
International Journal of Mathematical Analysis
Vol. 9, 2015, no. 30, 1489 - 1498
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/ijma.2015.54123

On Basicity of the System of Solutions of

the Cauchy Problem for the Sturm-Liouville

Equation in the Generalized Lebesgue Space

Togrul R. Muradov

Institute of Mathematics and Mechanics of
NAS of Azerbaijan, Baku, Azerbaijan

Copyright c© 2015 Togrul R. Muradov. This article is distributed under the Creative

Commons Attribution License, which permits unrestricted use, distribution, and reproduc-

tion in any medium, provided the original work is properly cited.

Abstract

We consider the Cauchy problems with spectral parameter for two
types of the Sturm-Liouville operator. It‘s proved that the sequence
of values for the spectral parameter can be chosen so that the corre-
sponding system of solutions forms an isomorphic basis to the classical
trigonometrical systems in the Lebesgue space with variable summabil-
ity index.
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1 Introduction

Consider the differential expression Lλ of the Sturm-Liouville problem

Lλy = −y′′(t) + (q(t)− λ)y(t), t ∈ (0, π),

with spectral parameter λ ∈ C (C is a complex plane). The different spectral
problems relatively to Lλ in the various functional spaces are sufficiently well
studied. The essence is to find the spectrum and the corresponding resolution
of identity. It should be noted that recently the interest to studying of spectral
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problems for Lλ is increased, when the spectral parameter enters into the
boundary conditions. Basically, this tendency began to rapid develop after
the works [17, 16, 18]. In [12] the problem is otherwise. Namely, the Cauchy
problem for the homogeneous equation Lλ = 0, depending on the parameter
λ is considered. Finding the conditions on the sequence {λn}n∈N , when the
corresponding family of solutions forms a Riesz basis in L2.

It should be noted that recently in connection with some specific prob-
lems of mechanics and mathematical physics the interest to study of one or
another questions in the generalized Lebesgue Lp(·) and Sobolev Wm

p(·) spaces
is greatly increased. The interest aroused, apart from mathematical curiosity,
by possible applications to models with the so called non-standard growth in
fluid mechanics, elasticity theory, in differential equations, see for example,
[25, 10, 19, 20] and references therein.

Applying the Fourier method to solve many problems for partial differential
equations leads to the study of spectral problems for Sturm-Liouville equation.
In this paper we consider the Cauchy problems Lλu = 0 in the spaces Lp(·).
We study the basicity of the system of solutions in Lp(·). The obtained results
include the results of work [12]. Propose a different method of investigation
of the basis (as the method of investigation [12] in this case is not applicable).
Thus it uses the results with respect to the basis properties (completeness,
minimality, basicity, etc.) of perturbed trigonometric systems in Lebesgue
spaces. Numerous works of various authors (see. e.g. [23, 24, 26, 1, 2, 3, 4, 5, 6])
are devoted to this direction. Basicity of trigonometric systems with linear
perturbation is studied in generalized Lebesgue spaces in [7, 8, 28].

2 Necessary facts

We first provide some notations and facts from the theory of Lp(·) spaces and
close bases. At first we define Lp(·) space.

Let p : [0, π] → [1,+∞) be a Lebesgue measurable function. Denote by
L0 the set of all measurable (with respect to Lebesgue measure ) on [0, π]

functions. We put Ip (f) ≡
∫ π

0
|f (t)|p(t) dt. Let L ≡ {f ∈ L0 : Ip (f) < +∞}.

L becomes a linear space with the usual linear operations. For 1 ≤ p− ≤ p+ <
+∞ the space L is Banach with a norm ‖·‖p(·):

‖f‖p(·) ≡ inf

{
λ > 0 : Ip

(
f

λ

)
≤ 1

}
,

where p± = sup vrai
(0,π)

p±1 (t) (see, e.f., [29, 21, 11]). Denote this space by Lp(·).
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Consider the following weak Lipschitz class WLπ:

WLπ ≡
{
p : p (−π) = p (π) , ∃c > 0; ∀t1, t2 ∈ [0, π] , |t1 − t2| ≤ 1

2
⇒

⇒ |p (t1)− p (t2)| ≤ c
− ln|t1−t2|

}
.

Denote by q (t) the conjugate of p (t) : 1
p(t)

+ 1
q(t)
≡ 1. Let us give some facts

from this theory. The generalized Holder inequality∫ π

0

|f (t) g (t)| dt ≤ c
(
p−; p+

)
‖f‖p(·) ‖g‖q(·) ,

holds, where c (p−; p+) = 1 + 1
p−
− 1

p+
. The following property is true.

Property A. If |f (t)| ≤ |g (t)| a.e. in (0, π), then ‖f‖p(·) ≤ ‖g‖p(·).
It is easy to see that there holds

Proposition 2.1. Let p ∈ WLπ, p
− > 0. A function ρ (t) =

∏m
k=1 |t− tk|

αk

({tk} ⊂ [0, π] , ti 6= tj, for i 6= j; {αk} ⊂ R ) belongs to Lp(·) if αk >
− 1
p(tk)

, k = 1,m.

We also need some facts from the theory of close bases. We accept the
following standard notations.

B-space is a Banach space; X∗ is a space conjugated to X ; f (x) means
value of the functional f in x for (f ; x) ∈ X∗ × X ; N are natural numbers;
Z are integers; C is a complex plane; Z+ = N

⋃
{0}; ⇒ means follows; ⇔

−equivalent; cardM−number of elements of M ; δik is the Kronecker symbol.

Definition 2.2. A system {xn}n∈N ⊂ X is called ω-linearly independent in
B-space X, if

∑∞
n=1 anxn = 0⇒ an = 0, ∀n ∈ N .

It is easy to establish validity of the following statement.

Proposition 2.3. Let X be a B-space with a basis {xn}n∈N ⊂ X and
F : X → X be a Fredholm operator ( i.e., index of the operator F is equal to
zero). Then the following properties of {yn}n∈N : yn = Fxn, ∀n ∈ N , in X
are equivalent:

1. {yn}n∈N is complete;

2. {yn}n∈N is minimal;

3. {yn}n∈N is ω-linearly independent;

4. {yn}n∈N is the basis isomorphic to {xn}n∈N .

There holds the following
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Lemma 2.4. Let X be a B-space with a basis {xn}n∈N and {yn}n∈N ⊂ X :
card {n : xn 6= yn} < +∞. Then the linear operator F : X → X, defined as

F (·) =
∞∑
n=1

x∗n (·) yn,

is Fredholm, where the system {x∗n}n∈N ⊂ X∗ is conjugate to {xn}n∈N system.

Indeed, we have

Fx =
∞∑
n=1

x∗n (x)xn +
∞∑
n=1

x∗n (x) (yn − xn) = (I + T ) (x) ,

where I : X → X is an identity operator and Tx =
∑∞

n=1 x
∗
n (x) (yn − xn). It

is clear that the operator T is finite dimensional and as a result, F = I + T is
Fredholm.

Using this lemma and Proposition 2.3 we have following

Corollary 2.5. Let X be B-space with a basis {xn}n∈N and {yn}n∈N ⊂
⊂ X : card {n : xn 6= yn} < +∞. Then the properties 1)-4) of {yn}n∈N in
Proposition 2.1 are equivalent.

Using the results in [14, 27] it is easy to prove the following

Theorem 2.6. Let the system {cosλnx}n∈N ({sinλnx}n∈N) is complete in
Lp(·) , 1 ≤ p− ≤ p+ < +∞. Then the system {cosµnx}n∈N ({sinµnx}n∈N) is
also complete in Lp(·) , if card {n : λn 6= µn} < +∞ and µi 6= ±µj, for i 6= j.

We will also use the concept of the space of coefficients. We define it as
follows. Let ~x ≡ {xn}n∈N ⊂ X be a non-degenerate system in a B-space X,
i.e. xn 6= 0, ∀n ∈ N. Define

K~x ≡

{
{λn}n∈N : the series

∞∑
n=1

λnxn is convergent in X

}
.

Introduce the norm in K~x:∥∥∥~λ∥∥∥
K~x

= sup
m

∥∥∥∥∥
m∑
n=1

λnxn

∥∥∥∥∥ , where~λ = {λn}n∈N .

With respect to the usual operations of addition and multiplication by a com-
plex number, K~x is a Banach space. Take ∀~λ ∈ K~x and consider the operator
T : K~x → X:

T~λ =
∞∑
n=1

λnxn, ~λ = {λn}n∈N .

Denote by {en}n∈N ⊂ K~x a canonical system in K~x, where en = {δnk}k∈N. It
is absolutely clear that Ten = xn, ∀n ∈ N. The following statement is true.
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Corollary 2.7. Space of coefficients K~x is a Banach space with the canon-
ical basis {en}n∈N. Moreover, the system ~x forms a basis for X ⇔ T performs
an isomorphism between K~x and X.

More information about the above facts can be found in [13, 30, 31, 9].

3 Close bases of cosines and sines in Lp(·)

We denote the sequence {λn}n∈Z+
⊂ C : λ̄ ≡ {λn}n∈Z+

by λ̄. Let cλ̄ ≡
{cosλnx}n∈Z+

, sλ̄ ≡ {sinλnx}n∈N . Denote by Kp(·)
(
{fn}n∈N

)
the space of

coefficients of the basis {fn}n∈N in the space Lp(·) . If the basis {fn}n∈N and

{gn}n∈N are isomorphic in Lp(·) , we denote this as {fn}n∈N
p(·)∼ {gn}n∈N . The

following proposition is true.

Proposition 3.1. {fn}n∈N
p(·)∼ {gn}n∈N if and only if Kp(·)

(
{fn}n∈N

)
≡

≡ Kp(·)
(
{gn}n∈N

)
.

Let λ̄; µ̄ ⊂ C are some sequences. Denote by p̃ : p̃ = min {p−; 2}. There
holds the following

Theorem 3.2. Let cλ̄ forms an isomorphic to {cosnx}n∈Z+ basis in Lp(·).

Assume that p ∈ WLπ, p
− > 1, and

∑
n |λn − µn|

p̃ < +∞. If µi 6= ±µj, for
i 6= j, then cµ̄ is also a basis in Lp(·) isomorphic to the basis {cosnx}n∈Z+

.

Proof. Everywhere we will denote constants without an index by c, gen-
erally speaking, different in different inequalities. There holds

|cosλnx− cosµnx| ≤ c |λn − µn| .

Then according to Property A we have∑
n

‖cosλnx− cosµnx‖p̃p(·) ≤ c
∑
n

|λn − µn|p̃ < +∞. (1)

Denote by P the automorphism in Lp(·) , which transforms the basis cλ̄ to
{cosnx}n∈Z+

. We take f ∈ Lp(·) and put g = Pf . Let {fn}n∈Z+ is a system of
biorthogonal coefficients of function f by the system cλ̄. Therefore {fn}n∈Z+ is
a system of biorthogonal coefficients of function g by the system {cosnx}n∈Z+

.
Consider the expression∑

n

(cosλnt− cosµnt) (Pf ; cosnx) , (2)
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where (f ; g) =
∫ π

0
f (t) g (t)dt. We have

‖
∑

n (cosλnt− cosµnt) fn‖p(·) ≤
∑

n ‖cosλnt− cosµnt‖p(·) |fn| ≤

≤
(∑

n ‖cosλnt− cosµnt‖p̃p(·)
) 1

p̃
(∑

n |fn|
q̃
) 1

q̃
,

where 1
p̃

+ 1
q̃

= 1. It‘s obvious that 1 < p̃ ≤ 2. Then by the Hausdorff-Young

theorem [32] we have (∑
n

|fn|q̃
) 1

q̃

≤ c ‖Pf‖p̃ ≤ c ‖f‖p̃ .

Since , p̃ ≤ p−, then continuous embeddings Lp(·) ⊂ Lp− ⊂ Lp̃ imply the
estimate ‖f‖p̃ ≤ c ‖f‖p(·). We get∥∥∥∥∥∑

n

(cosλnt− cosµnt) fn

∥∥∥∥∥
p(·)

≤ c

(∑
n

‖cosλnt− cosµnt‖p̃p(·)

) 1
p̃

‖f‖p(·) . (3)

From (1), (3) we obtain that the expression (2) is a function from Lp(·) , denote
it by Tf . Define

δn0 =

(∑
n>n0

‖cosλnt− cosµnt‖p̃
) 1

p̃

.

We put

ωn =

{
λn , n ≤ n0 ,
µn , n > n0 .

Consequently ∥∥∥∥∥∑
n

(cosλnt− cosωnt) fn

∥∥∥∥∥
p(·)

≤ cδn0 ‖f‖p(·) . (4)

It‘s clear that there exists n0 ∈ N such that cδn0 < 1. Let T̃ be the operator

T̃ f =
∑
n

(cosλnt− cosωnt) (Pf ; cosnx) .

From (4) we obtain
∥∥∥T̃∥∥∥ < 1. Denote by {ϑn}n∈Z+

⊂ Lq(·) the system biorthog-

onal to the system cλ̄. We have fn = (Pf ; cosnx) = (f ;ϑn),∀n ∈ Z+. The op-

erator
(
I − T̃

)
is invertible in Lp(·) and moreover

(
I − T̃

)
(cosλnt) = cosωnt,

∀n ∈ Z+. Thus the system cω̄ is a basis in Lp(·) isomorphic to cλ̄. It‘s clear that
the systems cω̄ and cµ̄ differ by finite number of elements. The result follows
from Theorem 2.6.

The theorem is proved.
Similar statement holds for the system of sines.
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Theorem 3.3. Let sλ forms an isomorphic to {sinnx}n∈N basis for Lp(·),

p ∈ WLπ, p
− > 1 and

∑
n |λn − µn|

p̃ < +∞. If µi 6= ±µj, for i 6= j, then sµ̄
also forms a basis in Lp(·) isomorphic to {sinnx}n∈N .

4 Bases in Lp(·) consisting of the solutions of

the Cauchy problem for the Sturm-Liouville

equation

Consider the Cauchy problem

Lλu (t) = 0 , t ∈ (0, π) , (5)

u (0) = 1 , u′ (0) = λ , (6)

where λ is a constant.

Theorem 4.1. The system of solutions {u (x, λn)}n∈Z+
of the problem (5)-

(6) corresponding to the sequence {λn}n∈Z+
forms a basis for Lp(·) isomorphic

to the system {cosλnx}n∈Z+ only if the system of cosines cλ̄ forms a basis for
Lp(·) isomorphic to {cosλnx}n∈Z+.

Indeed, it is well known that the following representation is true

u (x, λn) = cosλnx+

∫ x

0

K (x, t) cosλnt dt, (7)

where K(x, t) is continuous kernel on [0, π] × [0, π]. See, for example, the
monograph [22]. Then the truth of the theorem follows from (7). In fact,
denote by K : Lp(·) → Lp(·) the following integral operator

(Kf) (x) =

∫ x

0

K (x, t) f (t) dt, x ∈ [0, π] .

Let I : Lp(·) → Lp(·) be an identity operator. From the continuity of
the kernel K (·; ·), it follows that K is a completely continuous operator with
spectrum {0}. Therefore, it is clear that the operator (I +K) is invertible in
Lp(·), and furthermore, as follows from (7) we have

u (x, λn) = (I +K) cosλnx,∀n ∈ Z+.

This immediately implies the assertion.
We have similar statement for the Cauchy problem

Lλu (t) = 0 , t ∈ (0, π) , (8)

u (0) = 0 , u′ (0) = λ. (9)
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Theorem 4.2. The system of solutions {u (x, λn)}n∈N of the Cauchy prob-
lem (8) − (9) forms a basis for Lp(·) isomorphic to {sinnx}n∈N only if the
system sλ̄ forms a basis for Lp(·) isomorphic to {sinnx}n∈N .

Validity of this theorem follows from the relation

u (x, λn) = sinλnx+

∫ x

0

R (x, t) sinλnt dt,

where R (x, t) is continuous on [0, π] × [0, π] ( see. [22]). A further reasoning
is given in the previous case.

It should be noted that in the particular case p (t) ≡ 2, we obtain the re-
sults in [12] and in the case p (·) ≡ const we obtain the results of [15].
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