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Abstract
Let G be a graph and FG = {G1, G2, G3, . . . , Gk} be a collection

subtrees of G. If for every edge e ∈ E(G), there exists Gi ∈ FG such
that e ∈ E(Gi), then FG is a tree cover of G. The tree covering number
of G is the minimum cardinality among the tree covers of G. In this
paper, we characterized graphs with tree cover equal to 2 power graphs
of some graphs. Moreover, we generate results on the tree covering
number and graphs resulting from the Cartesian product of two vertex
disjoint graphs.
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1 Introduction

Let G be a graph. A subtree of G is a connected acyclic subgraph of G. A
collection FG = {G1, G2, G3, . . . , Gk} of subtrees of G is a tree cover of G if
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for every edge e ∈ E(G), there exists Gi ∈ FG such that e ∈ E(Gi). The tree
covering number of G, denoted by tc(G), is given by

tc(G) = min{|FG| : FG is a tree cover of G}.

The next section establishes results on the tree covering number of the
power graphs of some graphs.

2 Characterization and Power Graphs

We first introduce the concept of a power graph.

Definition 2.1 Let k be a positive integer. The power of a graph Gk of G
has V (Gk) = V (G) and two vertices u and v in Gk are adjacent in Gk whenever
d(u, v) ≤ k in G.

Now, for avery pair of positive integers n and k, Kk
n = Kn. Hence, the two

admit equal tree covering number.

The following result follows immediately from the definition of a power
graph.

Theorem 2.2 Let G be a nontrivial connected graph with d(G) = k, then
tc(G) = tc(Kn).

Here, we characterized graphs with tree covering number equal to 2.

Theorem 2.3 Let G be a non trivial connected graph, then tc(G) = 2 if
and only if G is a connected graph having a cycle and an acyclic subgraph H
such that E(G)\E(H) is a tree.

Proof : Suppose that tc(G) = 2 and let FG = {G1, G2}, then G1 is a tree.
This implies that E(G)\E(G1) = E(G2), hence G\G1 = G2 and G2 is a tree.
Conversely, suppose that G is a connected graph having a cycle and an acyclic
subgraph H such that E(G)\E(H) is a tree. Let G1 = H and G2 = G\E(H).
Then FG = {G1, G2} is a tree cover G. Hence tc(G) ≤ |FG| = 2. Accordingly
tc(G) = 2. �

Next, we consider finding the tree covering number of graphs resulting from
the Cartesian product of two vertex disjoint graphs.
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3 Tree Covering of Cartesian Product of Graphs

Formally, we give the following definition to better understand the succeeding
discussions.

Definition 3.1 The cartesian product of two graphs G1 × G2 is the graph
with vertex set V (G1)×V (G2), and two vertices (u1, u2) and (v1, v2) are adja-
cent in G1 ×G2 if and only if either

u1 = v1 and u2 adj v2 or u2 = v2 and u1 adj v1

The book Bn is the graph Sn ×K2. The ladder Ln is the graph Pn ×K2.
Here, and in the succeeding discussions, Tn denotes the tree of order n.

Theorem 3.2 For n ≥ 2, tc(Tn ×K2) = 2.

Proof : Clearly, Tn × K2 is not a tree. Hence, tc(Tn × K2) ≥ 2. Thus, it
suffices to to show that tc(Tn × K2) ≤ 2. Let u, v ∈ V (K2) and xi ∈ V (Tn),
where i = {1, 2, 3, . . . , n} then (xi, u), (xi, v) ∈ V (Tn ×K2), now we form the
graph G1 with vertices (xi, u) using the the following procedure: Let eij =
[(xi, u), (xj, u)] ∈ E(Tn ×K2) and eij ∈ E(G1) if and only if [xi, xj] ∈ E(G1)
for each i ∈ {1, 2, 3, . . . , n} and i 6= j, clearly G1

∼= G, moreover G1 is a
subgraph of Tn ×K2, because eij ∈ E(Tn ×K2) for all i, j ∈ {1, 2, . . . , n}.

Now, let cij = [(xi, u), (xj, u), (xj, v), (xi, v), (xi, u)] with d((xi, u), (xj, u)) =
1 be the cycles in Tn ×K2, it can be verified that when d((xi, u), (xj, u)) = 1
implies that cij is a minimal cycle in Tn ×K2, so if we delete the edge eij =
[(xi, u), (xj, u)] results to a subgraph 〈Tn ×K2 \ eij〉, where i = {1, 2, 3, . . . , n},
i 6= j, which is a tree.

Thus the family FG = 〈Tn ×K2 \ eij〉 ∪ G1 is a tree cover of G. Hence
tc(Tn × K2) ≤ |FG| = 2, and since Tn × K2 is not a tree, by Theorem 3.1.3,
tc(Tn ×K2) ≥ 2. And we are done. �

Consequently, we have the following result.

Corollary 3.3 For every positive integer n ≥ 2, the following result hold.

(i) tc(Ln) = 2

(ii) tc(Bn) = 2

where Ln and Bn is the ladder and the book respectively.
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A cycle Ct in G is said to be minimal (minimal cycle or mt-cycle) if Ct

does not contain any cycle of order less than t. The mt-cycle derivative of G,
denoted by mtG

′ is the graph obtain from G by taking the mt-cycles of G as
vertices in mtG

′ and two vertices in mtG
′ are adjacent if and only if the two

mt-cycles in G corresponding to these vertices have an edge in common.
The following theorem establishes the tree covering number of the cycle

derivative of the ladder Ln = Pn ×K2.

Theorem 3.4 Let n be a positive integer. Then tc[(Pn ×K2)
′] = 1

Proof : For n = 1, P1 ×K2
∼= K2, then (P1 ×K2)

′ is null. Also, for n = 2,
Pn×K2

∼= C4. Thus, (Pn×K2)
′ = K1. Thus, in either case, tc[(Pn×K2)

′] = 0.
If n ≥ 3, let u, v ∈ V (K2) and xi ∈ V (Pn), i = {1, 2, 3, . . . , n}, then the
edge ei+1 = {[(xi+1, u), (xi+1, v)]} is an edge in common of the cycles ci and
ci+1 respectively, hence the vertices ci and ci+1 in mG′ are adjacent vertices,
that is, for each i = {1, 2, 3, . . . , n}, mG′ is a path of order n − 1, therefore
tc[(Pn ×K2)

′] = 1. �

The next results gives the tree covering number of the cycle derivative of
K1,n ×K2.

Theorem 3.5 Let G be a graph isomorphic to K1,n ×K2, then tc(mG′) =
tc(Kn).

Proof : Let u, v ∈ V (K2) and xi, x ∈ V (K1,n) where xi is the pendant
vertices of K1,n.Then for each i = {1, 2, 3, . . . , n} the minimal cycle

ci = [(u, xi), (u, x), (v, x), (v, xi), (u, xi)]

contains the edge ei = [(u, x), (v, x)] as an edge in common for all ci. Thus for
each ci i = {1, 2, 3, . . . , n} in mG′ is connected to the remaining n−1 vertices,
which is precisely the minimal cycles in K1,n × K2, thus mG′ ∼= Kn, hence
tc(mG′) = tc(Kn). �

Theorem 3.6 Let G be a connected nontrivial graph such that all cycles
in G contains a common vertex and all the cycles are pairwise edge disjoint.
Then tc(G) = 2.

Proof : Let G be a graph with n cycles containing a common vertex u. This
implies that for each cycle ci in G,there exist a vertex xi such that [u, xi] ∈
E(G), i = {1, 2, 3, . . . , n}, deleting all of this edges results to a subgraph G1

which is acyclic. Now let G2 = {[u, xi] : [u, xi] ∈ E(G)} clearly, G2 induces a
subgraph of G isomorphic to a K1,n,where n is the number of cycles in G. Thus
the family FG = {G1, G2} is a tree cover of G, consequently tc(G) ≤ |FG| = 2,
combining this result to that of Theorem 3.1.2 we have,tc(G) = 2. �
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Theorem 3.7 Let G be a graph with cycles, if all the cycles in G contains
a common non cutvertex u, then tc(G) = 2.

Proof : Let u be a common non cutvertex of the cycles in G, and let G1 =
{[x, u] : [x, u] ∈ E(G)}, clearly G1 induces a tree isomorphic to K1,n, where n is
the number of edges incident to u. Now let G2 = 〈G \ u〉, then u /∈ V (G2) and
since u is a non cutvertex G2 is connected. Now assume that G2 is not a tree,
then G2 contains at least one cycle as a subgraph, let this cycle be C, since
G2 is a subgraph of G then C is a subgraph of G, but all cycles in G contains
u so u ∈ V (C), but V (C) ⊆ V (G2) so u ∈ V (G2) a contradiction because
G2 = 〈G \ u〉, thus G2 must be a tree. Hence the family FG = {G1, G2} is a
tree cover of G. Thus tc(G) ≤ |FG| = 2, and since G is not a tree, tc(G) ≥ 2.
Accordingly tc(G) = 2. �

Theorem 3.8 For every nontrivial connected graph with cycles. If the cy-
cles of G are vertex disjoint, then tc(G) = 2.

Proof : Let Cn1 , Cn2 , . . . , Cnk
be the disjoint cycles of G, and let G1 be the

subgraph of G obtained by deleting an edge ei = [ui, vi] from each cycle cj of
G. Then G1 is a tree that spans G. Now G is connected this implies that if
ej = [uj, vj] and ek = [uk, vk] are two distinct edges that are deleted from the
cycles of G, we can always find a unique path in G1 connecting these edges,
and this is possible because, the cycles in G are pairwise vertex disjoint. And
this procedure results to a connected acyclic graph, call this graph G2. Hence
the family FG = {G1, G2} is a tree cover of G. Thus tc(G) ≤ |FG| = 2.
Consequently tc(G) = 2. �
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