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Abstract

In this paper, we establish some new convergence theorems which
generalize Lin and Chang’s results and some well known results in the
literature.
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1. Introduction and preliminaries

Let M be a nonempty subset of a metric space (X, d). If the fixed point
equation Tx = x has at least one solution, then we say that the map T : M →
X has a fixed point in M (that is, d(x, Tx) = 0). However, as far as we know
that the equation Tx = x (or x ∈ T (x)) is not necessarily to have a solution.
Hence, in such a situation, we turn to discover an element x ∈ M such that
d(x, Tx) is minimum and call the x is the best approximation of the fixed point
of T .

The cyclic maps and the best proximity points were introduced by Kirk,
Srinavasan and Veeramani [1] in 2003. A number of new results on cyclic
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mappings have been established in the literature, see e.g. [1, 2, 13, 14, 16-19,
21-25].

Definition 1.1 [20]. Let A and B be nonempty subsets of a metric space
(X, d). A map S: A∪B → A∪B is called a cyclic map if

S(A) ⊂ B and S(B) ⊂ A (1.1)

Definition 1.2 [13]. Let A and B be nonempty closed subsets of a com-
plete metric space (X, d). A cyclic map T : A∪B → A∪B is called a cyclic
contraction if for some α ∈ (0,1), the condition

d(Tx, Ty) ≤ αd(x, y) + (1− α)d(A,B)

holds for all x ∈ A , y ∈ B.

Theorem 1.3 [13]. Let A and B be nonempty closed subsets of a complete
metric space X. T : A∪B → A∪B be a cyclic contraction map, x1 ∈ A and
define xn+1 = Txn, n ∈ N. Suppose {x2n−1} has a convergent subsequence in
A. Then there exists x ∈ A such that d(x, Tx) = dist(A,B).

Theorem 1.4 [18, Proposition 6]. Let A and B be nonempty subsets
of a metric space (X, d). Suppose T : A∪B → A∪B is a generalized cyclic
contraction map then starting with any x0 ∈ A ∪ B, we have d(xn, Txn) →
d(A,B), where Txn = xn+1, n ∈ N ∪ {0},

lim
n→∞

d(xn, xn+1) = d(A,B).

Throughout this paper, we denote by N and R the sets of positive integers
and real numbers, respectively. Let f be a real-valued function defined on R.
For c ∈ R, we recall that

lim sup
x→c

f(x) = inf
ε>0

sup
0<|x−c|<ε

f(x)

and

lim sup
x→c+

f(x) = inf
ε>0

sup
0<x−c<ε

f(x).
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Definition 1.5 [3-12, 15, 21]. A function ϕ : [0,∞) → [0, 1) is said to be
an MT -function (or R-function) if

lim sup
s→t+

ϕ(s) < 1 for all t ∈ [0,∞)

It is obvious that if ϕ : [0,∞) → [0, 1) is a nondecreasing function or a
nonincreasing function, then ϕ is an MT -function. Hence the set of MT -
functions is a rich class.

In 2012, Du [5] first proved the following characterizations ofMT -functions.

Theorem 1.6 [5]. Let ϕ : [0,∞)→ [0, 1) be a function. Then the following
statements are equivalent.

(a) ϕ is an MT -function.

(b) For each t ∈ [0,∞), there exist r
(1)
t ∈ [0, 1) and ε

(1)
t > 0 such that

ϕ(s) ≤ r
(1)
t for all s ∈ (t, t+ ε

(1)
t ).

(c) For each t ∈ [0,∞), there exist r
(2)
t ∈ [0, 1) and ε

(2)
t > 0 such that

ϕ(s) ≤ r
(2)
t for all s ∈ [t, t+ ε

(2)
t ].

(d) For each t ∈ [0,∞), there exist r
(3)
t ∈ [0, 1) and ε

(3)
t > 0 such that

ϕ(s) ≤ r
(3)
t for all s ∈ (t, t+ ε

(3)
t ].

(e) For each t ∈ [0,∞), there exist r
(4)
t ∈ [0, 1) and ε

(4)
t > 0 such that

ϕ(s) ≤ r
(4)
t for all s ∈ [t, t+ ε

(4)
t ).

(f) For any nonincreasing sequence {xn}n∈N in [0,∞), we have 0 ≤ sup
n∈N

ϕ(xn) <

1.

(g) ϕ is a function of contractive factor, for any strictly decreasing se-
quence {xn}n∈N in [0,∞), we have 0 ≤ sup

n∈N
ϕ(xn) < 1.

Recently, Lin and Chang [21] first introduced the new concept of Karap-
inar’s type MT -cyclic contraction as follows.

Definition 1.7 [21]. Let A and B be nonempty subsets of a metric space
(X, d). A cyclic map T : A∪B → A∪B is called Karapinar′s typeMT -cyclic
contraction, if there exists an MT -function ϕ : [0,∞) → [0, 1), such that

d(Tx, Ty) ≤ 1

3
ϕ(d(x, y))[d(x, y) +d(Tx, x) +d(Ty, y)] + (1−ϕ(d(x, y))d(A,B)
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holds for all x ∈ A and y ∈ B.

Lin and Chang [21] proved the following convergence theorems for Karap-
inar’s type MT -cyclic contraction.

Theorem 1.8 [21]. Let A and B be nonempty subsets of a metric space
(X, d). Suppose T : A∪B → A∪B is a Karapinar’s type MT -cyclic contrac-
tion, then there exists a sequence {xn}, such that

lim
n→∞

d(xn, xn+1) = d(A,B).

In this paper, we establish some new convergence theorems which generalize
Lin and Chang’s results and some well known results in the literature.

2. Some generalizations of Lin-Chang’s convergence the-
orems

In this section, we establish the following new convergence theorem which
is the main result of this paper and generalizes Lin and Chang’s result in [21].

Theorem 2.1. Let A and B be nonempty subsets of a metric space (X, d).
Suppose that T, S: A∪B → A∪B are maps satisfying

(a) T (A) ⊂ B and S(B) ⊂ A,

(b) there exists an MT -function ϕ : [0,∞) → [0, 1), such that

d(Tx, Sy) ≤ 1

3
ϕ(d(x, y))[d(x, y)+d(Tx, x)+d(Sy, y)]+(1−ϕ(d(x, y))d(A,B)

(2.1)
holds for all x ∈ A and y ∈ B.

Then there exists a sequence {zn} in A∪B, such that

lim
n→∞

d(zn, zn+1) = d(A,B).

Proof. Let z0 ∈ A be given. Define z2n+1 = Tz2n and z2n = Sz2n−1 for all
n ∈ N∪{0}. Then z2n ∈ A and z2n+1 ∈ B for all n ∈ N ∪ {0}. By (2.1), we
obtain

d(z1, z2) = d(Tz0, Sz1)

≤ 1

3
ϕ(d(z0, z1))[d(z0, z1) + d(z1, z0) + d(z2, z1)] + [1− ϕ(d(z0, z1))]d(A,B).
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The last inequality implies(
3− ϕ(d(z0, z1))

3

)
d(z1, z2) ≤

2

3
ϕ(d(z0, z1))d(z0, z1)+[1−ϕ(d(z0, z1))]d(A,B).

(2.2)
From (2.2), we have

d(z1, z2) ≤
2ϕ(d(z0, z1))

3− ϕ(d(z0, z1))
d(z0, z1) +

3− 3ϕ(d(z0, z1))

3− ϕ(d(z0, z1))
d(A,B). (2.3)

It follows from (2.3) that

d(z1, z2)− d(A,B) ≤ 2ϕ(d(z0, z1))

3− ϕ(d(z0, z1))
(d(z0, z1)− d(A,B)) .

Similarly, we have

d(z2, z3) = d(z3, z2)

= d(Tz2, Sz1)

≤ 1

3
ϕ(d(z1, z2))[d(z1, z2) + d(z2, z3) + d(z1, z2)] + [1− ϕ(d(z1, z2))]d(A,B)

which deduces,

d(z2, z3)− d(A,B) ≤ 2ϕ(d(z1, z2))

3− ϕ(d(z1, z2))
[d(z1, z2)− d(A,B)].

By induction, we have

d(zn, zn+1)− d(A,B) ≤ 2ϕ(d(zn−1, zn))

3− ϕ(d(zn−1, zn))
[d(zn−1, zn)− d(A,B)] (2.4)

for all n ∈ N. Since ϕ(t) < 1, for all t ∈ [0,∞). From (3.4), we get

d(zn, zn+1)− d(A,B) < d(zn−1, zn)− d(A,B)

which implies
d(zn, zn+1) < d(zn−1, zn) for all n ∈ N.

So, the sequence {d(zn, zn+1)} is a strictly decreasing sequence in [0,∞). Since
ϕ is an MT -function, by Theorem 1.6, we obtain

0 ≤ sup
n∈N

(ϕ(d(zn, zn+1)) < 1.

Let
λ = sup

n∈N
(ϕ(d(zn, zn+1))).
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So, 0 ≤ λ < 1. Since
ϕ(d(zn, zn+1)) ≤ λ, (2.5)

we have
3− ϕ(d(zn, zn+1)) ≥ 3− λ. for all n ∈ N. (2.6)

By (2.5) and (2.6), we get

2ϕ(d(zn, zn+1))

3− ϕ(d(zn, zn+1))
≤ 2λ

3− λ
for all n ∈ N.

Hence, we have

0 ≤ sup
n∈N

2ϕ(d(zn, zn+1))

3− ϕ(d(zn, zn+1))
≤ 2λ

3− λ
< 1.

Let

γ = sup
n∈N

2ϕ(d(zn, zn+1))

3− ϕ(d(zn, zn+1))
.

Then γ ∈ [0, 1). For each n ∈ N, by (2.4), we obtain

d(zn, zn+1)− d(A,B) ≤ 2ϕ(d(zn, zn+1))

3− ϕ(d(zn, zn+1))
[d(zn, zn−1)− d(A,B)]

≤ γ[d(zn, zn−1)− d(A,B)]

≤ γ2[d(zn−1, zn−2)− d(A,B)] (2.7)

≤ ......

≤ γn[d(z1, z0)− d(A,B)].

Since γ ∈ [0, 1), we have
lim
n→∞

γn = 0. (2.8)

Finally, from (2.7) and (2.8) , we get

lim
n→∞

d(zn, zn+1) = d(A,B).

The proof is completed. �

Clearly, if we take S := T in Theorem 2.1, we obtain Lin-Chang’s conver-
gence theorem immediately.

Corollary 2.2 [21]. Let A and B be nonempty subsets of a metric space
(X, d). Suppose T : A∪B → A∪B is a Karapinar’s type MT -cyclic contrac-
tion, then there exists a sequence {xn}, such that

lim
n→∞

d(xn, xn+1) = d(A,B).

Theorem 2.3. Let A and B be nonempty subsets of a metric space (X, d).
Suppose that T, S: A∪B → A∪B are maps satisfying
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(a) T (A) ⊂ B and S(B) ⊂ A,

(b) there exists a nondecreasing function ϕ : [0,∞) → [0, 1), such that

d(Tx, Sy) ≤ 1

3
ϕ(d(x, y))[d(x, y)+d(Tx, x)+d(Sy, y)]+(1−ϕ(d(x, y))d(A,B)

holds for all x ∈ A and y ∈ B.

Then there exists a sequence {zn} in A∪B, such that

lim
n→∞

d(zn, zn+1) = d(A,B).

Proof. By (b), we know that ϕ is an MT -function. Hence, by apply Theo-
rem 2.1, we provet the conclusion of this result. �

Corollary 2.4 [21]. Let A and B be nonempty subsets of a metric space
(X, d), T : A∪B → A∪B be a cyclic map and ϕ :[0,∞) → [0, 1) is a nonde-
creasing function. Suppose

d(Tx, Ty) ≤ 1

3
ϕ(d(x, y))[d(x, y) +d(Tx, x) +d(Ty, y)] + (1−ϕ(d(x, y))d(A,B)

holds for all x ∈ A, y ∈ B. Then there exists a sequence {xn}, such that

lim
n→∞

d(xn, xn+1) = d(A,B).

Similarly, we obtain the following result.

Theorem 2.5. Let A and B be nonempty subsets of a metric space (X, d).
Suppose that T, S: A∪B → A∪B are maps satisfying

(a) T (A) ⊂ B and S(B) ⊂ A,

(b) there exists a nonincreasing function ϕ : [0,∞) → [0, 1), such that

d(Tx, Sy) ≤ 1

3
ϕ(d(x, y))[d(x, y)+d(Tx, x)+d(Sy, y)]+(1−ϕ(d(x, y))d(A,B)

holds for all x ∈ A and y ∈ B.
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Then there exists a sequence {zn} in A∪B, such that

lim
n→∞

d(zn, zn+1) = d(A,B).

Corollary 2.6 [21]. Let A and B be nonempty subsets of a metric space
(X, d), T : A∪B → A∪B be a cyclic map and ϕ :[0,∞) → [0, 1) is a nonin-
creasing function. Suppose

d(Tx, Ty) ≤ 1

3
ϕ(d(x, y))[d(x, y) +d(Tx, x) +d(Ty, y)] + (1−ϕ(d(x, y))d(A,B)

holds for all x ∈ A, y ∈ B. Then there exists a sequence {xn}, such that

lim
n→∞

d(xn, xn+1) = d(A,B).
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