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1 Introduction and preliminaries

It is well know that the set of positive real numbers R+ is not complete ac-
cording to the usual metric. To overcome this problem, in 2008, Bashirov et
al. [1] introduced the concept of a multiplicative metric space as follows:

Definition 1.1. Let X be a nonempty set. Multiplicative metric is a map-
ping d : X ×X → R+ satisfying the following conditions:

(i) d(x, y) ≥ 1 for all x, y ∈ X and d(x, y) = 1 if and only if x = y;
(ii) d(x, y) = d(y, x) for all x, y ∈ X;
(iii) d(x, y) ≤ d(x, z) · d(z, y) for all x, y, z ∈ X (multiplicative triangle

inequality).

Example 1.2. ([6]) Let Rn
+ be the collection of all n-tuples of positive real

numbers. Let d : Rn
+ × Rn

+ → R be defined by

d(x, y) =

(∣∣∣∣x1y1
∣∣∣∣ · ∣∣∣∣x2y2

∣∣∣∣ · · · ∣∣∣∣xnyn
∣∣∣∣),

where x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn
+ and | · | : R+ → R+ is defined by

|a| =

{
a if a ≥ 1;
1
a

if a < 1.

Then it is obvious that all conditions of multiplicative metric are satisfied.

Example 1.3. ([9]) Let d : R× R→ [1,∞) be defined by d(x, y) = a|x−y|,
where x, y ∈ R and a > 1. Then d is multiplicative metric.

Remark 1.4. We note that the Example 1.2 is valid for positive real num-
bers and Example 1.3 is valid for all real numbers.

One can refer to [3] and [6] for detailed the multiplicative metric topology.

Definition 1.5. Let (X, d) be a multiplicative metric space. Then a se-
quence {xn} in X said to be

(1) a multiplicative convergent to x if for every multiplicative open ball
Bε(x) = {y | d(x, y) < ε}, ε > 1, there exists a natural number N such that
n ≥ N, then xn ∈ Bε(x), that is, d(xn, x)→ 1 as n→∞.

(2) a multiplicative Cauchy sequence if for all ε > 1, there exists N ∈ N
such that d(xn, xm) < ε for all m,n > N , that is, d(xn, xm)→ 1 as n→∞.

(3) We call a multiplicative metric space complete if every multiplicative
Cauchy sequence in it is multiplicative convergent to x ∈ X.
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Remark 1.6. The set of positive real numbers R+ is not complete according
to the usual metric. Let X = R+ and the sequence {xn} = { 1

n
}. It is obvious

{xn} is a Cauchy sequence in X with respect to usual metric and X is not a
complete metric space since 0 /∈ R+. In case of a multiplicative metric space,
we take a sequence {xn} = {a 1

n}, where a > 1. Then {xn} is a Cauchy sequence
since for n ≥ m,

d(xn, xm) =

∣∣∣∣ xnxm
∣∣∣∣ =

∣∣∣∣ a 1
n

a
1
m

∣∣∣∣ =
∣∣a 1

n
− 1

m

∣∣ ≤ a
1
m
− 1

n < a
1
m < ε if m >

log a

log ε
,

where |a| =

{
a if a ≥ 1,
1
a

if a < 1.
Also, {xn} → 1 as n → ∞ and 1 ∈ R+. Hence

(X, d) is a complete multiplicative metric space.

In 2012, Özavşar and Çevikel [6] gave the concept of multiplicative con-
traction mappings and proved some fixed point theorems in a multiplicative
metric space.

Definition 1.7. Let f be a mapping of a multiplicative metric space (X, d)
into itself. Then f is called a multiplicative contraction if there exists a real
constant λ ∈ [0, 1) such that d(fx, fy) ≤ dλ(x, y) for all x, y ∈ X.

Gu et al. [2] introduced the notion of commuting and weakly commut-
ing mappings in a multiplicative metric space and proved some fixed point
theorems for these mappings as follows:

Definition 1.8. Let f and g be two mappings of a multiplicative metric
space (X, d) into itself. Then f and g are called

(1) commuting if fgx = gfx for all x ∈ X.
(2) weakly commuting if d(fgx, gfx) ≤ d(fx, gx) for all x ∈ X.

Remark 1.9. Notice that commuting mappings are obviously weakly com-
muting. However, the converse need not be true.

In 2004, Rohan et al. [8] introduced the concept of compatible mappings
of type (R) in a metric space as follows:

Definition 1.10. Let f and g be two mappings of a metric space (X, d) into
itself. Then f and g are called compatible of type (R) if limn→∞ d(fgxn, gfxn)
= 0 and limn→∞ d(ffxn, ggxn) = 0, whenever {xn} is a sequence in X such
that limn→∞ fxn = limn→∞ gxn = t for some t ∈ X.

In 2007, Singh and Singh [10] introduced the concept of compatible map-
pings of type (E) in a metric space as follows:
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Definition 1.11. Let f and g be two mappings of a metric space (X, d)
into itself. Then f and g are called compatible of type (E) if limn→∞ ffxn =
limn→∞ fgxn = gt and limn→∞ ggxn = limn→∞ gfxn = ft, whenever {xn} is a
sequence in X such that limn→∞ fxn = limn→∞ gxn = t for some t ∈ X.

In 2014, Jha et al. [4] introduced the concept of compatible mappings of
type (K) in a metric space as follows:

Definition 1.12. Let f and g be two mappings of a metric space (X, d) into
itself. Then f and g are called compatible of type (K) if limn→∞ d(ffxn, gt) = 0
and limn→∞ d(ggxn, ft) = 0, whenever {xn} is a sequence in X such that
limn→∞ fxn = limn→∞ gxn = t for some t ∈ X.

In 1998, Pant [7] defined the concept of continuity by defining the concept
of reciprocally continuous mappings as follows:

Definition 1.13. Let f and g be two mappings of a metric space (X, d) into
itself. Then f and g are called reciprocally continuous if limn→∞ fgxn = ft and
limn→∞ gfxn = gt, whenever {xn} is a sequence in X such that limn→∞ fxn =
limn→∞ gxn = t for some t ∈ X.

If f and g are both continuous, then they are obvious reciprocally contin-
uous but the converse is not true.

2 Properties of compatible mappings of types

Recently, Kang et al. [5] introduced the notion of compatible mappings and
its variants in a multiplicative metric space.

Now we introduce the notions of compatible mappings of types in the set-
ting of a multiplicative metric space as follows:

Definition 2.1. Let f and g be two mappings of a multiplicative metric
space (X, d) into itself. Then f and g are called

(1) compatible of type (R) if limn→∞ d(fgxn, gfxn) = 1 and limn→∞ d(ffxn,
ggxn) = 1, whenever {xn} is a sequence in X such that limn→∞ fxn =
limn→∞ gxn = t for some t ∈ X.

(2) compatible of type (K) if limn→∞ d(ffxn, gt) = 1 and limn→∞ d(ggxn, ft)
= 1, whenever {xn} is a sequence in X such that limn→∞ fxn = limn→∞ gxn =
t for some t ∈ X.

(3) compatible of type (E) if limn→∞ ffxn = limn→∞ fgxn = gt and
limn→∞ ggxn = limn→∞ gfxn = ft, whenever {xn} is a sequence in X such
that limn→∞ fxn = limn→∞ gxn = t for some t ∈ X.
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Definition 2.2. Let f and g be two mappings of a multiplicative metric
space (X, d) into itself. Then f and g are called reciprocally continuous if
limn→∞ fgxn = ft and limn→∞ gfxn = gt, whenever {xn} is a sequence in X
such that limn→∞ fxn = limn→∞ gxn = t for some t ∈ X.

Now we give some properties related to compatible mappings of type (R)
and type (E).

Proposition 2.3. Let f and g be compatible mappings of type (R) of a
multiplicative metric space (X, d) into itself. If ft = gt for some t ∈ X, then
fgt = fft = ggt = gft.

Proof. Suppose that {xn} is a sequence in X defined by xn = t, n = 1, 2, . . .
for some t ∈ X and ft = gt. Then we have fxn, gxn → ft as n→∞. Since f
and g are compatible of type (R), we have

d(fgt, gft) = lim
n→∞

d(fgxn, gfxn) = 1.

Hence we have fgt = gft. Therefore, since ft = gt, we have fgt = fft =
ggt = gft. This completes the proof.

Proposition 2.4. Let f and g be compatible mappings of type (R) of a
multiplicative metric space (X, d) into itself. Suppose that limn→∞ fxn =
limn→∞ gxn = t for some t ∈ X. Then

(a) limn→∞ gfxn = ft if f is continuous at t.
(b) limn→∞ fgxn = gt if g is continuous at t.
(c) fgt = gft and ft = gt if f and g are continuous at t.

Proof. (a) Suppose that f is continuous at t. Since limn→∞ fxn = limn→∞ gxn
= t for some t ∈ X, we have ffxn, fgxn → ft as n → ∞. Since f and g are
compatible of type (R), we have

lim
n→∞

d(gfxn, ft) = lim
n→∞

d(gfxn, fgxn) = 1.

Therefore, limn→∞ gfxn = ft. (a) holds.
(b) The proof of limn→∞ fgxn = gt follows by similar arguments as in (a).
(c) Suppose that f and g are continuous at t and {xn} is a sequence in X

defined xn = t (n = 1, 2, . . .) for some t ∈ X Since gxn → t as n → ∞ and f
is continuous at t, by (a), gfxn → ft as n→∞. On the other hand, g is also
continuous at t, gfxn → gt. Thus, we have ft = gt by the uniqueness of limit
and so by Proposition 2.3, fgt = gft. This completes the proof.

Proposition 2.5. Let f and g be compatible mappings of type (E) of a
multiplicative metric space (X, d) into itself. Let one of f and g be continuous.
Suppose that limn→∞ fxn = limn→∞ gxn = t for some t ∈ X. Then

(a) ft = gt and limn→∞ ffxn = limn→∞ ggxn = limn→∞ fgxn = limn→∞ gfxn.
(b) If there exists u ∈ X such that fu = gu = t, then fgu = gfu.
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Proof. (a) Let {xn} be a sequence in X such that limn→∞ fxn = limn→∞ gxn =
t for some t ∈ X. Then by definition of compatible mappings of type (E), we
have

lim
n→∞

ffxn = lim
n→∞

fgxn = gt.

If f is continuous, then we get

lim
n→∞

ffxn = ft = lim
n→∞

ggxn = lim
n→∞

gfxn,

which implies that ft = gt. Also,

lim
n→∞

ffxn = lim
n→∞

ggxn = lim
n→∞

fgxn = lim
n→∞

gfxn.

Similarly, if g is continuous, then we get the same result.
(b) Next, suppose that fu = gu = t for some u ∈ X. Then

fgu = f(gu) = ft and gfu = g(fu) = gt

and from (a), we have ft = gt. Hence fgu = gfu. This completes the proof.

3 Main results

In 2014, He et al. [3] proved the common fixed points for two pairs of weak
commutative mappings in a complete multiplicative metric space as follow:

Theorem 3.1. Let A,B, S and T be mappings of a complete multiplicative
metric space (X, d) into itself satisfying the following conditions:

(C1) SX ⊂ BX, TX ⊂ AX;

(C2)
d(Sx, Ty) ≤ [max{d(Ax,By), d(Ax, Sx), d(By, Ty),

d(Sx,By), d(Ax, Ty)}]λ,

for all x, y ∈ X, where λ ∈
(
0, 1

2

)
;

(C3) one of the mappings A,B, S and T is continuous.
Assume that the pairs A, S and B, T are weakly commuting. Then A,B, S

and T have a unique common fixed point.

Now we prove the following theorem for compatible mappings of type (R).

Theorem 3.2. Let A,B, S and T be mappings of a complete multiplicative
metric space (X, d) into itself satisfying the conditions (C1), (C2) and (C3).

Assume that the pairs A, S and B, T are compatible of type (R). Then
A,B, S and T have a unique common fixed point.
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Proof. Since SX ⊂ BX. Now consider a point x0 ∈ X, there exists x1 ∈ X
such that Sx0 = Bx1 = y0 for this point x1 there exists x2 ∈ X such that
Tx1 = Ax2 = y1. Continuing in this way, we can define a sequence {yn} in X
such that

y2n = Sx2n = Bx2n+1, y2n+1 = Tx2n+1 = Ax2n+2.

From the proof of [3, Theorem 3.1], {yn} is a multiplicative Cauchy sequence in
X and hence it converges to some point z ∈ X. Consequently, the subsequence
{Sx2n}, {Bx2n+1}, {Tx2n+1} and {Ax2n} of {yn} also converge to z.

Now, suppose that A is continuous. Since A and S are compatible of type
(R), by Preposition 2.4, AAx2n and SAx2n converge to Az as n→∞.

We claim that z = Az. Putting x = Ax2n and y = x2n+1 in inequality (C2)
we have

d(SAx2n, Tx2n+1) ≤ [max{d(AAx2n, Bx2n+1), d(AAx2n, SAx2n),

d(Bx2n+1, Tx2n+1), d(SAx2n, Bx2n+1),

d(AAx2n, Tx2n+1)}]λ.

Letting n→∞, we have

d(Az, z) ≤ [max{d(Az, z), d(Az,Az), d(z, z), d(Az, z), d(Az, z)}]λ

= dλd(Az, z),

which implies that Az = z.
Next we claim that Sz = z. Putting x = z and y = x2n+1 in (C2) we have

d(Sz, Tx2n+1) ≤ [max{d(Az,Bx2n+1), d(Az, Sz), d(Bx2n+1, Tx2n+1),

d(Sz,Bx2n+1), d(Az, Tx2n+1)}]λ.

Letting n→∞, we have

d(Sz, z) ≤ [max{d(z, z), d(z, Sz), d(z, z), d(Sz, z), d(z, z)}]λ

= dλd(Sz, z),

which implies that Sz = z. Since SX ⊂ BX and hence there exists a point
u ∈ X such that z = Sz = Bu.

We claim that z = Tu. Putting x = z and y = u in (C2) we have

d(z, Tu) = d(Sz, Tu)

≤ [max{d(Az,Bu), d(Az, Sz), d(Bu, Tu),

d(Sz,Bu), d(Az, Tu)}]λ

= [max{d(z, z), d(z, z), d(z, Tu), d(z, z), d(z, Tu)}]λ

= dλd(z, Tu),
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which impies that z = Tu. Since B and T are compatible of type (R) and
Bu = Tu = z, by Proposition 2.3, BTu = TBu and hence Bz = BTu =
TBu = Tz. Also, we have

d(z,Bz) = d(Sz, Tz)

≤ [max{d(Az,Bz), d(Az, Sz), d(Bz, Tz),

d(Sz,Bz), d(Az, Tz)}]λ

= [max{d(z,Bz), d(z, z), d(Bz,Bz), d(z,Bz), d(z,Bz)}]λ

= dλd(z, Tz),

which implies that z = Bz. Hence, z = Bz = Tz = Az = Sz. Therefore, z is
a common fixed point of A, S,B and T.

Similarly, we can complete the proof when B is continuous.
Next, suppose that S is continuous. Since A and S are compatible of type

(R), by Preposition 2.4, SSx2n and Sx2n converge to Sz as n→∞.
We claim that z = Sz. Putting x = Sx2n and y = x2n+1 in (C2) we have

d(SSx2n, Tx2n+1) ≤ [max{d(ASx2n, Bx2n+1), d(ASx2n, SSx2n),

d(Bx2n+1, Tx2n+1), d(SSx2n, Bx2n+1),

d(ASx2n, Tx2n+1)}]λ.

Letting n→∞, we get

d(Sz, z) ≤ [max{d(Sz, z), d(Sz, Sz), d(z, z), d(Sz, z), d(Sz, z)}]λ

= dλd(Sz, z),

which implies that Sz = z. Since SX ⊂ BX and hence there exists a point v
in X such that z = Sz = Bv.

We claim that z = Tv. Putting x = Sx2n and y = v in (C2) we have

d(SSx2n, T v) ≤ [max{d(ASx2n, Bv), d(ASx2n, SSx2n), d(Bv, Tv),

d(SSx2n, Bv), d(ASx2n, T v)}]λ.

Letting n→∞, we have

d(z, Tv) ≤ [max{d(z, z), d(z, z), d(z, Tv), d(z, z), d(z, Tv)}]λ

= dλd(z, Tv),

which implies that z = Tv. Since B and T are compatible of type (R) and
Bv = Tv = z, by Proposition 2.3, BTv = TBv and hence Bz = BTv =
TBv = Tz.
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We claim that z = Tz. Putting x = x2n and y = z in (C2) we have

d(Sx2n, T z) ≤ [max{d(Ax2n, Bz), d(Ax2n, Sx2n), d(Bz, Tz),

d(Sx2n, Bz), d(Ax2n, T z)}]λ.

Letting n→∞, we have

d(z, Tz) ≤ [max{d(z, Tz), d(z, z), d(Tz, Tz), d(z, Tz), d(z, Tz)}]λ

= dλd(z, Tz),

which implies that z = Tz. Since TX ⊂ AX, there exists a point w in X such
that z = Tz = Aw.

We claim that z = Sw. Putting x = w and y = z in (C2) we have

d(Sw, z) = d(Sw, Tz)

≤ [max{d(Aw,Bz), d(Aw, Sw), d(Bz, Tz),

d(Sw,Bz), d(Aw, Tz)}]λ

= [max{d(z, z), d(z, Sw), d(Tz, Tz), d(Sw, z), d(z, z)}]λ

= dλd(z, Tz),

which implies that Sw = z. Since A and S are compatible of type (R) and
Sw = Aw = z, by Proposition 2.3, ASw = SAw and hence Az = ASw =
SAw = Sz. That is, z = Az = Sz = Bz = Tz. Therefore, z is a common fixed
point of A, S,B and T.

Similarly, we can complete the proof when T is continuous.
Uniqueness follows easily. This completes the proof.

Next we prove the following theorem for compatible mappings of type (K).

Theorem 3.3. Let A,B, S and T be mappings of a complete multiplicative
metric space (X, d) into itself satisfying the conditions (C1) and (C2). Suppose
that the pairs A, S and B, T are reciprocally continuous.

Assume that the pairs A, S and B, T are compatible of type (K). Then
A,B, S and T have a unique common fixed point.

Proof. From the proof of Theorem 3.2, {yn} is a multiplicative Cauchy se-
quence in X and hence it converges to some point z ∈ X. Consequently, the
subsequence {S2n}, {B2n+1}, {T2n+1} and {A2n} of {yn} also converge to z.

Since the pairs A, S and B, T are compatible of type (K), we have AAx2n →
Sz, SSx2n → Az and BBx2n → Tz, TTx2n+1 → Bz as n→∞.

We claim that Bz = Az. Putting x = Sx2n and y = Tx2n+1 in (C2) we
have

d(SSx2n, TTx2n+1) ≤ [max{d(ASx2n, BTx2n+1), d(ASx2n, SSx2n),

d(BTx2n+1, TTx2n+1), d(SSx2n, BTx2n+1),

d(ASx2n, TTx2n+1)}]λ.
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Letting n→∞ and using reciprocal continuity of the pairs A, S and B, T
we have

d(Az,Bz) ≤ [max{d(Az,Bz), d(Az,Az), d(Bz,Bz),

d(Az,Bz), d(Az,Bz)}]λ

= dλd(Az,Bz),

which implies that d(Az,Bz) = 1 and hence Az = Bz.
Next we claim that Sz = Bz. Putting x = z and y = Tx2n+1 in (C2) we

have

d(Sz, TTx2n+1) ≤ [max{d(Az,BTx2n+1), d(Az, Sz), d(BTx2n, TTx2n+1),

d(Sz,BTx2n+1), d(Az, TTx2n+1)}]λ.

Letting n→∞, and using reciprocal continuity of the pairs A, S and B, T
we have

d(Sz,Bz) ≤ [max{d(Bz,Bz), d(Bz, Sz), d(Bz,Bz),

d(Sz,Bz), d(Bz,Bz)}]λ

= dλ(Sz,Bz),

which implies that Sz = Bz.
We claim that Sz = Tz. Putting x = z and y = z in (C2) we have

d(Sz, Tz) ≤ [max{d(Az,Bz), d(Az, Sz), d(Bz, Tz),

d(Sz,Bz), d(Az, Tz)}]λ

= [max{1, 1, d(Sz, Tz), 1, d(Sz, Tz)}]λ

= dλ(Sz, Tz),

which implies that Sz = Tz.
We claim that z = Tz. Putting x = x2n and y = z in (C2) we have

d(Sx2n, T z) ≤ [max{d(Ax2n, Bz), d(Ax2n, Sx2n), d(Bz, Tz),

d(Sx2n, Bz), d(Ax2n, T z)}]λ.

Letting n→∞, we have

d(z, Tz) ≤ [max{d(z,Bz), d(z, z), 1, d(z,Bz), d(z, Tz)}]λ

= [max{d(z, Tz), 1, 1, d(z, Tz), d(z, Tz)}]λ

= dλ(z, Tz),

which implies that z = Tz. Hence, z = Az = Bz = Sz = Tz. Therefore, z is
common fixed point of A,B, S and T.

Uniqueness follows easily. This completes the proof.
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Finally, we prove the following theorem for compatible mappings of type
(E).

Theorem 3.4. Let A,B, S and T be mappings of a complete multiplicative
metric space (X, d) into itself satisfying the conditions (C1) and (C2). Suppose
that one of A and S is continuous, and one of B and T is continuous.

Assume that the pairs A, S and B, T are compatible of type (E). Then
A,B, S and T have a unique common fixed point.

Proof. From the proof of Theorem 3.2, {yn} is a multiplicative Cauchy se-
quence in X and hence it converges to some point z ∈ X. Consequently, the
subsequence {Sx2n}, {Bx2n+1}, {Tx2n+1} and {Ax2n} of {yn} also converge
to z.

Now suppose that A and S are compatible of type (E) and one of mappings
A and S is continuous. Then by Proposition 2.5, we have Az = Sz. Since
SX ⊂ BX, there exists a point w in X such that Sz = Bw. Putting x = z
and y = w in (C2) we have

d(Sz, Tw) ≤ [max{d(Az,Bw), d(Az, Sz), d(Bw, Tw),

d(Sz,Bw), d(Az, Tw)}]λ

= [max{d(Az, Sz), d(Sz, Sz), d(Sz, Tw),

d(Sz,Bw), d(Sz, Tw)}]λ

= dλ(Sz, Tw),

which implies that d(Sz, Tw) = 1 and hence Sz = Tw. Thus we have Az =
Sz = Tw = Bw. Putting x = z and y = x2n+1 in (C2) we have

d(Sz, Tx2n+1) ≤ [max{d(Az,Bx2n+1), d(Az, Sz), d(Bx2n+1, Tx2n+1),

d(Sz,Bx2n+1), d(Az, Tx2n+1)}]λ.

Letting n→∞, we have

d(Sz, z) ≤ [max{d(Sz, z), 1, d(z, z), d(Sz, z), d(Sz, z)}]λ

= dλ(Sz, z),

which implies that d(Sz, z) = 1, that is, Sz = z. Therefore, z is a common
fixed point of A and S.

Again, suppose that B and T are compatible of type (E) and one of map-
pings B and T is continuous. Then we get Bw = Tw = z. By Proposition 2.5,
we have BBw = BTw = TBw = TTw, that is, Bz = Tz. Putting x = x2n
and y = z in (C2) we have

d(Sx2n, T z) ≤ [max{d(Ax2n, Bz), d(Ax2n, Sx2n), d(Bz, Tz),

d(Sx2n, Bz), d(Ax2n, T z}]λ.
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Letting n→∞, we have

d(z, Tz) ≤ [max{d(z, Tz), d(z, z), d(Tz, Tz), d(z, Tz), d(z, Tz)}]λ

= dλ(z, Tz),

which implies that d(z, Tz) = 1, that is, Tz = z. Thus we have Tz = Bz = z.
Therefore, z is a common fixed point of B and T. Hence, z is a common fixed
point of A,B, S and T.

Uniqueness can be easily follows. This completes the proof.
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