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Abstract

In this paper, we consider a competitive type elliptic systems with
blow-up boundary conditions and obtain the asymptotic expansion of
large solutions.
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1 Introduction

In this paper, we consider the asymptotic expansion of solutions for the fol-
lowing elliptic system

∆u = emu+pv, ∆v = equ+nv in Ω,
u = v = +∞ on ∂Ω,

(1)

where m,n, p, q > 0, mn ≥ pq and Ω is a bounded C2 domain of RN . The
boundary condition is to be understood as u(x) → +∞, v(x) → +∞ as
d(x)→ 0+, where d(x) stands for the distance function dist(x, ∂Ω). Problems
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like (1) are usually known in the literature as boundary blow-up problems, and
their solutions are also named large solutions or boundary blow-up solutions.

There is a vast literature on elliptic problems that have solutions which
blow up. Starting with the pioneering papers [1, 12, 15, 17], problems related
to large solutions have a long history, arise naturally from a number of different
areas and are studied by many authors and in many contexts.

Large solutions of the elliptic problems

∆u = f(x, u) in Ω,
u = +∞ on ∂Ω,

(2)

where Ω is a bounded domain in RN (N ≥ 1) have been extensively studied, see
[1,2, 4, 13, 16, 17]. In 1916, Bieberbach [1] studied (2) with f(x, u) = eu, and
showed that if Ω is a bounded domain in R2 such that ∂Ω is a C2 submanifold
of R2, then there exists a unique u ∈ C2(Ω) satisfying (2) and |u(x)+2 log d(x)|
is bounded on Ω. Rademacher [17], using the idea of Bieberbach, extended
the above result to a smooth bounded domain in R3. In this case the problem
plays an important role, when N = 2, in the theory of Riemann surfaces of
constant negative curvature and in the theory of automorphic functions, and
when N = 3, according to [17], in the study of the electric potential in a
glowing hollow metal body. Lazer and McKenna [13] extended the results for
a bounded domain Ω in RN (N ≥ 1) satisfying a uniform external sphere
condition and the non-linearity f(x, u) = a(x)eu, where a(x) is continuous and
strictly positive on Ω. Recently, Chuaqui et al. [2] considered the (2) with
f(x, u) = a(x)up or f(x, u) = a(x)eu, here a(x) can be unbounded, which
satisfies C1d(x)−λ ≤ a(x) ≤ C2d

−λ(x) in Ω for some C1, C2 > 0 and λ ∈ (0, 2).
Large solutions of the elliptic systems

∆u = f(x, u, v), ∆v = g(x, u, v) in Ω,
u = v = +∞ on ∂Ω

have received much attention recently for Ω ∈ RN or Ω = RN . We quote [5] for
predator-prey Lotka-Volterra systems, [ 8, 9, 14] for competitive type systems,
[10] for cooperative systems, and [3] for entire large positive solutions in RN .
However in these papers, they only considered the elliptic systems coupled via
power nonlinearities.

The aim of this paper is to study large solutions for elliptic systems and
obtain the exact asymptotic expansion near the boundary of the solution in
the case mn > pq.

Now we state the main results of this paper.

Theorem 1 If mm > pq,m > q and n > p, then the solutions to the problem
(1) verify the asymptotic expansion:

limx→x0 (u(x) + α log d(x)) = 1
mn−pq (n logα− p log β),

limx→x0 (v(x) + β log d(x)) = 1
mn−pq (m log β − q logα),

(3)
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for every x0 ∈ ∂Ω. Here

α = 2(n−p)
mn−pq , β = 2(m−q)

mn−pq . (4)

2 Proof

First, we extend the results of Lemma 2.5 in [6] to the case where Ω is a half-
space D = {x ∈ RN : x1 > 0} (for a point x ∈ RN we write x = (x1, x

′), with
x′ ∈ RN−1). This result will arise in the proof of the asymptotic expansion
(3).

Lemma 2 If u ∈ C2(D) satisfies ∆u ≥ Cx−λ1 emu (resp. ∆u ≤ Cx−λ1 emu) in
D together with u(x) ≤ K − ρ log x1 (resp. u(x) ≥ K − ρ log x1), then

u(x) ≤ 1
m

log( ρ
C

)− ρ log x1 (resp. u(x) ≥ 1
m

log( ρ
C

)− ρ log x1) in D,

where C > 0, K are constants and λ < 2, ρ = 2−λ
m

.

Proof. Let v(x) = 1
m

log( ρ
C

)−ρ log x1 and assume that there exist x0 ∈ Ω and
b > 0 such that u(x0) > v(x0) + b. Define

Ω0 := {u > v + b} ∩Br(x
0),

where r = d(x0)
2

=
x01
2

. Then ∆(u− v − b) ≥ Cx−λ1 emu − ρx−21 ≥ ρx−21 (emb − 1) in Ω0.

Since x1 ≤ 3r
2

in Ω0 if we define w(x) = 2ρ(emb−1)r−2

9N
(r2 − |x− x0|2), then

∆w = −ρ(emb−1)
( 3
2
r)2

and ∆(u− v + w) > 0 in Ω0.

The maximum principle implies the existence of a point x1 ∈ ∂Ω0 such that

u(x0)− v(x0) + w(x0) < u(x1)− v(x1) + w(x1).

If x1 ∈ Br(x
0), it follows from the inequality that w(x0) < w(x1), which is

impossible. Thus, x1 ∈ ∂Br(x
0), and we have b+ w(x0) < u(x1)− v(x1).

Now taking into account that x11 ≥ r
2

and the definition of w, we deduce

u(x1) > 1
m

log( ρ
C

)− ρ log x11 + b+ 2ρ(emb−1)
9N

.

Proceeding inductively, we find a sequence of point xn ∈ D such that

u(xn) > 1
m

log( ρ
C

)− ρ log xn1 + b+ 2nρ(emb−1)
9N

for all n,

which contradicts the inequality u(x) ≤ K − ρ log x1. The other case can be
obtained similarly. 2
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Proof of Theorem 1 Let x0 ∈ ∂Ω, and {xn} ∈ Ω such that xn → x0.
Choose an open neighborhood V of x0 so that ∂Ω admits C2,µ local coordinates
ξ : V → RN , and x ∈ V ∩ Ω if and only if ξ1(x) > 0 (ξ = (ξ1, ξ2, ..., ξN)). We
can moreover assume ξ(x0) = 0. If u(x) = u(ξ(x)) and v(x) = v(ξ(x)), then
we have the equations∑N

i,j=1 aij(ξ)
∂2u
∂ξi∂ξj

+
∑N

i=1 bi(ξ)
∂u
∂ξi

= emu+pv,∑N
i,j=1 aij(ξ)

∂2v
∂ξi∂ξj

+
∑N

i=1 bi(ξ)
∂v
∂ξi

= equ+nv,

in ξ(V ∩Ω), where aij, bi are Cµ, and aij(0) = δij. Denote by ηn the projections
onto ξ(V ∩ ∂Ω) of ξ(xn), and introduce the functions

un(y) = α log dn + u(ηn + dny), vn(y) = β log dn + v(ηn + dny),

where dn = d(ξ(xn)) and α, β are given in (4). Notice that ξ(xn) = ηn +
dn(1, 0, ..., 0). Then the functions un, vn satisfy the equations∑N

i,j=1 aij(ηn + dny) ∂2un
∂ξi∂ξj

+ dn
∑N

i=1 bi(ηn + dny)∂un
∂ξi

= emun+pvn ,∑N
i,j=1 aij(ηn + dny) ∂2vn

∂ξi∂ξj
+ dn

∑N
i=1 bi(ηn + dny)∂vn

∂ξi
= equn+nvn .

On the other hand, by the estimates (1.3) in [7], we obtain that, for y in
compact subset D0 of D := {y ∈ RN : y1 > 0}, there exists n0 = n0(D0) such
that

A ≤ α log y1 + un ≤ B, A ≤ β log y1 + vn ≤ B

for n ≥ n0, where A,B are constants not depending on D0. These estimates,
together with the equations, a bootstrap argument and a diagonal procedure,
allow us to obtain the subsequences (still labeled by {un} and {vn}) such that
un → u0, vn → v0 in C2

loc(D), where u0, v0 satisfy

∆u0 = emu0+pv0 , ∆v0 = equ0+nv0 in D,
A ≤ u0 + α log y1 ≤ B, A ≤ v0 + β log y1 ≤ B in D.

(5)

Next we prove that

u0 + α log y1 = 1
mn−pq (n logα− p log β), v0 + β log y1 = 1

mn−pq (m log β − q logα).

(6)
By (5), we have ∆u0 ≥ epAy−βp1 emu0(y) in Ω, thus Lemma 2 implies
u0 ≤ B1 − α log y1 in Ω, where B1 = 1

m
(logα− pA) since α = 2−βp

m
.

Similarly, ∆u0 ≤ eqB1y−qα1 env0(y). Lemma 2 again gives v0 ≥ A1 − β log y1 in Ω,

where A1 = 1
n
(log β − qB1) since β = 2−αq

n
.

Iterating this procedure, we obtain that

u0 ≤ Bn − α log y1, v0 ≥ An − β log y1 in Ω,
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where An, Bn are given by

Bn+1 = 1
m

(logα− pAn), An+1 = 1
n
(log β − qBn+1).

It is not hard to see that if A is small enough (which can always be assumed),
the sequence {An} will be increasing and bounded from above, hence conver-
gent. This also entails the convergence of {Bn}. A simple calculation gives
that An → 1

mn−pq (m log β − q logα) and Bn → 1
mn−pq (n logα− p log β). Thus,

u0 + α log y1 ≤ 1
mn−pq (n logα− p log β), v0 + β log y1 ≥ 1

mn−pq (m log β − q logα).

The symmetric argument provides the reversed inequality, and (6) is proved.
Thus, taking y = (1, 0, ..., 0), we arrive at

u(xn) + α log dn(x)→ 1
mn−pq (n logα− p log β), v(xn) + β log dn(x)→ 1

mn−pq (m log β − q logα).

This proves (3), since the sequence {xn} is arbitrary. 2

Acknowledgements. This work was partially supported by NNSF of
China (11301419), partially supported by Projects Supported by Scientific
Research Fund of SiChuan Provincial Education Department(14ZB0143).

References

[1] L. Bieberbach, ∆u = eu und die automorphen Funktionen, Math. Ann.,
77 (1916), 173-212. http://dx.doi.org/10.1007/bf01456901

[2] M. Chuaqui, C. Cortazar, M. Elgueta, J. Garcia-Melian, Unique-
ness and boundary behavior of large solutions to elliptic problems
with singular weights, Commun. Pure Appl. Anal., 3 (2004), 653-662.
http://dx.doi.org/10.3934/cpaa.2004.3.653

[3] F. Cirstea, V. Radulescu, Entire solutions blowing up at infinity for
semilinear elliptic systems, J. Math. Pure Appl., 81 (2002), 827-846.
http://dx.doi.org/10.1016/s0021-7824(02)01265-5

[4] F. Cirstea, V. Radulescu, Blow-up boundary solutions of semi-
linear elliptic problems, Nonlinear Anal., 48 (2002), 521-534.
http://dx.doi.org/10.1016/s0362-546x(00)00202-9

[5] N. Dancer, Y. Du, Effects of certain degeneracies in the
predator-prey model, SIAM J. Math. Anal., 34 (2002), 292-314.
http://dx.doi.org/10.1137/s0036141001387598



2138 Wanjuan Du and Zhongping Li

[6] W.J. Du, Existence and Uniqueness of large solutions for competitive
type elliptic systems, Int. Journal of Math. Analysis, 7 (2013), 2879-2884.
http://dx.doi.org/10.12988/ijma.2013.36159

[7] W.J. Du, Z.P. Li, Global estimates of large solutions for competitive type
elliptic systems, Journal of guizhou normal university, 30 (2012), 60-64.

[8] J. Garcia-Melian, R. Letelier-Albornoz, J. Sabina de Lis, The
solvability of an elliptic system under a singular boundary
condition, Proc. Roy. Soc. Edinburgh, 136 (2006), 509-546.
http://dx.doi.org/10.1017/s0308210500005047

[9] J. Garcia-Melian, J.D. Rossi, Boundary blow-up solutions to elliptic sys-
tems of competitive type, J. Differential Equations, 206 (2004), 156-181.
http://dx.doi.org/10.1016/j.jde.2003.12.004

[10] J. Garcia-Melian, A. Suarez, Existence and uniqueness of positive large
solutions to some cooperative elliptic systems, Adv. Nonlinear Stud., 3
(2003), 193-206.

[11] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Sec-
ond Order, Springer-Verlag, 1983. http://dx.doi.org/10.1007/978-3-642-
61798-0

[12] J.B. Keller, On solution of ∆u = f(u), Comm. Pure Appl. Math., 10
(1957), 503-510. http://dx.doi.org/10.1002/cpa.3160100402

[13] A.C. Lazer, P.J. McKenna, On a problem of Bieberbach and Rademacher,
Nonlinear Anal., 21 (1993), 327-335. http://dx.doi.org/10.1016/0362-
546x(93)90076-5

[14] J. Lopez-Gomez, Coexistence and metacoexistence for competitive
species, Houston J. Math., 29 (2003), 483-536.

[15] R. Osserman, On the inequality ∆u ≥ f(u), Pacific J. Math., 7 (1957),
1641-1647. http://dx.doi.org/10.2140/pjm.1957.7.1641

[16] M.R. Posteraro, On the solutions of the equation ∆u = eu blowing up on
the boundary, C.R. Acad. Sci. Paris, 322 (1996), 445-450.

[17] H. Rademacher, Einige Besondere Problem Partieller Differentialgle-
ichungen, second ed., Die Differential und Integralgleichungen, der
Mechanik und Physikl, Rosenberg, New York, 1943.

Received: June 23, 2015; Published: September 3, 2015


