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Abstract
A linear cell cycle model with cells either in a proliferating or a

quiescent state is analyzed using the theory developed for the class of
translation semigroups that are associated with a core operator φ and
are solutions of equations of the type m(t) = φ(mt). This allows us to
give properties of the solution semigroup of the model such as existence,
uniqueness, positivity, compactness and spectral properties in order to
conclude the asynchronous exponential growth property (AEG) for the
model. In particular a characterization of the malthusian parameter in
the AEG property is given and all established results are derived by
only using properties of the model’s core operator.

Keywords: Cell cycle, quiescent cells, proliferating cells, translation semi-
group, core operator, kernel operator, spectral bound, asynchronous exponen-
tial growth

1 Introduction

In this paper we are interested in the mathematical analysis of a cell cycle
model with both proliferating and quiescent cells using the theory developed
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in [1]-[6] for the class of translation semigroups that are associated with a core
operator φ and are solutions of equations of the type

m(t) = φ(mt) (1)

where mt(s) := m(t + s) and φ is an operator defined from a state space
E := Lp((−r, 0), F ) into a Banach space F with 1 ≤ p <∞ and 0 < r <∞.
The model uses partial differential equations to describe the dynamics within
the cell cycle of the densities of both types of cells and reads as follows

∂

∂t
p(t, a) +

∂

∂a
p(t, a) = −β(a)p(t, a)− σ(a)p(t, a) + τ(a)q(t, a)

∂

∂t
q(t, a) +

∂

∂a
q(t, a) = σ(a)p(t, a)− τ(a)q(t, a)

p(t, 0) = 2b

∫ ã

0

β(a)p(t, a)da

q(t, 0) = 2(1− b)
∫ ã

0

β(a)p(t, a)da

(2)

where p(t, a) and q(t, a) respectively denote the densities of cells in the pro-
liferating and the quiescent state, β is the division rate, σ is the transition
rate from the proliferating state to the quiescent state and τ is the transition
rate from the quiescent state to the proliferating state. We recall that during
the cell cycle which is composed of the four phases G1, S, G2 and M, a cell
duplicates its genetic material and then splits into two daughter cells. G1 is
the initial growth phase, S is the DNA synthesis phase within which the cells
DNA is replicated, G2 is the preparatory phase and M (mitosis) is the division
phase in which the division of the nucleus and then of the cell itself occurs.
Quiescence in the cell cycle is motivated by the fact that a cell may enter a
phase of quiescence called G0 and may remain in this phase or leave it to reen-
ter the G1 phase. Such quiescent cells are also called under cell cycle arrest
[10].

Different approaches have been proposed in modeling such a quiescence and
the interaction between proliferating and quiescnt cells. In [14] the authors pro-
posed for such a modeling a system of ordinary differential equations (ODEs)
and the same authors of this model gave next in [13] a tumor model that is
similar to their previous one given in [14] but without considering the variation
of the quiescent density with respect to age in the associated equation. Other
works that also use ODEs for modeling quiescence include [15]-[16].
A second approach of modeling was used in [18] to model tumor growth with
quiescence and was also based on the use of ODEs but with the introduction
of a delay factor.
A third modeling approach that also considers quiescence in cell cycle was given
in [17] and is based on the use of a branching process and the analysis of the
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obtained model is also done using the theory of general branching processes.
Finally a model describing the interaction between proliferating and quiescent
cells is formulated in [7] as a pair of renewal equations and in the same paper it
is stated that this model is equivalent to a PDE model similar to the model (2)
where however the last term of the first equation representing the migration
of quiescent cells to the proliferating compartment is not taken into account.

Though their importance the aforementioned ODEs approaches do not of-
fer the same advantages of a modeling that uses partial differential equations
PDEs. PDEs offer the possibility to take into account the behavior of pop-
ulations with respect to various parameters in correlation with each other in
order to better reflect their dynamics within the considered populations. A
PDE model taking into account quiescence in cell cycle modeling was given in
[9] in the same sense of (2) but contrary to (2), also in this model cells once
going quiescent they remain so.

The PDE model (2) we are considering has been first considered in [12] as
an extension of a similar model given in [8] by adding in the initial conditions
that at birth a proportion of cells may be quiescent. A small perturbation of
the same model was considered by the same autors in [11] where the study
done for the perturbed model was mainly based on the one done in [8] for (2)
since its solution semigroup is a simple perturbation of the one of (2).

In this paper we want to provide a mathematical framework for the anal-
ysis of the model (2) that allows us to easily study corresponding properties
using well founded theoretical tools developped for the class of translation
semigroups. In particular the framework set a ground for the establishing of
various relevant properties of the solution semigroup such as existence, posi-
tivity, compactness and spectral properties. With all these properties it allows
us in a second step to get the AEG property for the solution semigroup. More
precisely we will see that the framework makes the establishing of all these
properties to be done by only using properties on the core operator φ that is
associated with (2). We recall that the AEG property for a semigroups T (t)t≥0
means that

‖e−λ0tT (t)− P‖ ≤Me−δt, for t > 0

where P is a projection of rank one. The constant λ0 is the so called intrin-
sic growth constant or the Malthusian parameter. For the cell model (2) this
AEG property means that ‖e−λ0tn(t, ·)−Pn0‖ exponentially decreases towards
0 when t→∞, where n(t, a) is the transpose of the vector (p(t, a), q(t, a)) and
n0(a) is the transpose of (p(0, a), q(0, a)) and is initially given. In other words
the cell population asymptotically stablizes after multiplication by a Malthu-
sian exponential factor around a one dimensional projection only dependent
on the initial cell structure. Our proposed framework makes it possible to
characterize this Malthusian parameter in terms of the core operator φ. Such
a characterization and the AEG property are easy consequences of theoretical
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results on translation semigroups (Tφ(t))t≥0 that are based only on assumptions
on the associated core operators φ.
The remaining sections of this paper are organized as follows. In section 2
we first give some notations and definitions for operator semigroups in general
and for translation semigroups in particular. After this we give some results on
translation semigroups that we use for the study of the model (2). In section 3
our approach for relating the cell model to translation semigroups is provided
and properties of the associated solutions with respect to existence, positivity,
compactness and spectral properties are given and with such properties the
AEG property is then derived. This is done by showing that the solution
semigroup of (2) is equivalent to a translation semigroup and by using the
results cited in section 2. Section 4 concludes this paper.

2 Translation semigroups

A family of bounded linear operators (T (t))t≥0 on a Banach space X is called
a semigroup on X if it satisfies: (i) T (0) = I, (I is the identity on X)
and T (t + s) = T (t)T (s), for t, s ≥ 0 (Semigroup property). It is called
a strongly continuous semigroup (or a C0-semigroup) on the space X if it
furthermore satisfies limt→0+ ‖T (t)x − x‖ = 0, for all x ∈ X. The gener-
ator of a semigroup (T (t))t≥0 on X is the operator A on X with domain

D(A) := {x ∈ X, limt→0+
T (t)x−x

t
exists in X}, such that Ax = limt→0+

T (t)x−x
t

for x ∈ D(A).
The exponential growth bound of the semigroup (T (t))t≥0 with generator A is
denoted by ω(A) or also by ω(T (t)) and is given by ω(A) := limt→0+

1
t

log ‖T (t)‖.
For a linear operator B on X we denote by σ(B), ρ(B) and R(λ,B) :=
(λI−B)−1 the spectrum, the resolvent set and the resolvent operator of the op-
erator B, respectively. The spectral radius of B is r(B) := sup{‖λ‖, λ ∈ σ(B)}
and the spectral bound of B is s(A) := sup{<e(λ), λ ∈ σ(B)}.
The class of translation semigroups we are considering is defined on the fol-
lowing Banach space

E := Lp((−r, 0), F ) with the norm ‖f‖ :=

(∫ 0

−r
‖f(s)‖pFds

)1/p

, f ∈ E

where (F, ‖ · ‖F ) is a Banach space, 1 ≤ p <∞ and 0 < r <∞.
The following result gives the relationship of solutions of an equation of the
type (1) to translations semigroups.

Theorem 2.1 [1-6] Let φ : E → F be Lipschitz continous with Lipschitz
constant |φ|. Then the operator Aφ with domain

D(Aφ) := {f ∈ W 1,p((−r, 0), F ), f(0) = φf}
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is the generator of a C0-semigroup (Tφ(t))t≥0 on E that satisfies

[Tφ(t)f ](s) =

{
f(t+ s) if t+ s < 0 (translation property)

φ(Tφ(t+ s)f) if t+ s ≥ 0
(3)

for s ∈ (−r, 0) and we have

‖Tφ(t)f − Tφ(t)g‖ ≤ e(|φ|
p/p)t‖f − g‖, f, g ∈ E.

Furthermore the problem
Find m ∈ Lploc((−r,∞), F ) ∩ C(]0,∞), F )

such that

{
m(t) = φ(mt), t ≥ 0

m0 = f

has a unique solution which is given by

m(t) =

{
f(t) a.e. t ∈ (−r, 0)

φ(Tφ(t)f) if t ≥ 0

If f ∈ D(Aφ) then we have m(t) = [Tφ(t)f ](0) for all t ≥ 0. In the case
where F is a Banach lattice and the operator φ is nonnegative we obtain that
(Tφ(t))t≥0 is also nonnegative.

Next we will call the operator φ the core operator of the semigroup (Tφ(t))t≥0
and we call (Tφ(t))t≥0 the translation semigroup associated with φ. Further-
more we consider the families of operators (φ̄λ)λ∈C given by

φ̄λx = φ(eλ· ⊗ x) for x ∈ F

where eλ· ⊗ x denotes the function s 7→ eλsx that is

(eλ· ⊗ x)(s) := eλsx for s ∈ (−r, 0).

Various results on compactness, irreducibility, spectral propoerties and on the
asynchronous exponential growth property have been developed for the class
of translation semigroups in [1]-[6]. In the following we only list some of these
results which are relevant for the analysis of the cell cycle model (2) and in
particular for yielding the associated AEG property.
Before doing so we recall that a nonnegative operator on an ordered Banach
space X is called irreducible on X if for each positive element x of X and each
positive element x∗ of the dual space X∗ of X there exists n ∈ N such that
< T nx, x∗ >> 0. [ Here an element x is called positive if it is nonnegative (i.e.,
x ≥ 0) and satisfies x 6= 0. An operator T is called positive if it is nonegative
(i.e., T ≥ 0 and Tx is positive for every positive element x ]

The following result ensures the compactness of the semigroup (Tφ(t))t≥0
from the one on its core operator φ.
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Lemma 2.2 [6] Assume that φ ∈ L(E,F ) has a finite rank and that the
dual space of E is E∗ = L∞((−r, 0), F ∗) if p = 1 (which is the case in particular
if F is separable), and E∗ = Lq((−r, 0), F ∗) with 1

p
+ 1

q
= 1 if p > 1 (which

is the case if F is separable). Then the translation semigroup (Tφ(t))t≥0 is
eventually compact.

The following lemma gives a characterization of the spectrum of the gen-
erator Aφ of the translation semigroup (Tφ(t))t≥0 using conditions on the core
operator φ.

Lemma 2.3 [6] Let F be a Banach lattice. Assume that φ ∈ L(E,F ) is of
compact type (i.e., for each λ ∈ R there exists n ≥ 1 such that φ̄nλ is compact;
This is the case in particular if φ is compact). Then the following assertions
hold.
i) The spectrum σ(Aφ) satisfies

σ(Aφ) = σp(Aφ) = {λ ∈ C, 1 ∈ σ(φ̄λ)}

ii) If φ ≥ 0 and φ̄λ is irreducible for one λ ∈ R then φ̄λ is irreducible for each
λ ∈ R, the spectral radius of φ̄λ satisfies r(φ̄λ) > 0 and the map λ 7→ r(φ̄λ) is
decreasing on R and it holds limλ→−∞ r(φ̄λ) =∞ and limλ→∞ r(φ̄λ) = 0.

The following theorem shows that the asymptotic behavior of (Tφ(t))t≥0 can be
obtained as a result of the compactness and the spectral properties obtained
in the previous lemmas as it is explained in the remark following this theorem.

Theorem 2.4 [1] Let F be a Banach lattice and let φ ∈ L(E,F ) be nonneg-
ative such that φ is of compact type and (Tφ(t))t≥0 is eventually compact. As-
sume furthermore that φ̄λ is irreducible for one λ. Then, the equation r(φ̄λ) = 1
has a unique solution λ0 ∈ R. Furthermore, we have λ0 = s(Aφ) = ω(Aφ) and
there exists a positive projection P of rank 1 (P is with values in the eigenspace
of Aφ associated with λ0) such that

‖e−λ0tTφ(t)− P‖ ≤Me−δt, (4)

for some constants δ > 0, M ≥ 1 and for all t ≥ 0.
The projection P is given by

Pf = C(f)(eλ0· ⊗ xλ0) (5)

with

C(f) =
〈x∗λ0 , φ(θ 7→

∫ θ
0
eλ0(θ−s)f(s)ds)〉

〈x∗λ0 , φ(θ 7→ θeλ0θxλ0)〉
, f ∈ E (6)

where xλ0 and x∗λ0 are two positive eigenvectors respectively of φ̄λ0 and φ̄∗λ0
associated with the eigenvalue r(φ̄λ0) = 1 such that 〈x∗λ0 , xλ0〉 = 1.
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Remark 2.5 The result in Theorem 2.4 yielding the asmyptotic behavior
of the semigroup is based on the use of the two following properties.
i) Since the spectral bound is simple pole we get that E = Nλ0 ⊕ Rλ0 where
Nλ0 := ker(Aφ − λ0I) and Rλ0 := Range(Aφ − λ0I) and that

ker(Aφ − λ0I) = eλ0· ⊗ ker(I − φ̄λ0)
= {Ceλ0· ⊗ xλ0 : C ∈ R}

where xλ0 is an eigenvector of φ̄λ0 associated with the eigenvalue λ0.
ii) With the eventual compactness of the semigroup we get that for each re-
striction of the semigroup to each one of the spaces Nλ0 and Rλ0 the spectral
bound of the associated generator coincides with the exponential growth bound
of this restriction. Because of the dominance of the eigenvalue λ0 there exists
therefore δ > 0 such that the exponential growth bound ω(Tφ(t)|Rλ0 )t≥0 of the
restriction of (Tφ(t))t≥0 to Rλ0 is of the form s(Aφ)− δ.
Starting from the equation

Aφf − λf = g

we get

φf = φ̄λ(f(0)) + φ(θ 7→
∫ θ

0

eλ(θ−s)g(s)ds)

and that

Range(Aφ − λ0I) = {g ∈ E,< xλ∗0 , φ(θ 7→
∫ θ

0

eλ0(θ−s)g(s)ds) >= 0}

So since E = Kernel(Aφ−λ0I) +Range(Aφ−λ0I) each f ∈ E can be written
in the form f = C(f)eλ0· ⊗ xλ0 + ρ and taking Pf := C(f)eλ0· ⊗ xλ0 we get

Tφ(t)f = Tφ(t)(Pf) + Tφ(t)ρ

= C(f)(eλ0(·+t) ⊗ xλ0) + Tφ(t)ρ

with ‖Tφ(t)ρ‖ ≤ Me(λ0−δ)t where δ > 0 is independent from f . This of course
yields that limt→∞ ‖e−λ0tTφ(t)f − Pf‖ = limt→∞ ‖e−λ0tTφ(t)ρ‖ = 0.

Remark 2.6 Notice that if we choose to work on an interval of the form
(0, r) instead of (−r, 0) with r > 0, then we take

E := Lp((0, r), F ) and mt(s) = m(t− s)

and we get
Aφf = −f ′, f ∈ D(Aφ)

In this case we have Kernel(Aφ − λ0I) = e−λ0· ⊗Kernel(I − φ̄λ0) and

Range(Aφ − λ0I) = {g ∈ E,< xλ∗0 , φ(θ 7→
∫ θ

0

e−λ0(θ−s)g(s)ds) >= 0}
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Furthermore the constant C(f) in (5) satisfies

C(f) :=
〈x∗λ0 , φ(θ 7→

∫ θ
0
e−λ0(θ−s)f(s)ds)〉

〈x∗λ0 , φ(θ 7→ θe−λ0θxλ0)〉
.

3 Analysis of the model

In this section we show that the solution semigroup of the model (2) is equiva-
lent to a translation semigroup (Tφ(t))t≥0 and give associated properties related
to positivity, irreducibility and compactness as well as the AEG property by
using properties of the core operator φ.

As in [8] and [12] we assume there exists a maximal age of division ã after
which cells do not contribute to the renewal of the population. So, we consider
only cells with age less than or equal to ã.
With this fact and setting

u(t, a) :=

(
p(t, a)

q(t, a)

)
the model (2) reads as follows

∂

∂t
u(t, a) +

∂

∂a
u(t, a) = −M(a)u(t, a)

u(t, 0) =

∫ ã

0

B(a)u(t, a)da

(7)

where

M(a) :=

(
β(a) + σ(a) −τ(a)
−σ(a) τ(a)

)
and

B(a) :=

(
2bβ(a) 0

2(1− b)β(a) 0

)
[As a convention we use in the second equation of (7) that the integral of a
matrix is the matrix of the integrals of its entries.]
The assumption we consider on the model parameters is the following one

(Hβ,τ,σ)
{
β, σ, τ : (0, ã)→ R+, β, σ, τ ∈ L∞((0, ã)), β 6≡ 0

}
Doing so the model has then the form of the generalized multi-dimensional
Sharpe-Lotka-MacKendrick model considered by the first author in [1] and [5].
We will therefore apply the same idea given in [1]-[2] and [4]-[5] to relate it
with translation semigroups by transforming it into the form{

∂U

∂t
+
∂U

∂a
= 0, U(t, 0) = φ(U(t, ·))

}
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For this we use the transformation

v(t, ·) := χ(u(t, ·))
with (χf)(s) := Z(s)f(s), s ∈ (0, ã)

(8)

where the matrix function Z(t) is the square matrix solution of the first order
differential system {

Z ′(t) = Z(t)M(t)

Z(0) = I ( I is the identity matrix)

The transformation idea used in [1]-[2] and [4]-[5] for the generalized Sharpe-
Lotka-McKendrick model to apply translation semigroups methods for its
mathematical study was also used in [8] and [12] for (2) where however the
analysis of (2) was done in a direct way and without using translation semi-
groups.
Notice that denoting by N tr the transpose of a matrix N the matrix Z(t)tr

is the solution of the system {Y ′(t) = M(t)trY (t), Y (0) = I} and that the
determinant D(t) of Z(t)tr satisfies D(t) = exp(trace(M(t)) 6= 0).
With the transformation (8) we get the following equivalent system

∂

∂t
v(t, a) +

∂

∂a
v(t, a) = 0

v(t, 0) =

∫ ã

0

B(a)[χ−1v(t, .)](a)da =

∫ ã

0

B(a)Z−1(a)v(t, a)da

(9)

with χ−1 being the inverse of the operator χ.
Since we have to deal with densities a natural state space we choose for the
analysis of both systems (2) and (9) is the following

E := L1((0, ã),R2)

with the norm ‖f‖E =

∫ ã

0

‖f(s)‖R2ds, f ∈ E
(10)

The core operator φ associated with the system (9) is given by

φf =

∫ ã

0

k(s)f(s)ds (11)

where k is the kernel matrix given by

k(s) = B(s)Z−1(s) (12)

Since Z(t)Z−1(t) = I it follows that (Z−1(t))′ = −Z−1(t)Z ′(t)Z−1(t) and
therefore that Z−1(t) is the solution of the system{

X ′(t) = −X(t)M(t)

X(0) = I
(13)
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The following result gives some properties of the semigroup solution of (9)
as a direct consequence of the results of section 2.

Theorem 3.1 Let (Hβ,τ,σ) be satisfied and let φ be given by (11)-(12). Then
the operator Aφ such that

D(Aφ) = {f ∈ W 1,1((0, ã),R2), f(0) = φf}
Aφf = −f ′, f ∈ D(Aφ)

is the generator of a strongly continous semigroup (Tφ(t))t≥0 on E that satisfies
(3) and is eventually compact. The spectrum of Aφ satisfies

σ(Aφ) = σp(Aφ) = {λ ∈ C, 1 ∈ σ(φ̄λ)}

= {λ ∈ C,
∫ ã

0

e−λa2β(a) [bz1,1(a) + (1− b)z1,2(a)] da = 1}

The spectral bound of Aφ satisfies s(Aφ) = ω(Aφ), is a simple pole and a
dominant eigenvalue of Aφ and is the unique real solution λ0 of the equation
r(φ̄λ) = 1, i.e., of the equation∫ ã

0

e−λa2β(a) [bz1,1(a) + (1− b)z1,2(a)] da = 1 (14)

Furthermore (Tφ(t))t≥0 has the AEG property. More precisely, we have

‖e−λ0tTφ(t)− P‖ ≤Me−δt,

for some constants δ > 0, M ≥ 1 and for all t ≥ 0, and P is given by

Pf = C(f)(e−λ0· ⊗Xλ0), (15)

where

C(f) =
〈X∗λ0 , φ(θ 7→

∫ θ
0
e−λ0(θ−s)f(s)ds)〉

〈X∗λ0 , φ(θ 7→ θe−λ0θXλ0)〉
, f ∈ E, (16)

where Xλ0 and X∗λ0 are two positive eigenvectors respectively of φ̄λ0 and φ̄∗λ0
associated with the eigenvalue r(φ̄λ0) = 1.

Proof. If we write Z−1(t) := (zi,j(t))1≤i,j≤2 then we get from (13) that z1,1
and z1,2 satisfy the following system

z′1,1(t) = −(β(t) + σ(t))z1,1(t) + σ(t)z1,2(t)

z′1,2(t) = τ(t)z1,1(t)− τ(t)z1,2(t)

z1,1(0) = 1, z1,2(0) = 0
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An approximation using an iteration method for this last system yields that
z1,1(a) > 0 and z1,2(a) ≥ 0 and that z1,1 and z1,2 are in L∞(0, ã). Indeed as in
[12] we have z1,1 = limn→∞ pn and z1,2 = limn→∞ qn where

pn(a) = e−
∫ a
0 (µ(s)+σ(s))ds +

∫ a

0

τ(α)qn−1(α)e−
∫ α
a (µ(s)+σ(s))dsdα

qn(a) :=

∫ a

0

σ(α)pn−1(α)e−
∫ α
a τ(s)dsdα

p0(a) := e−
∫ a
0 (µ(s)+σ(s))ds, q0(a) := 0

For the same reason we also get that z2,1, z2,2 ∈ L∞(0, ã) and are with values
in R+. Since φ is given by the matrix kernel k given by

k(s) = B(s)Z−1(s) =

(
2bβ(s)z1,1(s) 2bβ(s)z1,2(s)

2(1− b)β(s)z1,1(s) 2(1− b)β(s)z1,2(s)

)
we get that φ is bounded and nonnegative and that the translation semigroup
(Tφ(t))t≥0 on E exits and satisfies (3). We also have that φ is of compact type
and that (Tφ(t))t≥0 is eventually compact by using Lemma 2.2. Furthermore
we have

σ(Aφ) = σp(Aφ) = {λ ∈ C, 1 ∈ σ(φ̄λ)}
Now, for λ ∈ C and for X ∈ R2 we have

φ̄λX = φ(e−λ· ⊗X) =

∫ ã

0

e−λak(a)Xds

=

∫ ã

0

e−λa

(
2bβ(a)z1,1(a) 2bβ(a)z1,2(a)

2(1− b)β(a)z1,1(a) 2(1− b)β(a)z1,2(a)

)
Xda

So the determinant of (φ̄λ − ζI) satisfies

det(φ̄λ − ζI) = ζ2 − ζ
∫ ã

0

2e−λaβ(a) [bz1,1(a) + (1− b)z1,2(a)] da

and the eigenvalues of φ̄λ are wλ :=
∫ ã
0

2e−λaβ(a) [bz1,1(a) + (1− b)z1,2(a)] da
and 0. An easy computation yields that the eigenvectors of φ̄λ that are asso-
ciated with the eigenvalue wλ are of the form Xλ := (bα, (1− b)α), α ∈ R.
Now, for X := (x1, x2) ∈ R2 and X∗ := (x∗1, x

∗
2) ∈ R2 we have

< φ̄λX,X
∗ >=

∫ ã

0

2e−λaβ(a)(z1,1(a)x1 + z1,2(a)x2) [bx∗1 + (1− b)x∗2] da

For the case b 6= 1, this yields that φ̄λ is irreducible. Using this fact we deduce
from Lemma 2.3 and Theorem 2.4 that for b 6= 1, s(Aφ) is the unique real
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solution λ0 of the equation r(φλ) = 1, that is of the equation (14), and with
the eventual compactness of the semigroup (Tφ(t))t≥0 that s(Aφ) = ω(Aφ) is
therefore a simple pole and a dominant eigenvalue of Aφ.
This also holds for the case b = 1 since if we use Lemma 2.3(i) and if apply
the same arguments to the operator

ψg :=

∫ ã

0

2β(s)z1,1(s)g(s)ds

taken on the Banach space L1((0, ã),R) and for which ψ̄λ is irreducible, then
we get σ(φ̄λ) = σ(ψ̄λ) = {0, wλ}.
So for both cases b = 1 and b 6= 1 there exists a unique real value λ0 satisfying
the equation 1 = r(φ̄λ), and ther exists δ > 0 such that each other complex
solution λ of the equation 1 = r(φ̄λ) satisfies Re(λ)−Re(λ0) ≤ −δ.
With all these facts the remaining results of Theorem 3.1 are a direct conse-
quence of Remarks 2.5 and 2.6.

The following result shows the equivalence of the solution semigroup of
model (2) to the translation semigroup (Tφ(t))t≥0 and also gives the asymptotic
behavior result of this solution semigroup based on the one previously obtained
for (Tφ(t))t≥0.

Theorem 3.2 Let (Hβ,τ,σ) be satisfied and let φ be given by (11)-(12). Then
the solution semigroup (G(t))t≥0 on E of the system (1.2)− (1.3) is given by

G(t)f = χ−1Tφ(t)χf, for all f ∈ E,

and for f :=

(
p0

q0

)
∈ E the solution u of this system such that u(0, ·) = f

satisfies

u(t, a) = G(t)f(a) =


Z−1(a)Z(t− a)f(t− a) if t− a < 0

Z−1(a)

∫ ã

0

B(s)u(t− a, s)ds if t− a ≥ 0

Furthermore the generator A of (G(t))t≥0 satisfies

D(A) = {f ∈ W 1,1((0, ã),R), f(0) =

∫ ã

0

B(s)f(s)ds}

Af(s) = −f ′(s)−M(s)f(s), f ∈ D(A).

i.e.,

A

(
p

q

)
(s) =

(
− p′(s)
− q′(s)

)
+

(
−(β(s) + σ(s))p(s) + τ(s)q(s)

σ(s)p(s)− τ(s)q(s)

)
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The spectrum of A satisfies

σ(Aφ) = σp(Aφ) = {λ ∈ C, 1 ∈ σ(φ̄λ)}

= {λ ∈ C,
∫ ã

0

e−λa2β(a) [bz1,1(a) + (1− b)z1,2(a)] da = 1}

Furthermore the semigroup (G(t))t≥0 is eventually compact and has the AEG
property. More precisely there exists a projection P̃ of rank one and there
exists δ > 0 such that

‖e−λ0tG(t)− P̃‖ ≤Me−δt, t ≥ 0

and P̃ is such that P̃ f := χ−1P (χf), i.e.,

P̃ f = C(χf)(e−λ0·Z−1(·)⊗Xλ0), f ∈ E

where χ is given by (8), P and C are respectively given by (8), (15) and (16),
and Xλ0 is as given in Theorem 3.1.

Proof. It is a direct consequence of Theorem 3.1 and of [1, Proposition
2.3, Corollary 2.4].

Remark 3.3 (i) Notice that the adjoint φ̄∗λ of φ̄λ is given by the kernel[
e−λsk(s)

]tr
(tr stands for transpose) and has the same spectrum as φ̄λ.

An easy computation yields that the eigenvectors Xλ0 and X∗λ0 can be chosen
as follows

Xλ0 =

(
b

1− b

)
and X∗λ0 =


∫ ã
0
e−λ0sβ(s)z1,1(s)ds∫ ã

0
e−λ0sβ(s) [bz1,1(s) + (1− b)z1,2(s)] ds∫ ã

0
e−λ0sβ(s)z1,2(s)ds∫ ã

0
e−λ0sβ(s) [bz1,1(s) + (1− b)z1,2(s)] ds


Also a simple substitution gives for f := (p̂, q̂)tr ∈ E that

C(f) =
< X∗λ0 , Yf >

< X∗λ0 ,
∫ ã
0
e−λ0a

(
2bβ(a)z1,1(a) 2bβ(a)z1,2(a)

2(1− b)β(a)z1,1(a) 2(1− b)β(a)z1,2(a)

)
ae−λ0aXλ0da >

where

Yf :=


∫ ã

0

2bβ(a)

[
z1,1(a)

∫ a

0

e−λ0(a−s)p̂(s)ds+ z1,2(a)

∫ a

0

e−λ0(a−s)q̂(s)ds

]
da∫ ã

0

2(1− b)β(a)

[
z1,1(a)

∫ a

0

e−λ0(a−s)p̂(s)ds+ z1,2(a)

∫ a

0

e−λ0(a−s)q̂(s)ds

]
da
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(ii) If r(φ̄λ=0) ≥ 1, or equivalently if

∫ ã

0

2β(a) [bz1,1(a) + (1− b)z1,2(a)] da ≥ 1

then the spectral bound λ0 ≥ 0.

If however ∫ ã

0

2β(a) [bz1,1(a) + (1− b)z1,2(a)] da < 1

then λ0 < 0 and the trivial equilibrium is asymptotically stable since from
‖G(t)f‖ ≤ eλ0t‖f‖ we have limt→∞G(t)f = 0 for all f ∈ E.

4 Conclusion

In this paper we analyzed a cell cycle model where cells can be either in a prolif-
erating or a quiescent state and where the transition between the two states is
possible. The analysis is done by relating this model to the class of translation
semigroups that are associated with an equation of the form m(t) = φ(mt) by
showing that the solution semigroup of the model is equivalent to a translation
semigroup. This relationship allowed us to use tools from the theory devel-
oped for such class of semigroups and therefore to easily conclude in a first
step properties on the solution semigroup related to the existence, positivity,
compactness and spectral properties. Using such properties allowed us in a
second step to conclude the asynchronous exponential growth property for the
model. The approach followed made it possible to get all such properties by
simply using assumption on the core operator φ associated with the equivalent
translation semigroup.

The analysis of the considered model using the aforementioned approach has
not been done in this way so far. Such an approach provided us with theoretical
well founded tools for performing such an analysis.

Furthermore our approach made it possible to conclude the AEG property for
the model with less restrictive assumptions than those used in [8] and [12].
It also yielded to a characterization of the malthusian parameter in the AEG
property as being the unique real value λ0 such that spectral radius of the
operator φ̄λ0 is equal to 1 where φ̄λ0x := φ(e−λ0· ⊗ x). To be also noticed is
that for the AEG property we did not need the irreducibility of the semigroup
and that also the approach provided us with an explicit formulation of the
projection in the obtained AEG property.
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