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Abstract

We study contra semi-I-continuity, contra I-irresolute, semi-I-T2 space, semi-I-

normal space, semi-I-connected space and ∗-hyperconnectedness through this paper

and discuss some characterizations of these topics. Again we introduce and study a

new type of invariant in topological spaces.
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1. Introduction

The subject of ideals in topological spaces has been studied by Kuratowski
[17] and Vaidyanathaswamy [24]. An ideal on a topological space (X, τ) is
defined as a non-empty collection I of subsets of X satisfying two conditions:

(1) If A ∈ I and B ⊆ A, then B ∈ I;
(2) If A ∈ I and B ∈ I, then A ∪B ∈ I.
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An ideal topological space is a topological space (X, τ) with an ideal I on
X, and is denoted by (X, τ, I). For a subset A ⊆ X, the set
A∗(I) = {x ∈ X : U ∩A /∈ I for every U ∈ τ with x ∈ U}, is called the local

function of A with respect to I and τ [16]. We simply write A∗ instead of A∗(I)
in case there is no chance of confusion. It is well known that Cl∗(A) = A∪A∗

defines a Kuratowski closure operator for τ ∗(I) [16].
In 2010, Mustafa [22] introduced a new class of functions called contra semi-

I-continuous functions. He have obtained so many characterizations of semi-I-
normal property, semi-I-T2 property and semi-I-connected property with the
help of this contra semi-I-continuous notion. In this paper, we further consider
these concepts and interrelate with earlier notions in literature. Actually we
explore some new concepts which have been defined in [22] with help of a
simple restriction on the ideal.

We also study Ekici and Noiri’s ∗-hyperconnected space [11] and some results
redundant in the same space. That is, we shall show, these results are hold in
hyperconnected spaces.

Finally we introduce and study a new type of invariant.
Throughout this paper, for a subset A of a topological space (X, τ), Cl(A)

and Int(A) denote the closure and interior of A, respectively.
Before starting the main section we consider the following definitions form

literature:

Definition 1.1. A subset A of an ideal topological space (X, τ, I) is said to
be semi-I-open [13](resp. pre-I-open [4,6], β-I-open [13], semi-open [18], semi-
preopen [1]) if A ⊆ Cl∗(Int(A))(resp. A ⊆ Int(Cl∗(A), A ⊆ Cl(Int(Cl∗(A))),
A ⊆ Cl(Int(A), A ⊆ Cl(Int(Cl(A)))). The complement of a semi-I-open(resp.
semi-open, pre-I-open) set is said to semi-I-closed(resp. semi-closed, pre-I-
closed). If a set is semi-I-open and semi-I-closed, then it is said semi-I-clopen
[22].

The collection of all semi-I-open(resp. pre-I-open, β-I-open, semi-open,
semi-preopen) sets in (X, τ, I) is denoted by SIO(X)(resp. PIO(X), βIO(X),
SO(X), SPO(X)).

Hayashi in [15], Jankovic and Hamlett in [16] considered ideals in (X, τ)
satisfying I ∩ τ = {φ}. However the following is due to Ganster et al.

Definition 1.2. An ideal I in a space (X, τ, I) is called codense [8] if I ∩ τ =
{φ}.

Definition 1.3. Given a topological space (X, τ, I), the ideal I is said to be
compatible with τ [16], denoted by I ∼ τ , if the following condition is satisfied
for each A ⊂ X: If for every a ∈ A there exists a neighbourhood U of a such
that U ∩ A ∈ I then A ∈ I, i.e., a set A locally in I belongs to I.
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2. Contra semi-I-continuous functions

Lemma 2.1 ([20]). For O ∈ τ in a space (X, τ, I), if I is codense, then
O∗ = Cl(O).

Using this concept, Modak and Bandyopadhyay have shown that:

Theorem 2.2 ([20]). Let (X, τ, I) be a topological space. If I is a codense
ideal, then SIO(X) = SO(X).

Corollary 2.3. Let (X, τ, I) be a topological space, where I is a codense
ideal. Then the collection of all semi-I-closed sets and semi-closed sets in X
are equal.

Definition 2.4 ([22]). A function f : (X, τ, I) → (Y, σ) is said to be contra
semi -I-continuous if f−1(V ) is semi-I-closed in X for each open set V in Y .

Theorem 2.5. For a function f : (X, τ, I) → (Y, σ) where I is codense, the
following conditions are equivalent:

1) f is contra semi-I-continuous.
2) For every closed subset F of Y , f−1(F ) is semi-open in X.
3) For each x ∈ X and each clsosed subset F of Y with f(x) ∈ F , there

exists a semi-open subset U of X with x ∈ U such that f(U) ⊂ F .

Proof. The proof is obvious from Corollary 2.3, Lemma 2.1 and Theorem 2.2
of [22]. �

Recall that a function f : (X, τ, I) → (Y, σ) is said to be contra semi-
continuous [7] if the preimage of every open subset of Y is semi-closed in X.

Theorem 2.6. Let I be a codense ideal in a space (X, τ, I). If f : (X, τ, I)→
(Y, σ) is contra semi-continuous, then f is contra semi-I-continuous.

Proof. The proof is obvious from Corollary 2.3. �

In the following example, we show that the codense ideal is an essential
condition for above theorem.

Example 2.7. LetX = {p, q, r, s}, τ = {φ,X, {q}, {r}, {q, r}, {p, q}, {p, q, r}, {q, r, s}}
and I = {φ, {r}}. Let f : (X, τ, I) → (X, τ) be defined by f(p) = q, f(q) =
p, f(r) = s and f(s) = r. Then f is contra semi-continuous but not contra
semi-I-continuous, since {p, q} is open and f−1({p, q}) = {p, q} is not semi-I-
closed.

Again we know that every contra semi-I-continuous function is contra semi-
continuous [22]. Therefore contra semi-I-continuity and contra semi-continuity
are coincident when I is codense.

Recall that a function f : (X, τ) → (Y, σ) is said to be semi-continuous if
f−1(V ) is semi-open in X for each open set V in Y .

Theorem 2.8. If a function f : (X, τ, I)→ (Y, σ) where I is codense, is contra
semi-I-continuous and Y is regular, then f is semi-continuous.
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Proof. The proof is obvious from Theorem 2.2 and Theorem 2.8 of [22]. �

The following example shows that the converse is not true in general.

Example 2.9. Let X = R, τ the usual topology and I = {φ, {1}}. The
identity function f : (R, τ, I) → (R, τ) is semi-continuous and Y is regular.
But f is not a contra semi-I-continuous although I is codense.

We recall the following definitions:

Definition 2.10 ([22]). A topological space (X, τ, I) is said to be semi-I-
connected if X is not the union of two disjoint non-empty semi-I-open subsets
of X.

Definition 2.11 ([2]). A topological space (X, τ) is said to be semi-connected
if X is not the union of two disjoint non-empty semi-open subsets of X.

If I∩τ = {φ} then from Theorem 2.2, two concepts semi-connectedness and
semi-I-connectedness are coincident.

Recall that a subset A of a topological space (X, τ) is said to be semi-
regular[3] if A is both semi-open and semi-closed.

Theorem 2.12. If f : (X, τ, I)→ (Y, σ) is a contra semi-I-continuous function
onto any space Y , where I is codense and (X, τ) is a semi-connected space.
Then Y is not a discrete space.

Proof. Suppose Y is discrete. Let A be a proper non-empty clopen set in Y .
Then f−1(A) is a proper non-empty semi-I-clopen subset of X and hence it
is a proper non-empty semi-regular subset of X since I is codense. It is a
contradiction to the fact that X is semi-connected. �

Theorem 2.13. If I is codense, then contra semi-I-continuous image of a
semi-connected space is connected.

Proof. Proof is obvious from Theorem 2.11 of [22] and Theorem 2.2. �

Theorem 2.14. . Let (X, τ, I) be a semi-connected space, where I is codense
and (Y, σ) be a T1-space. If f : (X, τ, I)→ (Y, σ) is a contra semi-I-continuous
function, then f is constant.

Since (Y, σ) is T1, 4 is a disjoint semi-open partition of X(since I is co-
dense). If | 4 |≥ 2, then X is the union of two non-empty semi-open sets.
Since (X, τ, I) is semi-connected, | 4 |= 1. Therefore, f is constant.

Definition 2.15. [[22]] A space (X, τ, I) is said to be semi-I-T2 if for each pair
of distinct points x and y in X, there exist two semi-I-open sets U and V in
X such that x ∈ U, y ∈ V and U ∩ V = φ.

Definition 2.16 ([19]). A space (X, τ, I) is said to be semi-T2 if for each pair
of distinct points x, y of X, there exists disjoint semi-open sets U and V in
X such that x ∈ U, y ∈ V .
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The collection of all semi-open sets and the collection all semi-I-open sets
are equal when I is codense and we get following result:

Theorem 2.17. Let I be a codense ideal in (X, τ, I). Let (X, τ, I) → (Y, σ)
be a contra semi-I-continuous injection. If Y is an Urysohn space, then is X
is semi-T2.

Definition 2.18 ([22]). A space (X, τ, I) is said to be semi-I-normal if each
pair of non-empty disjoint closed sets can be separated by disjoint semi-I-open
sets.

Definition 2.19 ([10]). A space (X, τ) is said to be semi-normal if each pair
of non-empty disjoint semi-closed sets can be separated by disjoint semi-open
sets.

Definition 2.20 ([23]). A space (X, τ) is said to be ultra normal if each pair
of non-empty disjoint closed sets can be separated by disjoint clopen sets.

Since SIO(X) = SO(X), when I is codense, Theorem 2.17 of [22] is restated
by the following:

Theorem 2.21. Let (X, τ, I) be a space where I is a codense ideal. If
(X, τ, I) → (Y, σ) is a contra semi-continuous, closed injection and Y is ul-
tera normal, then X is semi-I-normal.

Proof. Proof is obvious. �

Definition 2.22 ([5]). A space (X, τ) is said to be strongly S-closed if every
closed cover of X has a finite subcover.

Definition 2.23 ([22]). A space (X, τ, I) is said to be semi-I-compact if every
semi-I-open cover of X has a finite subcover.

Definition 2.24 ([22]). A subset A of a space (X, τ, I) is said to be semi-I-
compact relative to X if every cover of A by semi-I-open subsets of X has a
finite subcover.

Definition 2.25 ([9]). A space (X, τ) is said to be semi compact if every cover
of X by semiopen sets has a finite subcover.

Since SO(X) = SIO(X), the concept of semi-I-compact and semi compact
are coincident when I is codense. Hence the following theorems hold:

Theorem 2.26. Let I be a codense ideal in (X, τ, I). If f : (X, τ, I)→ (Y, σ)
is contra semi-I-continuous and K is semi compact relative to X, then f(K)
is strongly S-closed in Y .

Corollary 2.27. If f : (X, τ, I)→ (Y, σ) is a contra semi-I-continuous surjec-
tion and X is semi compact, then Y is strongly S-closed, when I is codense.

Definition 2.28. A function f : (X, τ, I) → (Y, σ, J) is called contra I-
irresolute [22](resp. I-irresolute [14]) if f−1(V ) is semi-I-closed (resp. semi-I-
open) in X for each semi-J-open set V of Y .
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Theorem 2.29. Let (X, τ, I) and (Y, σ, J) be two topological spaces, where
I is codense. A function f : (X, τ, I) → (Y, σ, J) is contra I-irresolute if and
only if the inverse image of each semi-J-closed set in Y is semi-open in X.

Proof. The proof is obvious from Theorem 2.27 of [22] and Theorem 2.2. �

Theorem 2.30. Let f : (X, τ, I)→ (Y, σ, J) and g : (Y, σ, J)→ (Z, ρ), where
J is codense. Then gof is contra semi-I-continuous if g is semi-continuous and
f is contra I-irresolute.

Proof. The proof is obvious from Theorem 2.29 of [22] and Theorem 2.2. �

Definition 2.31 ([14]). A function f : (X, τ) → (Y, σ, J) is said to be semi-
J-open if for each U ∈ τ , f(U) is semi-J-open in Y .

Definition 2.32. A function f : (X, τ)→ (Y, σ) is said to be semi-open if for
each U ∈ τ, f(U) is semi-open in Y .

Since SIO(X) ⊂ SO(X), every semi-I-open function is a semi-open func-
tion. For converse we discuss the following.

Theorem 2.33. Let I ∩ τ = {φ} in (X, τ, I). If a function f : (X, τ) →
(Y, σ, J) is semi-open, then f is semi-J-open.

Proof. Proof is obvious from Theorem 2.2. �

Theorem 2.34. Let I ∩ τ = {φ} in (X, τ, I). Let f : (X, τ, I) → (Y, σ, J)
be surjective, I-irresolute and semi-open, and let g : (Y, σ, J) → (Z, ρ) be
a function. Then gof is contra semi-I-continuous if and only if g is contra
semi-I-continuous.

Proof. Let gof be contra semi-I-continuous and C a closed subset of Z. Then
(gof)−1(C) is a semi-I-open subset of X from Theorem 2.2 of [22]. That is
f−1(g−1(C)) is semi-open, since I is codense. Since f is semi-open, f(f−1(g−1(C)))
is semi-open of Y . So f(f−1(g−1(C))) is semi-I-open of Y , since I is codense.
Hence g−1(C) is semi-I-open in Y . Therefore, g is contra semi-I-continuous.

The converse part is straightforward. �

3. ∗-Hyperconnected ideal topological spaces

We are starting this section with a lemma.

Lemma 3.1 ([21]). If I is codense and I ∼ τ in (X, τ, I), then for any
nonempty G ∈ τ ∗(I), Cl∗(G) = Cl(G).

As the consequence of the above lemma we get the following result:

Theorem 3.2 ([21]). Let (X, τ, I) be a topological space where I ∼ τ and I
is codense. Then βIO(X) = SPO(X, τ ∗(I))(SPO(X, τ ∗(I)) denote the semi-
preopen sets in (X, τ, I)).
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Definition 3.3 ([13]). A subset A of an ideal topological space (X, τ, I) is
said to be semi∗-I-open if A ⊂ Cl(Int∗(A)).

The collection of all semi∗-I-open sets in (X, τ, I) is denoted by S∗IO(X).
In [11], Ekici and Noiri have shown that SIO(X) ⊂ S∗IO(X), but converse

need not hold in general.
Here we shall discuss further the properties of semi∗-I-open sets.

Theorem 3.4. Let (X, τ, I) be an ideal topological space. Then the following
properties hold:

(1). Every α-open set is semi∗-I-open.
(2). Every α-I-open set is semi-∗-I-open.

But the converse of this theorem need not hold in general:

Example 3.5. Let X = {1, 2, 3, 4}, τ = {X,φ, {1}, {1, 2}, {3, 4}, {1, 3, 4}}
and I = {φ, {1}, {4},
{1, 4}}. Then the set {2, 3, 4} is semi∗-I-open but not an α-open set and
α-I-open set.

Theorem 3.6. Let (X, τ, I) be an ideal topological space, where I is codense
and I ∼ τ . Then S∗IO(X) = SO(X, τ ∗(I)).

Proof. Suppose A ∈ S∗IO(X). Then A ⊂ Cl(Int∗(A)) and it implies that
A ⊂ Cl∗(Int(A)) by Lemma 3.1. So A ∈ SO(X, τ ∗(I)). Hence S∗IO(X) ⊂
SO(X, τ ∗(I)).

For the reverse inclusion, suppose that A ∈ SO(X, τ ∗(I)). It implies that
A ⊂ Cl∗(Int∗(A)) ⊂ Cl(Int∗(A)) since τ ⊂ τ ∗(I). So SO(X, τ ∗(I)) ⊂
S∗IO(X). Hence we have the results. �

From Lemma 3.1 and Theorem 3.6, Lemma 10 of [11] converted by the
following way:

Theorem 3.7. Let (X, τ, I) be an ideal topological space, where I is codense
and I ∼ τ . A subset A of (X, τ, I) is semi∗-I-open if and only if there exists
B ∈ τ ∗(I) such that B ⊂ A ⊂ Cl∗(B).

It is the well known characterization of Leven’s semi-open sets [18].

Definition 3.8 ([12]). A subset A of an ideal space (X, τ, I) is said to be
strongly β-I-open if A ⊂ Cl∗(Int(Cl∗(A))).

The collection of all strongly β-I-open sets in (X, τ, I) is denoted by sβIO(X).

Theorem 3.9. Let (X, τ, I) be an ideal topological space. Then the following
properties hold:

(1). Every strongly β-I-open set is β-I-open.
(2) Every strongly β-I-open set is semi-preopen.

Proof. The proof is obvious. �

The counter part of this theorem is:
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Theorem 3.10. Let (X, τ, I) be an ideal topological space, where I is codense
and I ∼ τ . Then sβIO(X) = βIO(X) = SPO(X, τ ∗(I)).

Proof. In this theorem we shall show only βIO(X) ⊂ sβIO(X).
Let A ∈ βIO(X). Then A ⊂ Cl(Int(Cl∗(A))) = Cl∗(Int(Cl∗(A))) by

Lemma 3.1. Therefore A ∈ sβIO(X). �

Recall that a subset A of (X, τ, I) is said to be called ∗-dense [8] if Cl∗(A) =
X.

Definition 3.11 ([11]). An ideal topological space (X, τ, I) is said to be ∗-
hyperconnected if A is ∗-dense for every open subset A 6= φ of X.

Ekici and Noiri have shown that every ∗-hyperconnected space is a hyper-
connected space but the converse need not hold in general. But in the following
we shall discuss the counter part.

Theorem 3.12. Let (X, τ, I) be an ideal topological space, where I is codense
and I ∼ τ . Then every hyperconnected space is ∗-hyperconnected.

Proof. Let (X, τ, I) be a hyperconnected space. Let G be any nonempty open
set, then Cl∗(G) = Cl(G) = X, since (X, τ, I) is a hyperconnected space.
Hence (X, τ, I) is a ∗-hyperconnected space. �

Corollary 3.13. Let (X, τ, I) be an ideal topological space, where I is codense
and I ∼ τ . Then X is hyperconnected if and only if X is ∗-hyperconnected.

Hence two the concepts are not different when the ideal is codense and
compatible.

From this Corollary, we can replace the term ∗-hyperconnected from Theo-
rem 11, Theorem 14 and Corollary 15 of [11] by hyperconnected.

Before discussing the form we intimate a definition:

Definition 3.14. The semi∗-I-closure (resp. semi-I-closure, pre-I-closure,
strongly β-I-closure) of a subset A of an ideal topological space (X, τ, I), de-
noted by S∗-I-Cl(A)(resp. S-I-Cl(A), P -I-Cl(A), Sβ-I-Cl(A)), is defined by
the intersection of all semi∗-closed(resp. semi-I-closed, pre-I-closed, strongly
β-I-closed) sets of X containing A.

Theorem 3.15. Let (X, τ, I) be an ideal topological space, where I is codense
and I ∼ τ . The following properties are equivalent:

(1). X is hyperconnected;
(2). A is ∗-dense or ∗-nowhere dense, for every subset A ⊂ X;
(3). A ∩ B 6= φ, for every nonempty open subset A and every nonempty

∗-open subset B of X;
(4). A ∩ B 6= φ, for every nonempty semi-open subset A ⊂ X and every

nonempty semi∗-I-open subset B ⊂ X.

Proof. The proof is obvious from Corollary 3.13 and Theorem 11 of [11]. �
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Theorem 3.16. The following things are equivalent for an ideal topological
space (X, τ, I), where I is codense and I ∼ τ :

(1). X is hyperconnected;
(2). H is ∗-dense, for every strongly β-I-open subset φ 6= H ⊂ X;
(3). S∗-I-Cl(H) = X, for every strongly β-I-open subset φ 6= H ⊂ X;
(4). Sβ-I-Cl(G) = X, for every semi-open subset φ 6= G ∈ SO(X, τ ∗(I));
(5). P -I-Cl(G) = X, for every semi-open subset φ 6= G ∈ SO(X, τ ∗(I)).

Proof. The proof is obvious from Corollary 3.13 and Theorem 14 of [11]. �

Corollary 3.17. For an ideal topological space (X, τ, I) where I is codense
and I ∼ τ , the following properties are equivalent:

(1). X is hyperconnected;
(2). G ∩ H 6= φ, for every nonempty semi-open subset G ∈ (X, τ ∗(I)) and

every nonempty strongly β-I-open subset H ⊂ X;
(3). G ∩ H 6= φ, for any semi-open set G ∈ (X, τ ∗(I)) and any nonempty

pre-I-open set H.

Proof. Proof is obvious from Corollary 3.13 and Corollary 15 of [11]. �

Definition 3.18 ([11]). The semi-I-interior of a subset A of an ideal space
(X, τ, I), denoted by S-I-Int(A), is defined by the union of all semi-I-open
sets of X contained in A.

Definition 3.19. A function f : (X, τ, I) → (Y, σ) is said to be almost F -I-
continuous if for every nonempty regular open set A of Y, f−1(A) 6= φ implies
S-I-Int(f−1(A)) 6= φ.

Theorem 3.20. Every semi-continuous function f : (X, τ, I) → (Y, σ) is al-
most F -I-continuous, when I is codense.

Proof. Proof is obvious from Theorem reft2.1 and Theorem 18 of [11]. �

Theorem 3.21. The following properties hold for a hyperconnected ideal
topological space (X, τ, I), where I is codense and I ∼ τ :

(1). Every almost F -I-continuous function f : (X, τ, I)→ (Y, σ) is constant,
where (Y, σ) is a hausdorff space.

(2) Every semi-continuous function f : (X, τ, I)→ (Y, σ) is constant, where
(Y, σ) is a Hausdorff space.

(3) Every semi-continuous function f : (X, τ, I)→ (Y, σ) is constant, where
(Y, σ) is a two point discrete space.

Proof. The proof is obvious from Theorem 2.2 and Theorem 20 of [11]. �

Definition 3.22. A property P of a topological space X, is called P − Q
invariant if the property P is altered under Q transformation.

From this definition and from Ekici and Noiri’s results, we get the following:

Theorem 3.23. Let (X, τ, I) be topological space, where I is codense and
I ∼ τ . Then ∗-hyperconnected - almost F -I-continuous surjection invariant.
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Proof. The proof is obvious from Theorem 22 of [11]. �

Theorem 3.24. Let (X, τ, I) be topological space, where I is codense and
I ∼ τ . Then ∗-hyperconnected - continuous surjection invariant.

Proof. The proof is obvious from Corollary 23 of [11]. �

Definition 3.25. A function f : (X, , τ)→ (Y, σ, I) is said to be almost F -I-
open if S-I-Int(f(A)) 6= φ, for every nonempty regular open set A ⊂ X.

Theorem 3.26. Let (X, τ, I) and (Y, σ, J) be two ideal topological spaces,
where I, J are codense and I ∼ τ, J ∼ σ. Then ∗-hyperconnectedness of Y is
∗-hyperconnected - almost F -I-open injection invariant.

Proof. The proof is obvious from Theorem 25 of [11]. �

Theorem 3.27. Let (X, τ, I) and (Y, σ, J) be two ideal topological spaces,
where I, J are codense and I ∼ τ, J ∼ τ . Then Y is an open injection
invariant.

Proof. The proof is obvious from Corollary 26 of [11]. �
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