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Abstract

In the present paper, we study rotational surfaces in the three dimen-
sional pseudo-Galilean space G1

3. Also, we classify linear Weingarten
rotational surfaces in G1

3. A linear Weingarten surface is the surface
having a linear equation between the Gaussian curvature and the mean
curvature of a surface. In last section, we construct isotropic rota-
tional surfaces in G1

3 with prescribed mean curvature given by smooth
function. As the results, we classify isotropic rotational surfaces with
constant mean curvature.
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1 Introduction and preliminaries

Let φ : M −→ E3 be an isometric immersion of a surface M in the three
dimensional Euclidean space E3. It is said thatM is Weingarten surface (or W-
surface) if there exists a non-trivial functional relation Φ(K,H) = 0 between
the Gaussian curvature K and the mean curvature H of a surface M . The
existence of a non-trivial functional relation Φ(K,H) = 0 on M parametrized
by a patch φ(u, v) is equivalent to the vanishing of the corresponding Jacobian
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determinant, namely
∣∣∣∂(K,H)
∂(u,v)

∣∣∣ = 0. Also, if a surface satisfies a linear equation

with respect to K and H, that is, aK + bH = c for some real numbers a, b, c
not all zero, then it is said to be a linear Weingarten surface (or LW-surface)
. Some interesting examples of linear Weingarten surfaces are given by the
surfaces with constant mean curvature, that is a = 0, and the surfaces with
constant Gauss curvature, that is b = 0.

The study of the Weingarten surface is initiated by J. Weingarten in 1861
[21], and taken up by E. Beltrami [3], G. Darboux [4], U. Dini [7] and S. Lie
[15], and so on. Several geometers have studied Weingarten surfaces and linear
Weingarten surfaces in the ambient spaces, and many interesting results have
been obtained. For instance, W. Kühnel [14] investigated ruled Weingarten
surfaces in E3. Following this line of reasoning, F. Dillen and W. Kühnel [6]
were studied ruled Weingarten surfaces in the three dimensional Minkowski
space E3

1. Also, M. H. Kim and D. W. Yoon [11] classified Weingarten quadric
surfaces in E3. For hypersurfaces, A. C. Asperti, R. M. B. Chaves and B. C.
Valério [1] obtained a local classification of ruled Weingarten spacelike hyper-
surfaces in the Minkowski space and in de Sitter space. On the other hand,
the linear Weingarten surfaces are examined in [8], [12], [16], [20] and [22], etc.
Recently, when the ambient is (pseudo-) Galilean space, tubular surfaces and
ruled surfaces studied in [5], [13] and [18].

In [19], M. Šipuš and B. Divjak studied (non-)isotropic rotational surfaces with
constant Gaussian and mean curvature in the pseudo-Galilean space. On the
other hand, the study of surfaces with the prescribed mean curvature is always
one of interesting topics in ambient spaces and it has been investigated from
the various viewpoints by many differential geometers ([2], [9], [10], [23]). In
this paper, we are going to classify Weingarten and linear Weingarten rota-
tional surfaces in the three dimensional pseudo-Galilean space G1

3. Moreover,
another purpose of this paper is to construct profile curves of isotropic ro-
tational surfaces in G1

3 with prescribed mean curvature given by a smooth
function. As the results, we obtain the theorems in [19].

2 Preliminaries

The pseudo-Galilean space G1
3 is one of the real Cayley-Klein spaces with the

projective signature (0, 0,+,−), explained in [17]. The absolute of the pseudo-
Galilean space is an ordered triple {ω, f, I}, where ω is the ideal (absolute)
plane, f the line (the absolute line) in ω and I the fixed hyperbolic involution
of points of f . Homogenous coordinates in G1

3 are introduced in such a way
that the absolute plane ω is given by x0 = 0, the absolute line f by x0 = x1 = 0
and the hyperbolic involution η by η : (x0 : x1 : x2 : x3)→ (0 : 0 : x3 : x2). The
last condition is equivalent to the requirement that the conic x22−x23 = 0 is the
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absolute conic. Metric relations are introduced with respect to the absolute
figure. In affine coordinates, defined by (x0 : x1 : x2 : x3) = (1 : x : y : z), the
distance between the points Pi = (xi, yi, zi)(i = 1, 2) is defined by (cf. [19])

d(P1, P2) =

{
|x2 − x1|, if x1 6= x2,√
|(y2 − y1)2 − (z2 − z1)2|, if x1 = x2.

The group motions of G1
3 is a six-parameter group given (in affine coordinates)

by
x̄ = a+ x,

ȳ = b+ cx+ y coshϕ+ z sinhϕ,

z̄ = d+ ex+ y sinhϕ+ z coshϕ.

Let x = (x1, y1, z1) and y = (x2, y2, z2) be vectors in G1
3. A vector x is called

isotropic if x1 = 0, otherwise it is called non-isotropic. The pseudo-Galilean
scalar product of x and y is defined by

x · y =

{
x1x2, if x1 6= 0 or x2 6= 0,

y1y2 − z1z2, if x1 = 0 and x2 = 0.
(2.1)

From this, the pseudo-Galilean norm of a vector x in G1
3 is given by ||x|| =√

|x · x| and all unit non-isotropic vectors are the form (1, y1, z1). For isotropic
vector x1 = 0 holds. There are four types of isotropic vectors: spacelike
(y21 − z21 > 0), timelike (y21 − z21 < 0) and the two types of lightlike (y1 = ±z1)
vectors. A non-lightlike isotropic vector is a unit vector if y21 − z21 = ±1.

The pseudo-Galilean cross product of x and y on G1
3 is defined by

x× y =

∣∣∣∣∣∣
0 −e2 e3
x1 y1 z1
x2 y2 z2

∣∣∣∣∣∣ , (2.2)

where e2 = (0, 1, 0) and e3 = (0, 0, 1).
Consider a Cr-surface M , r ≥ 1, in G1

3 parametrized by

φ(u1, u2) = (x(u1, u2), y(u1, u2), z(u1, u2)).

Let us denote x,i = ∂x
∂ui
, y,i = ∂y

∂ui
, z,i = ∂z

∂ui
, i = 1, 2. A surface M is called

admissible if it does not have pseudo-Euclidean tangent planes. Therefore, a
surface M is admissible if and only if x,i 6= 0 for some i = 1, 2.

Let M be a regular admissible surface. Then, the unit normal vector field
U of a surface M is defined by

U =
1

W
(0, x,1z,2 − x,2z,1, x,1y,2 − x,2y,1),
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where the function W,W > 0, is given by

W =
√
|(x,1y,2 − x,2y,1)2 − (x,1z,2 − x,2z,1)2|.

On the other hand, the matrix of the first fundamental form ds2 of a surface
M in G1

3 is given by (cf. [19])

ds2 =

(
ds21 0
0 ds22

)
, (2.3)

where ds21 = (g1du1 + g2du2)
2 and ds22 = h11du

2
1 + 2h12du1du2 + h22du

2
2. Here

gi = x,i, hij = φ̃,i · φ̃,j (i, j = 1, 2) and ∼ stands for the projection of a vector
on the pseudo-Euclidean yz-plane.

The Gaussian curvature K of a surface M is defined by means of the co-
efficients Lij, i, j = 1, 2 of the second fundamental form, which are the normal
components of φ,i,j, i, j = 1, 2.
That is,

Lij = ε
1

g1
(g1φ̃,i,j − gi,jφ̃,1) · U = ε

1

g2
(g2φ̃,i,j − gi,jφ̃,2) · U,

where ε(= ±1) is the sign of the unit normal vector field U . Thus, the Gaussian
curvature K of a regular admissible surface is defined by

K = −εL11L22 − L2
12

W 2
(2.4)

and the mean curvature H is given by

H = − ε

2W 2
(g22L11 − 2g1g2L12 + g21L22). (2.5)

3 Rotational surfaces in G1
3

In the pseudo-Galilean space G1
3, we distinguish between two types of circles

and between two types of rotational surfaces. The first type occurs as the result
of a pseudo-Euclidean rotation and the second as the result of the isotropic
rotation.
Pseudo-Euclidean rotations and isotropic rotations are given by the following
normal forms, respectively:

x̄ = x,

ȳ = y cosh t+ z sinh t,

z̄ = y sinh t+ z cosh t

(3.1)
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and
x̄ = x+ bt,

ȳ = y + xt+ b
t2

2
,

z̄ = z,

(3.2)

where t ∈ R and b = constant > 0.
The trajectory of a single point under a pseudo-Euclidean rotation is a

pseudo-Euclidean circle(i.e., a rectangular hyperbolic)

x = constant, y2 − z2 = r2, r ∈ R.

The invariant r is the radius of the circle. Pseudo-Euclidean circles intersect
the absolute line f in the fixed points of the hyperbolic involution (F1, F2).
There are three kinds of pseudo-Euclidean circles: circles of real radius, of
imaginary radius, and of radius zero. Circles of real radius are timelike curves
(having timelike tangent vectors) and imaginary radius spacelike curves (hav-
ing spacelike tangent vectors).

The trajectory of a point under isotropic rotation is an isotropic circle,
whose normal form is

z = constant, y =
x2

2b
.

The invariant b is the radius of the circle. The fixed line of the isotropic
rotation (3.2) is the absolute line f .

Now, we construct rotational surfaces in G1
3. Let α be an admissible plane

curve in G1
3 and let l be a coplanar line that does not meet α. When the profile

curve α is revolved around the axis l, it sweeps out a rotational surface.
First of all, we consider a nonisotropic curve α, parametrized by

α(u) = (f(u), g(u), 0) or α(u) = (f(u), 0, g(u))

around the x-axis by pseudo-Euclidean rotation (3.1), where g is a positive
function and f is a smooth function on an open interval I. Then the rotational
surface M can be written as

φ(u, v) = (f(u), g(u) cosh v, g(u) sinh v), (3.3)

or
φ(u, v) = (f(u), g(u) sinh v, g(u) cosh v), (3.4)

for any v ∈ R, which is called a nonisotopic rotational surface.
Next, we consider the isotropic rotations. By the isotropic curve α(u) =

(0, f(u), g(u)) about the z-axis by isotropic rotation (3.2), we obtain a surface

φ(u, v) =

(
v, f(u) +

v2

2b
, g(u)

)
, (3.5)

where f and g are smooth functions and b 6= 0 (cf. [19], [24]). This surface is
called a isotopic rotational surface.
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4 Linear Weingarten (or LW-) rotational sur-

faces

4.1 Profile curves are nonisotropic

Let M be a rotational surface in G1
3, generated by a nonisotropic curve α, and

let α is parametrized by arc-length. Then, the parametrization of M is given
by

φ(u, v) = (u, g(u) cosh v, g(u) sinh v), (4.1)

or

φ(u, v) = (u, g(u) sinh v, g(u) cosh v), (4.2)

where g is a positive function. From (2.4) and (2.5), the Gaussian curvature
K and the mean curvature H of these surfaces are given by

K = −εg
′′

g
, (4.3)

H =
1

2g
, (4.4)

respectively. Therefore, the curvatures K and H depend only on the variable
u. In this result, we have the following theorem.

Theorem 4.1. Rotational surfaces in G1
3, generated by a nonisotropic curve,

are Weingarten surfaces.

Now, we investigate linear Weingarten rotational surfaces satisfying the
equation

K = mH + n, m, n ∈ R. (4.5)

Combining (4.3) and (4.4), we get

g′′ = −ε K
2H

. (4.6)

Case 4.1.1 (m,n) = (−2εm1, 0) with a non-zero constant m1.
By using (4.5) and (4.6), one find g′′ = m1, that is,

g(u) =
1

2
m1u

2 + c1u+ c2, (4.7)

where c1, c2 ∈ R.
If m1 = −1

2
ε, rotational surfaces given by (4.1) or (4.2) have the same Gaussian

curvature and mean curvature (see Figure 1).
Case 4.1.2 (m,n) = (−2εm1,−εn1) with non-zero constants m1 and n1.
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Figure 1: A time-like nonisotopic rotational surface with K = H

From (4.3) and (4.4), we get

g′′ − n1g −m1 = 0. (4.8)

We put p = g′. Then equation (4.8) writes as

p
dp

dg
= n1g +m1

and its general solution is

p = ±
√
n1g2 + 2m1g + 2c1, (4.9)

where c1 ∈ R and m2
1 − 2n1c1 ≥ 0.

Thus, by (4.9) the general solution of (4.8) is given by

g(u) = ± exp(±
√
|n1|(u+ c2))±

m1

n1

(4.10)

if m2
1 − 2n1c1 = 0, or

g(u) =

√
m2

1 − 2n1c1
n1

cosh(±
√
n1(u+ c2))−

m1

n1

(4.11)

if m2
1 − 2n1c1 > 0 and n1 > 0, or

g(u) =

√
m2

1 − 2n1c1
n1

sin(±
√
−n1(u+ c2))−

m1

n1

(4.12)

if m2
1 − 2n1c1 > 0 and n1 < 0, where c2 ∈ R.
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Consequently, we have

Theorem 4.2. Let M be a nonisotropic rotational surface given by (4.1)
or (4.2) in the three dimensional pseudo-Galilean space. If M satisfies the
equation K = mH + n for some constants m and n, then a function g(u) is
given by (4.7), (4.10), (4.11) or (4.12).

Remark. For the specific function g(u), appropriate interval of u of (4.10),
(4.11) and (4.12) in Theorem 4.2, we have the graphs shown in Figure 2, Figure
3 and Figure 4, respectively.

Figure 2: A LW-nonoisotopic rotational surface with g(u) = exp(u)

Figure 3: A LW-nonoisotopic rotational surface with g(u) = 2 coshu− 4
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Figure 4: A LW-nonoisotopic rotational surface with g(u) = −2 sinu+ 4

4.2 Profile curves are isotropic

Let M be an isotropic rotational surface in G1
3, generated by the profile curve

α(u) = (0, f(u), g(u)). Assume that the curve α is parametrized by arc-length,
that is,

f ′(u)
2 − g′(u)

2
= −ε(= ±1). (4.13)

Then, the parametrization of M is given by

φ(u, v) =

(
v, f(u) +

v2

2b
, g(u)

)
, (4.14)

where f and g are smooth functions and b 6= 0. In this case, by a straightfor-
ward computation the Gaussian curvature K and the mean curvature H are
given by, respectively

K = −f
′′

k
, H = − εf ′′

2
√
f ′2 + ε

. (4.15)

So, the curvatures K and H depend only on the variable u. Consequently, we
have the following theorem.

Theorem 4.3. Rotational surfaces in G1
3, generated by an isotropic curve, are

Weingarten surfaces.

On the other hand, from (4.15), we have the following relationship with
respect to the Gaussian curvature K and the mean curvature H:

H =
εbK

2
√
f ′2 + ε

, (4.16)
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which implies

f(u) = ±
∫ √(

bK

2H

)2

− ε du. (4.17)

To solve the integration, let us suppose that K = mH, where m is non-zero
constant. Then we have

f(u) = ±
√
b2m2 − 4ε u+ c1, (4.18)

where c1 ∈ R. Also, from (4.13) one find

g(u) = ±1

2
bmu+ c2, (4.19)

where c2 ∈ R. The surface, generated by (4.18) and (4.19) with m = 1 and
ε = −1, is showed in Figure 5.

Consequently, we have

Theorem 4.4. Let M be a isotropic rotational surface given by (4.14) in the
three dimensional pseudo-Galilean space. If M satisfies the equation K = mH
with a non-zero constant m, then the profile curve α(u) = (0, f(u), g(u)) of the
isotropic rotational surface is given by (4.18) and (4.19).

As the special case to compute (4.17), we put K
H

= au for a non-zero
constant a, then we find

f(u) = ±1

4
u
√

(abu)2 − ε∓ ε

4ab
ln
(
abu+

√
(abu)2 − ε

)
+ c1 (4.20)

and, by (4.13) and (4.20), we obtain

g(u) = ±1

4
abu2 + c2, (4.21)

where c1, c2 ∈ R. The surface, generated by (4.20) and (4.21), is showed in
Figure 6.

Thus, we have

Theorem 4.5. Let M be an isotropic rotational surface given by (4.14) in the
three dimensional pseudo-Galilean space. If M satisfies the equation K

H
= au

with a non-zero constant a, then the profile curve α(u) = (0, f(u), g(u)) of the
rotational surface is given by (4.20) and (4.21).

5 Isotropic rotational surfaces with prescribed

mean curvature

Let M be a rotational surface in G1
3 generated by an isotropic curve α(u) =

(0, f(u), g(u)). In the case, we assume that the curve α is parametrized by
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Figure 5: A space-like isotropic rotational surface with K = H

Figure 6: A time-like rotational surface with K
H

= u

arc-length, that is,
f ′(u)

2 − g′(u)
2

= −ε(= ±1). (5.1)

Then M is parametrized by

φ(u, v) =

(
v, f(u) +

v2

2b
, g(u)

)
, (5.2)

where f and g are smooth functions and b 6= 0.
On the other hand, the mean curvature H of M is

H = − εf ′′

2
√
f ′2 + ε

. (5.3)

Let

A =

√
f ′2 + ε. (5.4)
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Then equation (5.3) writes as

A′√
A2 − ε

= ±2εH. (5.5)

First of all, if ε = 1, then its general solution is given by

A = cosh(

∫
±2Hdu+ c1). (5.6)

From (5.4) and (5.6), we can obtain

f(u) = ±
∫

sinh(

∫
2Hdu+ c1)du+ c2 (5.6)

and from (5.1) we get

g(u) = ±
∫

cosh(

∫
2Hdu+ c1)du+ c3, (5.7)

where c1, c2, c3 ∈ R.
If ε = −1, using the similar method as above, we can also obtain

f(u) = ±
∫

cosh(

∫
2Hdu+ c1)du+ c2,

g(u) = ±
∫

sinh(

∫
2Hdu+ c1)du+ c3,

(5.8)

where c1, c2, c3 ∈ R.

Theorem 5.1. Let α(u) = (0, f(u), g(u)) be a time-like profile curve of an
isotropic rotational surface of which the mean curvature at the point (0, f(u), g(u))
is given by H(u). Then, for some constants c1, c2 and c3, there exists a two-
parameter family of rotational surfaces generated by plane curves

α(u,H(u), c1, c2, c3) = (0,±
∫

sinh(

∫
2H(u)du+c1)du+c2,±

∫
cosh(

∫
2H(u)du+c1)du+c3).

Conversely, let H(u) be a smooth function. Then for any u0 ∈ I we can
construct the two-parameter family of curves α(u,H(u), c1, c2, c3), u ∈ I ′ ⊂
I and so it is a two-parameter family of rotatioinal surfaces with the mean
curvature H(u), u ∈ I ′.
Theorem 5.2. Let α(u) = (0, f(u), g(u)) be a space-like profile curve of an
isotropic rotational surface of which the mean curvature at the point (0, f(u), g(u))
is given by H(u). Then, for some constants c1, c2 and c3, there exists a two-
parameter family of rotation surfaces generated by plane curves

α(u,H(u), c1, c2, c3) = (0,±
∫

cosh(

∫
2H(u)du+c1)du+c2,±

∫
sinh(

∫
2H(u)du+c1)du+c3).
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Conversely, let H(u) be a smooth function. Then for any u0 ∈ I we can
construct the two-parameter family of curves α(u,H(u), c1, c2, c3), u ∈ I ′ ⊂
I and so it is a two-parameter family of rotational surfaces with the mean
curvature H(u), u ∈ I ′.
Corollary 5.3. ([19]) The profile curve α(u) = (0, f(u), g(u)) of an isotropic
rotational surface of constant mean curvature H0 in the three dimensional
pseudo-Galilean space is as follows.

(1) If H0 = 0, then f(u) = c1u+ c2, g(u) = c3u+ c4.
(2) If H0 6= 0, then for a space-like surface

f(u) =
1

2H0

sinh(2H0u+ c1) + c2, g(u) =
1

2H0

cosh(2H0u+ c1) + c3.

for a time-like surface

f(u) =
1

2H0

cosh(2H0u+ c1) + c2, g(u) =
1

2H0

sinh(2H0u+ c1) + c3.,

where ci ∈ R, i = 1, · · · , 4.
Acknowledgements. This is a text of acknowledgements.
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