2.8) and (2.9), we obtain

lim
k→∞

d(xm(k)−1, xn(k)−1) = ε and lim
k→∞

d(xm(k)−1, xn(k)) = ε.

We deduce that xn(k)−1 � xm(k)−1. From (2.3) we have d(xn(k), Txn(k)−1) =
d(A,B) and d(xm(k), Txm(k)−1) = d(A,B). Because (A,B) satisfies the weak
p-proerty,

d(xn(k), xm(k)) = d(Txn(k)−1, Txm(k)−1)

for all k ∈ N. Thus we have

d(xn(k), xm(k))

≤d(Txn(k)−1, Txm(k)−1)

≤β(M(xn(k)−1, xm(k)−1))(max{d(xn(k)−1, xm(k)−1),m(xn(k)−1, xm(k)−1)− d(A,B)})
+L(n(xn(k)−1, xm(k)−1)− d(A,B)). (2.10)
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We have

max{d(xn(k)−1, xm(k)−1),m(xn(k)−1, xm(k)−1)− d(A,B)}
= max{d(xn(k)−1, xm(k)−1),max{d(xn(k)−1, Txn(k)−1), d(xm(k)−1, Txm(k)−1)} − d(A,B)}
≤max{d(xn(k)−1, xm(k)−1),max{d(xn(k)−1, xn(k)) + d(A,B), d(xm(k)−1, xm(k)) + d(A,B)} − d(A,B)}
= max{d(xn(k)−1, xm(k)−1), d(xn(k)−1, xn(k)), d(xm(k)−1, xm(k))}.

So,

lim
k→∞

max{d(xn(k)−1, xm(k)−1),m(xn(k)−1, xm(k)−1)− d(A,B)} ≤ ε.

On the other hand, we obtain

0 ≤ n(xn(k)−1, xm(k)−1)− d(A,B)

= min{d(xn(k)−1, Txn(k)−1), d(xm(k)−1, Txn(k)−1)} − d(A,B)

≤min{d(xn(k)−1, xn(k)), d(xm(k)−1, xn(k))}

and so
lim
k→∞

n(xn(k)−1, xm(k)−1)− d(A,B) = 0.

Letting k →∞ in the inequality (2.10), we obtain

ε ≤ lim
k→∞

β(M(xn(k)−1, xm(k)−1))ε.

Hence, we conclude that

lim
k→∞

β(M(xn(k)−1, xm(k)−1)) = 1

and so limk→∞ d(xn(k)−1, xm(k)−1) = 0, and ε = 0, which is a contradiction. So,
we conclude that {xn} is a Cauchy sequence.

Since {xn} ⊂ A and A is a closed subset of the complete metric space
(X, d), there exists x∗ ∈ A such that

lim
n→∞

xn = x∗. (2.11)

Letting n → ∞ in (2.3), by (2.11) and the continuity of T , it follows that
d(x∗, Tx∗) = d(A,B).

The continuity of the mapping T can be replaced by a weakened condition.
In what follows, we remove the continuity condition of the map T .

Theorem 2.2. Let (X,�, d) be a partially ordered complete metric space,
and let (A,B) be a pair of nonempty closed subsets of X such that A0 6= ∅.
Let T : A→ B be a map. Suppose that the following conditions are satisfied:
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(1) T (A0) ⊂ B0;

(2) the pair (A,B) satsfies the weak p-property;

(3) T is generalized almost Geraghty type contraction;

(4) there exist x0, x1 ∈ A0 such that x0 � x1 and d(x1, Tx0) = d(A,B);

(5) T is proximally nondecreasing;

(6) A is C-regular.

Then, there exists x∗ ∈ A such that d(x∗, Tx∗) = d(A,B). Further more,
the sequence {xn}, defined by d(xn+1, Txn) = d(A,B) for all n ∈ N, converges
to the point x∗.

Proof. Following the proof of Theorem ??, we know that the sequence {xn},
defined by d(xn, Txn−1) = d(A,B) for all n ∈ N, converges to some x∗ ∈ A.
From (2.2) and condition (6), there exists a subsequence {xn(k)} of {xn} such
that xn(k) � x∗ for all k.

Obviously, d(x∗, Tx∗) ≥ d(A,B).
We now show that d(x∗, Tx∗) = d(A,B).
Suppose on the contrary that d(x∗, Tx∗) > d(A,B).
We note that

0 ≤ d(x∗, Tx∗)− d(A,B)

=d(x∗, Tx∗)− d(xn(k)+1, Txn(k))

≤d(Txn(k), Tx∗) + d(x∗, xn(k)+1).

Letting k →∞ in the above inequality, we obtain

d(x∗, Tx∗)− d(A,B) ≤ lim
k→∞

d(Txn(k), Tx∗). (2.12)

Applying (2.1), for all k, we get that

d(Txn(k), Tx∗)

≤β(M(xn(k), x∗))(max{d(xn(k), x∗),m(xn(k), x∗)− d(A,B)})
+ L(n(xn(k), x∗)− d(A,B)). (2.13)

We obtain

d(xn(k), Txn(k))

≤d(xn(k), xn(k)+1) + d(xn(k)+1, Txn(k))

=d(xn(k), xn(k)+1) + d(A,B) (2.14)
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and

d(A,B)

=d(xn(k)+1, Txn(k))

≤d(xn(k)+1, xn(k)) + d(xn(k), Txn(k)). (2.15)

Letting k →∞ in the above inequlities (2.14) and (2.15), we have

lim
k→∞

d(xn(k), Txn(k)) = d(A,B).

Then, we have

lim
k→∞

max{d(xn(k), x∗),m(xn(k), x∗)− d(A,B)}

= lim
k→∞

max{d(xn(k), x∗),max{d(xn(k), Txn(k)), d(x∗, Tx∗)} − d(A,B)}

= max{0, d(x∗, Tx∗)− d(A,B)}
=d(x∗, Tx∗)− d(A,B). (2.16)

On the other hand, we get

d(A,B) = d(xn(k)+1, Txn(k))

≤d(xn(k)+1, x∗) + d(x∗, Txn(k))

≤d(xn(k)+1, x∗) + d(xn(k)+1, x∗) + d(xn(k)+1, Txn(k))

≤2d(xn(k)+1, x∗) + d(A,B).

and so
lim
k→∞

d(x∗, Txn(k)) = d(A,B).

Thus, we have

lim
k→∞

n(xn(k), x∗)− d(A,B)

= lim
k→∞

min{d(xn(k), Txn(k)), d(x∗, Txn(k))}

=0. (2.17)

Letting k → ∞ in the inequality (2.13), and by using (2.12),(2.16) and
(2.17), we have

d(x∗, Tx∗)− d(A,B)

≤ lim
k→∞

β(M(xn(k), x∗))(d(x∗, Tx∗)− d(A,B))

which implies
lim
n→∞

β(M(xn(k), x∗)) = 1,

and so d(x∗, Tx∗) = limk→∞M(xn(k), x∗) = 0. Hence, d(x∗, Tx∗) = 0 >
d(A,B), which is a contradiction.

Therefore, d(x∗, Tx∗) = d(A,B).
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For the uniqueness of a best proximity point of a generalized almost Ger-
aghty type contraction, we will consider the following hypothesis.

(C) For all x, y ∈ Bes(T,A,B), there exists z ∈ A such that

either x � z and z � y or y � z and z � x.

Here, T : A→ B is a map and Bes(T,A,B) denotes the set of all best proximity
points of T .

Theorem 2.3. Adding condition (C) to the hypothesis of Theorem ?? (resp.
Theorem 2.2), we obtain that x∗ is the unique best proximity point of T .

Proof. Due to Theorem ?? (resp. Theorem 2.2), we have a best proximity
point, namely x∗ ∈ A. Let y∗ ∈ X be another fixed point of T such that
x∗ 6= y∗.

Then, d(x∗, y∗) > 0 and d(x∗, Tx∗) = d(A,B) = d(y∗, T y∗).
Since (A,B) satisfies weak p-property,

d(x∗, y∗) ≤ d(Tx∗, T y∗).

Then, by assumption, there exists z ∈ A such that

x∗ � z and z � y∗.

or
y∗ � z and z � x∗.

Assume that x∗ � z and z � y∗.
Then x∗ � y∗, and by applying (2.1) with x = x∗ and y = y∗, we obtain

d(x∗, y∗)

≤d(Tx∗, T y∗)

≤β(M(x∗, y∗))(max{d(x∗, y∗),m(x∗, y∗)− d(A,B)})
+ L(n(x∗, y∗)− d(A,B)). (2.18)

We deduce

max{d(x∗, y∗),m(x∗, y∗)− d(A,B)}
= max{d(x∗, y∗),max{d(x∗, Tx∗), d(y∗, T y∗)} − d(A,B)}
= max{d(x∗, y∗), 0}
=d(x∗, y∗)

and

0 ≤ n(x∗, y∗)− d(A,B)

= min{d(x∗, Tx∗), d(y∗, Tx∗)} − d(A,B)

≤min{d(A,B), d(x∗, y∗) + d(A,B)} − d(A,B)

=0.
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Thus, n(x∗, y∗)− d(A,B) = 0.
From (2.18) we obtain

d(x∗, y∗)

≤β(M(x∗, y∗))d(x∗, y∗)

<d(x∗, y∗),

which is a contradiction. Therefore, x∗ = y∗.

Remark 2.1. We consider the following conditions:

(1) there exists β ∈ F such that, for all x, y ∈ A with x � y,

d(Tx, Ty) ≤ β(M(x, y))d(x, y);

(2) there exists β ∈ F such that, for all x, y ∈ A with x � y,

d(Tx, Ty) ≤ β(M(x, y))(max{d(x, y),m(x, y)− d(A,B)});

(3) T is generalized almost Geraghty type contraction;

(4) there exists β ∈ F such that, for all x, y ∈ A with x � y,

d(Tx, Ty) ≤ β(M(x, y))(M(x, y)− d(A,B));

(5) there exists β ∈ F such that, for all x, y ∈ A with x � y,

d(Tx, Ty) ≤ β(M(x, y))(M(x, y)− d(A,B)) + L(N(x, y)− d(A,B)).

(6) there exists β ∈ F such that, for all x, y ∈ A with x � y,

d(Tx, Ty) ≤ β(M(x, y))(M(x, y)− d(A,B)) + L(n(x, y)− d(A,B)).

Then, we have the following implications:
(1) ⇒ (2) ⇒ (3), and (4) ⇒ (5)⇒ (6) ⇒ (3).

Remark 2.2. If n(x, y) of the condition (3) of Theorem 2.1 and Theorem
2.2 be replaced by N(x, y), then the conclusion still holds.

By Theorem 2.1, Theorem 2.2, Theorem 2.3 and Remak 2.1, we obtain the
following result.

Corollary 2.4. Let (X,�, d) be a partially ordered complete metric space,
and let (A,B) be a pair of nonempty closed subsets of X such that A0 6= ∅.
Let T : A→ B be a map. Suppose that the following conditions are satisfied:
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(1) T (A0) ⊂ B0;

(2) the pair (A,B) satsfies the weak p-property;

(3) there exists β ∈ F such that

d(Tx, Ty) ≤ β(M(x, y))d(x, y)

for all x, y ∈ X with x � y;

(4) there exist x0, x1 ∈ A0 such that x0 � x1 and d(x1, Tx0) = d(A,B);

(5) T is proximally nondecreasing;

(6) either T is continuous or A is C-regular.

Then, there exists x∗ ∈ A such that d(x∗, Tx∗) = d(A,B). Further more,
the sequence {xn}, defined by d(xn+1, Txn) = d(A,B) for all n ∈ N, converges
to the point x∗. Further if the condition (C) is satisfied, then x∗ is unique best
proximity point of T .

If we have M(x, y) = d(x, y) in Corollary 2.4, then we obtain the following
result.

Corollary 2.5. Let (X,�, d) be a partially ordered complete metric space,
and let (A,B) be a pair of nonempty closed subsets of X such that A0 6= ∅.
Let T : A→ B be a map. Suppose that the following conditions are satisfied:

(1) T (A0) ⊂ B0;

(2) the pair (A,B) satsfies the weak p-property;

(3) there exists β ∈ F such that

d(Tx, Ty) ≤ β(d(x, y))d(x, y)

for all x, y ∈ X with x � y;

(4) there exist x0, x1 ∈ A0 such that x0 � x1 and d(x1, Tx0) = d(A,B);

(5) T is proximally nondecreasing;

(6) either T is continuous or A is C-regular.

Then, there exists x∗ ∈ A such that d(x∗, Tx∗) = d(A,B). Further more,
the sequence {xn}, defined by d(xn+1, Txn) = d(A,B) for all n ∈ N, converges
to the point x∗. Further if the condition (C) is satisfied, then x∗ is unique best
proximity point of T .
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Remark 2.3. Corollary 2.5 is a generalization of Theorem 3.1 of [7] to the
case of partially ordered metric spaces.

Remark 2.4. If we take A = B = X in Theorem 2.1 and Theorem 2.2,
then T has a fixed point x∗ ∈ X, and {Tx0} converges to x∗. Further if, for
any x, y ∈ F (T ), there exists z ∈ X such that x � z and z � y (or, y � z and
z � x), then x∗ is unique fixed point, where F (T ) denotes the set of all fixed
points of T .

We now give an example to illustrate Theorem 2.1.

Example 2.1. Let X = R2 with Euclidean metric and the product order �
on R2, i.e. (a, b) � (c, d) if and only if a ≤ c and b ≤ d. Let A = {(x, 0) : 0 ≤
x ≤ 1} and B = {(x, 1) : 0 ≤ x ≤ 1}.

Then, (X,�, d) is a partially ordered complete metric space, A and B are
closed subsets of X, A0 = A,B0 = B and d(A,B) = 1.

Obviously, (A,B) satisfies the weak p-property.

Define a mapping T : A→ B by T ((x, 0)) = (x, 1), and let β(t) = 1
1+5t

for
all t ≥ 0.

Clearly, T (A0) ⊂ B0.

Let x0 = x1 = (0, 0) Then x0 � x1 and d(x1, Tx0) = d((0, 0), T ((0, 0))) =
d((0, 0), (0, 1)) = 1 = d(A,B), and so the condition (4) of Theorem 2.1 is
satisfied.

Let (x, 0) � (y, 0).

Then, x ≤ y. If d(A,B) = 1 = d((u, 0), T ((x, 0))) and d(A,B) = 1 =
d((v, 0), T ((y, 0))), then

√
(u− x)2 + 1 = 1 and

√
(v − x)2 + 1 = 1. Hence

u = x and v = y. Thus, u ≤ v and so (u, 0) � (v, 0). Hence, T is proximally
nondecreasing.

We now show that T is a generalized almost Geraghty type contraction.

Let (x, 0) � (y, 0) and x 6= y. Then x < y, and we deduce

M((x, 0), (y, 0))

= max{d((x, 0), (y, 0)), d((x, 0), T ((x, 0))), d((y, 0), T ((y, 0)))}
=max{|x− y|, 1, 1} = 1,

n((x, 0), (y, 0))

= min{d((x, 0), T ((x, 0))), d((y, 0), T ((x, 0)))}
= min{d((x, 0), d(x, 1)), d((y, 0), d(x, 1))} = 1

and

max{d((x, 0), (y, 0)),m((x, 0), (y, 0))− d(A,B)}
= max{|x− y|, 0} = |x− y|.
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Thus, we have

d(T ((x, 0)), T ((y, 0)))

=d((x, 1), (y, 1))

=|x− y|

≤1

6
|x− y|+ |x− y|

≤1

6
|x− y|+ L

=β(1)(|x− y|) + L

=β(M((x, 0), (y, 0)))(max{d((x, 0), (y, 0)),m((x, 0), (y, 0))− d(A,B)}) + Ln((x, 0), (y, 0)),

where L = 1.

Thus, T is a generalized almost Geraghty type contraction.

Thus, all condition of Theorem 2.1 are satisfied. By Theorem 2.1, there ex-
ists (x∗, 0) ∈ A such that d((x∗, 0), T ((x∗, 0))) = 1 = d(A,B). More precisely,
the point (0, 0) ∈ A is the best proximity point of T .

Note that the condition (2) of Remark 2.1 is not satisfied.

In Corollary 2.5, if we have A = B = X, then we obtain the following
corollary.

Corollary 2.6. [1] Let (X,�, d) be a partially ordered complete metric
space. Suppose that T : X → X is a map. Assume that the following condi-
tions are satisfied:

(1) there exists β ∈ F such that

d(Tx, Ty) ≤ β(d(x, y))d(x, y)

for all x, y ∈ X with x � y;

(2) there exists x0 ∈ X such that x0 � Tx0;

(3) T is nondecreasing;

(4) either T is continuous or X is regular.

Then, T has a fixed point x∗ ∈ X, and {T nx0} converges to x∗.
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