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Abstract

This paper discusses the application of second-order delay differ-
ential equation in human postural balance model (HPB) of inverted
pendulum in ankle joint. The model described by delay differential
equation (DDE) presents a challenge for computational neuroscientists,
since it is the key to control the process of human walking as well as this
model is difficult to solve. In this paper we consider the case when the
model is represented by retarded DDE (RDDE), for which there is no
direct way to solve. The postural balance is examined using Lie group
analysis which allows us to classify HPB model to solvable Lie algebra.
The classification provides a theoretical basis for constructing accurate
transformation solutions that lead to solve RDDE. Along with these
results, more complex models for computational neuroscientists aimed
at explaining additional effects can be studied using this technique.

Mathematics Subject Classification: 22E99, 34K06, 17B30
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1 Introduction

A model of human postural balance of ankle joint (HPB) is of great to com-
putational neuroscientists [1, 2], since it might be the key to the success of
human walking [3]. This model depends on inverted pendulum. But inverted
pendulum introduces time delayed feedback. Since time delays are intrinsic
components of neural control, this observation has greatly influenced the in-
terpretations of human balancing tasks [4, 5, 6, 7, 8, 9]. Typically these
interpretations are based on a proportional derivative (PD) controller, namely
the corrective movements depend on the angular position and angular velocity
[4, 9, 10, 11, 12].

The governing equations for PD controller are RDDE because the delay is
present in the argument of the velocity. It is demonstrated that the control is
highly benefited by various inputs including mechano-receptive sensors (tac-
tile or force detectors), proprioceptive sensors (muscle spindle) and vestibular
labyrinth (otoliths and semicircular canals). In addition to sensory inputs, in-
formation on acceleration can also be obtained from the mathematical model
of inverted pendulum [13]. These suggest that an extension of PD to pro-
portional derivative acceleration (PDA) controller is essential [14, 15, 16, 17].
The governing equations for PDA controller are neutral DDE (NDDE) because
the delay is present in the argument of the highest derivative (acceleration).

Lately, the complexities of DDE triggered enormous interests in mathemat-
ical modeling [18, 19, 20, 21]. The difficulty in solving such system allowed
the researchers to just examine their stability [22, 23, 24, 25, 26]. In our view,
the equation DDE that arises in the setting of an inverted pendulum can be
readily study, by introduce a new approach to study this type of equation by
classifying it to class easy to study like solvable Lie algebra. In this paper,
we discuss the case when the equation is RDDE. This paper is organized as
follows. First, describes the mathematical model of HPB. Next, the details
of Lie algebra and DDE are highlighted. Third, a classification of HPB equa-
tion to solvable Lie algebra is provided. Fourth, solving HPB model. Finally,
concludes the paper.

2 Mathematical Model

Figure 1 displays a postural balance model for human body by using a rod of
mass m pivoted on joint A [27]. The distance between the center of gravity C
and the suspension point A is denoted by `AC and JC is the moment of inertia
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with respect to the normal line via the center of gravity. The passive but
insufficient resistance of the ankle joint against falling is modeled by a torsional
spring of stiffness wt and a torsional dashpot of damping bt. Furthermore,
the elements attributing to the foot such as Achilles’ tendon and aponeurosis
cannot be regulated neurally during quiet standing. The stiffness increases
slightly with ankle torque (y) confirming the linear spring model. Denoting

Figure 1: Mathematical model for postural balance.

the angle between body and vertical by x, the equation of motion takes the
form,

JAx
′′(t) + btx

′(t) + wtx(t)−mg`AC sin(x(t)) = −y, (1)

where JA = JC + m`2AC is the moment of inertia of the body with respect to
the normal line via the pivot point A, and g = 9.81m/s2 is the gravitational
acceleration. The control torque y(t) is assumed to be a linear combination
of the angular position x, the angular velocity x′ and the angular acceleration
x′′. They are obtained from mechano-receptive and proprioceptive sensors,
vestibular organs and visual inputs.

The presence of a sensory dead zone is considered by assuming that the
actuating forces occur only if the input signals exceed some threshold values
[7, 11, 28, 29]. Furthermore, the overall reaction time is modeled as a feedback
delay. Considering different thresholds for various sensation inputs, the control
torque is expressed as,

y(t) = yp(t) + yd(t) + ya(t), (2)

with

yp(t) =
{0 if |x(t−τ)|<xs

−Wp x(t−τ) if |x(t−τ)|≥xs
(3)
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yd(t) =
{0 if |x′(t−τ)|<x′s

−Wd x′(t−τ) if |x′(t−τ)|≥x′s
(4)

ya(t) =
{0 if |x′′(t−τ)|<x′′s

−Wa x′′(t−τ) if |x′′(t−τ)|≥x′′s
(5)

where Wp, Wd and Wa are the proportional, derivative and acceleration
gain, respectively. τ is the time delay also appears for threshold conditions and
xs, x

′
s and x′′s are the sensory threshold values for the angular position, angular

velocity and the angular acceleration, respectively. It is worth noting that the
control force is activated only for motions exceeding some thresholds [7, 28].
For small motions, when the state variables are within the sensory dead zone
(without control) Equation (1) can be combined with Equations (2)-(5) in the
absence of domain of attraction around (x, x′, x′′) = (0, 0, 0) to achieve a linear
system [30, 31] for digital balancing given by,

JAx
′′(t)+btx

′(t)+(wt−mg`AC)x(t) = −Wpx(t−τ)−Wdx
′(t−τ)−Wax

′′(t−τ).
(6)

The nonlinear system has an attractor (a limit cycle or a chaotic attractor)
around (x, x′, x′′) = (0, 0, 0) with wt −mg`AC < 0 [27]. Present controller is
intermittent because the control force is switched on and off depending on the
size of the sensory inputs. The corresponding switching condition is defined in
the phase plane via x(t − τ)(x′(t − τ) − wx(t − τ)) > 0 with (w ≤ 0) for the
controller to be on and off otherwise. Following [8], the sensory dead zone is
modeled through the appearance of intermittency. By rescaling the time and
dropping the tilde [26], Equation (6) is transformed as,

x′′(t) + bx′(t)− ax(t) = −wpx(t− 1)− wdx′(t− 1)− wax′′(t− 1), (7)

where

b =
btτ

JA
, a =

(mg`AC − wt)τ 2

JA
> 0, (8)

wp =
Wpτ

2

JA
, wd =

Wdτ

JA
, wa =

Wa

JA
. (9)

Equation (7) is a second order neutral delay differential equation. Laheeb
and Normah [32] studied the case when wa is a non-zero constant. In this
paper, we consider the case when wa = 0, resulting in Equation (7) becoming
a second order RDDE. But this equation is difficult to study. Most researchers
focuss only on the stability analyses of this equation [19, 26, 33]. However,
this equation itself is very significant for neuroscientists because it might be
the key to control of human postural balance. Determination of the properties
of this equation may reveal essentials of HPB. Therefore, it is vital to classify
it to solvable Lie algebra so as to facilitate its solution. We complete the
classification scheme in the following section.
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3 Materials and Methods

The classification of HPB model to solvable Lie algebra is proposed. Some
strikes features of Lie algebra and DDEs as follows:

Definition 3.1 [34]A Lie algebra L is an n-dimensional solvable Lie alge-
bra if there exists a sequence that yields

L1 ⊆ L2 ⊆ ... ⊆ Ln = L.

Here Lk is called k-dimensional Lie algebra and Lk−1 is an ideal of Lk, k =
1, 2, ..., n. If k = 2, then the Lie algebras are solvable.

Definition 3.2 [35] Let Qi = ζs
∂
∂xs

and Qj = ηs
∂
∂xs

, i, j = 1, ..., r and
s = 1, ..., n be two infinitesimal generator. The commutator [Qi, Qj] of Qi and
Qj is the first order operator

[Qi, Qj] = QiQj −QjQi =
n∑
s

n∑
m

(ζm
∂ηs
∂xm

− ηm
∂ζs
∂xm

)
∂

∂xs
.

Definition 3.3 [36] A finite set of infinitesimal generator Q1, ...Qr is said
to be a basis for the Lie algebra L if Qi ∈ L and Q1, ..., Qr form a basis of the
vector space L, [Qi, Qj] = cijkQk. The coefficients cijk are called the structure
constants of the Lie algebra, i, j, k = 1, ..., r.

Now, it is suitable to introduce the first and second fundamental theorems of
Lie.

Theorem 3.4 (First Fundamental Theorem of Lie) [35] If x = F (x, ε)
is a one-parameter Lie group of transformations, then it is equivalent to the
solution of the initial value problem for the system of first order DEs

dx

dε
= ζ(x), x = x.

Theorem 3.5 (Second Fundamental Theorem of Lie) [34] Any two
infinitesimal generators of an r-parameter Lie group, satisfy commutation re-
lation of the form [Qi, Qj] = cijkQk, where i, j, k = 1, ..., r.

Provided the infinitesimal generators span the Lie algebra associated with
the Lie group, all real (or complex) linear combinations of the Qi will also obey
commutation relations and the Jacobi identity associated with the Lie algebra.
That is, the given infinitesimal generators Q1, ...Qr form a basis for the Lie
algebra.
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Now, consider the second order delay differential equations of the form

x′′ = f(t, x, xτ , x
′, x′τ ), (10)

where x = x(t), xτ = x(t− τ), x′ = x′(t), x′τ = x′(t− τ), and x′′ = x′′(t). The
general infinitesimal generator

X = ξ(t, x)
∂

∂t
+ η(t, x)

∂

∂x
+ η(t− τ, xτ )

∂

∂xτ
, (11)

is admitted by a second order DDE (10). The canonical Lie-Bäcklund operator
has the form

X = ζ(t, x, x′)
∂

∂x

where ζ = η − x′ξ. Since Equation (10) is second order, the canonical Lie-
Bäcklund operator which corresponds to Equation (10) is acting on 6-dimensional
space of variables (t, x, xτ , x

′, x′τ , x
′′).

The function ξ corresponding to (10) has the periodic property [37], and
because this property is satisfied for any solution of the Cauchy problem (more
detail for Cauchy problem see [38]), the periodic property implies the function
ξ does not depend on x, i.e. ξx = 0. The determining equation for (10) is in
the form

X(2)
(
x′′ − f(t, x, xτ , x

′, x′τ )
)∣∣∣∣

(10)
= 0, (12)

where

X(2) = ξ
∂

∂t
+ ηx

∂

∂x
+ ηxτ

∂

∂xτ
+ ηx

′ ∂

∂x′
+ ηx

′
τ
∂

∂x′τ
+ ηx

′′ ∂

∂x′′
, (13)

and
ηx(t, x) = η(t, x).

ηxτ (t, xτ ) = η(t− τ, xτ ).

ηx
′
(t, x, x′) = η1(t, x, x

′) = ηt(t, x) + [ηx(t, x)− ξt(t, x)]x′ − ξx(t, x)(x′)2.

ηx
′
τ (t, xτ , x

′
τ ) = ηx

′
(t−τ, xτ , x′τ ) = η1(t−τ, xτ , x′τ ) = ηt(t−τ, xτ )+[ηx(t−τ, xτ )

, −ξt(t−τ, xτ )]x′τ−ξx(t−τ, xτ )(x′τ )2.

ηx
′′
(t, x, x′, x′′) = η2(t, x, x

′, x′′) = ηtt(t, x) + [2ηtx(t, x)− ξtt(t, x)]x′ + [ηxx(t, x)

−2ξtx(t, x)](x′)2 − ξxx(t, x)(x′)3 + [ηx(t, x)

−2ξt(t, x)]x′′ − 3ξx(t, x)x′x′′. (14)

Recently, Laheeb and Normah [39] showed how to classify second order RDDEs
to solvable Lie algebra by the following algorithm:
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Algorithm (Classifying RDDEs algorithm):

1. Write the delay differential equation in the solved form.

2. Select the general infinitesimal generator of DDEs.

3. Extend the infinitesimal generator acting on second order.

4. Apply the extended infinitesimal generator to the given DDE to obtain
invariance condition.

5. Substitute Equations (14) in the invariance condition conform to an in-
finitesimal symmetry.

6. Split invariance conditions of the coefficients of the various monomials
in the first and second orders of x and xτ for determining equations of
the infinitesimal symmetry group.

7. Solve the determining equations for the infinitesimals ξ, η and ητ . (ητ =
(t− τ, xτ )).

8. Substitute the infinitesimals ξ, η and ητ in the generator.

9. Thus the Lie algebra of the given equation is spanned by the three in-
finitesimals generators corresponding to each parameter ci, i = 1, ..., n
with ci as arbitrary constant.

10. Compute the commutator table on the basis of Lie algebra.

11. Satisfy the inclusion property to achieve solvable Lie algebra.

12. Applied Theorem 3.4 on the results to get the one-parameter Lie group
of the corresponding DDE.

They show that the classification scheme allows us to study all the properties
of the solution of RDDEs easily. Then next section studied the properties of
HPB model using the above algorithm.

4 Classification HPB Model to Solvable Lie

Algebra

This section studied the properties of the solution of HPB model of the Damped
Case with PD Control (when wa = 0) by classifying it to solvable Lie algebra.
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This is achieved by using Classification RDDE algorithm. Firstly, rewrite
Equation (7) in the solvable form as

x′′(t) + bx′(t)− ax(t) + wpx(t− 1) + wdx
′(t− 1) = 0. (15)

The general infinitesimal generator of HPB can be written as,

X = ξ
∂

∂t
+ η

∂

∂x
+ ητ

∂

∂xτ
. (16)

The second prolongation of (16) acting on retarded delay is required because
HPB is a second order RDDE. From Equation (13) the second order prolon-
gation is given by,

X(2) = X + η1(t, x, x
′)
∂

∂x′
+ η2(t, x, x

′, x′′)
∂

∂x′′
+ η1(t− τ, xτ , x′τ )

∂

∂x′τ
. (17)

Combination of Equation (17) with (15) yields the invariance condition as,

η2 + bη1 − aη + wpη
τ + wdη

τ
1 = 0.

Now, substituting Equation (14) in this equation one gets,

ηtt + [2ηtx − ξtt]x′ + [ηxx − 2ξtx](x
′)2 − ξxx(x′)3 + [ηx − 2ξt]x

′′ − 3ξxx
′x′′ + b[ηt

+[ηx − ξt]x′ − ξx(x′)2]− aη + wpη
τ + wd[η

τ
t + [ητx − ξτt ]x′τ − ξτx(x′τ )

2] = 0.

Equating the first and second order coefficients of the monomials of x and
first order of xτ to 0, the determining equations for the symmetry group of
Equation (15) as listed in Table 1 are obtained.

Two cases are analyzed below.
Case 1 When the stiffness not equal to proportional gain, this means that

a 6= wp.
In (a6), ξ does not depend on x. In (a3), η is linear in x. Then η =

g(t)x + h(t), where g(t) and h(t) are arbitrary functions of t. From (a5),
ξt = 1

2
g. In (a8), ξ

τ does not depend on x. From (a7), ξ
τ
t = ητx.

By using the periodic property of ξ, one gets ξ = ξτ . This implies that
ητx = 1

2
g(t), then ητ = 1

2
g(t)x+ k(t− 1), where k(t− 1) is arbitrary function.

Now, from (a1), one gets gttx+ htt + bgtx+ bht− agx− ah+ wp
2
gx+ wp

2
k+

wd
2
gtx+ wd

2
kt = 0. Equating the coefficients of the monomials one obtains,

gtt + (b+
wd
2

)gt + (
wp
2
− a)g = 0. (18)

htt + bht − ah+
wp
2
k +

wd
2
kt = 0. (19)



Lie group analysis of RDDEs in HPB 2311

Table 1: The determining equations for the symmetry group of Equation (15)

Monomial Coefficient Number of Equation

1 ηtt + bηt − aη + wpη
τ + wdη

τ
t = 0 (a1)

x′ 2ηtx − ξtt + b[ηx − ξt] = 0 (a2)

(x′)2 ηxx − 2ξtx − bξx = 0 (a3)

(x′)3 ξxx = 0 (a4)

x′′ ηx − 2ξt = 0 (a5)

x′x′′ ξx = 0 (a6)

x′τ wd[η
τ
x − ξτt ] = 0 (a7)

(x′τ )
2 wdξ

τ
x = 0 (a8)

These imply that g(t), h(t), and k(t− 1) are the solutions of (15). By solving
(18) one obtains,

ξ =
−1

wp − 2a
gt −

2b+ wd
2(wp − 2a)

g + c1.

g = c2 −
1

2b+ wd
gt −

2(wp − 2a)

2b− wd
ξ.

Thus yields, η = (c2 − 1
2b+wd

gt − 2(wp−2a)
2b−wd

ξ)x + h and ητ = (c3 − 1
2(2b+wd)

gt −
wp−2a
2b−wd

ξ)x+ k, where ci, i = 1, 2, 3 are arbitrary constants.

Now, recall the general infinitesimal generator of (15)

X = ξ
∂

∂t
+ η

∂

∂x
+ ητ

∂

∂xτ
.

Let xτ = u, then

X =
( −1

wp − 2a
gt−

2b+ wd
2(wp − 2a)

g+c1

)
∂

∂t
+
(

(c2−
1

2b+ wd
gt−

2(wp − 2a)

2b− wd
ξ)x+h

)
∂

∂x
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+
(

(c3 −
1

2(2b+ wd)
gt −

wp − 2a

2b− wd
ξ)x+ k

)
∂

∂xτ
.

Following Theorem 3.5, the Lie algebra of (15) spanned by the following
three infinitesimal generator corresponding to each parameters are given by
ci, i = 1, 2, 3 as,

Q1 =
∂

∂t
, Q2 = x

∂

∂x
, Q3 = x

∂

∂u
,

Q4 =
( −1

wp − 2a
gt −

2b+ wd
2(wp − 2a)

g
)
∂

∂t
+
(

(
−1

2b+ wd
gt −

2(wp − 2a)

2b− wd
ξ)x+ h

)
∂

∂x

+
(

(
−1

2(2b+ wd)
gt −

wp − 2a

2b− wd
ξ)x+ k

)
∂

∂xτ
,

where Q4 is an infinite dimensional Lie sub-algebra. The commutators are
listed in Table 2.

Table 2: The commutator table for Lie algebra of (15) (Case 1)

[Qi, Qj] Q1 Q2 Q3

Q1 0 0 0

Q2 0 0 Q3

Q3 0 −Q3 0

Then, using Definition 3.1 the algebra L3 = {Q1, Q2, Q3} is a solvable
Lie algebra of (15). The solvable Lie algebra L3 with the Lie sub-algebra
Q4 includes all the properties of HPB equation. To study this equation one
needs to examine Q1, Q2, Q3, Q4 which permits easy implementation. Now, by
applying Theorem 3.4 on Q1, Q2, Q3, Q4 one can gets the one-parameter Lie
groups generated by this space

Q1 : t = t+ ε1, x = x, u = u.

Q2 : t = t, x = xeε2 , u = u.

Q3 : t = t, x = x, u = u+ ε3x.

Q4 : t = t+ ε4y(t), x = x+ ε4w(t, x), u = u+ ε4v(t, x),

where y, w, v, are arbitrary functions, and ε1, ε2, ε3, ε4 are the parameter of the
one-parameter Lie group of Equation (15) (Case 1). Following to Olver [40], if
known that x(t) = F (t) is a solution, then according to the definition, x(t) =
gF (t) is also solution for any group element g. So we have the possibility of
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constructing whole families of solutions just by transforming a known solution
by all possible group elements. Now, if x(t) = F (t) = f1(t)+f2(t) is a solution
of (15) where x = f1(t) and u = f2(t), then x = gF (t) = g(f1(t) + f2(t)) is a
solution of (15). This means that the family of the transformation solutions
of Equation (15) case 1 are

x1(t) = F (t− ε1),

x2(t) = eε2f1(t) + f2(t),

x3(t) = (ε3 + 1)f1(t) + f2(t),

x4(t) = F (t− ε4y(t)) + ε4α(t− ε4y(t), f1(t− ε4y(t))).

Case 2 When 2b+wd
2(wp−2a) = 1. Then the Lie algebra of (15) is spanned by

L2 = {Q1, Q2} such that

Q1 =
∂

∂t
+ x

∂

∂x
, Q2 = x

∂

∂u
,

Q3 = (
−1

wp − 2a
gt−g)

∂

∂t
+(h−x(

1

wp − 2a
gt−ξ))

∂

∂x
+(k−x(

1

2(wp − 2a)
gt−

ξ

2
))
∂

∂u
,

where Q3 is infinite dimensional Lie sub-algebra. Using Definition 3.1 one
gets L2 is solvable. Then the solvable Lie algebra L2 with the Lie sub-algebra
Q3 includes all the properties of HPB equation. To study this equation one
needs to examine Q1, Q2, Q3 where the space is easy for inspection. Applying
Theorem 3.4 on this space to obtain the one-parameter Lie groups of Equation
(15) on Case 2 as follows

Q1 : t = t+ ε1, x = xeε1 , u = u.

Q2 : t = t, x = x, u = u+ ε2x.

Q3 : t = t+ ε3y(t), x = x+ ε3w(t, x), u = u+ ε3v(t, x).

Here y, w, v are arbitrary functions and ε1, ε2, ε3 are parameters of these one-
parameter Lie groups. The transformation solutions of Equation (15) on Case
2 as follows:

x1(t) = eε1f1(t− ε1) + f2(t− ε1),

x2(t) = F (t) + ε2,

x3(t) = F (t− ε3y(t)) + ε3α(t− ε3y(t), f1(t− ε3y(t))).

Remark If b+ wd
2

= 1 and the stiffness equal to proportional gain (a = wp).
Then, the solvable Lie algebra of HPB model are the same of Case 2 with
infinite dimensional sub-Lie algebra

Q = (gt + g)
∂

∂t
+ (x(gt − ξ) + h)

∂

∂x
+ (

1

2
x(gt − ξ) + k)

∂

∂u
.
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5 Solving HPB Model

The solution of an NDDE is demonstrated with any cases above. Let us choose
for example, Case 2. In this case x1(t) = eε1f1(t − ε1) + f2(t − ε1) is a one
of the transformation solutions of Equation (15). Now, consider the trivial
solution x(t) when it is identity function where f1 and f2 are identities. One
can deduced the existence of family of solutions

x(t) = c1t+ c2, (20)

where c1 and c2 are arbitrary constants. This means that x(t) in (20) is a
solution of Equation (15) Case 2. Now, let us consider x(0) = −3.7 and
x(1) = 0 are initial conditions of (20), then x(t) = 3.7t − 3.7 is a solution
of Equation (15). By changing the initial conditions one can get family of
solutions of Equation (15) as shown in Figure2

Figure 2: The family of the solution of Equation (15) Case 2.

Remark By the same way one can solve any other models which transform
to second-order retarded delay differential equations.

6 Conclusion

In this paper a classification of HPB model to solvable Lie algebra is presented.
This model is very important for computational neuroscience since it play a
significant role in controls of human walking. The interpretation of human pos-
tural balance is found to be strongly influenced by the delays. Delay equations
are difficult to study, therefore the classification techniques is performed for
the human postural balance as solvable Lie algebras. This classification allows
us to study the properties of the solution of HPB model easily by obtain-
ing the family of the transformation solutions which lead to solve this model.
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Two cases with different constant coefficients of RDDE are considered and the
model properties are computed. Classification of other models described by
higher order RDDE with functional coefficients is worth-looking. The success
of the results suggest that our methodology for modeling HPB to solvable Lie
algebra may constitute a basis for solving many real problems in neuroscience
portrayed by second order RDDE.
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