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Abstract

In this paper, we study the geometry of a semi-Riemannian manifold
M̄ of quasi-constant curvature. The main result is two characterization
theorems for M̄ admits solenoidal and screen totally umbilical r (> 1)-
lightlike submanifolds M .
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1 Introduction and preliminaries

B.Y. Chen and K. Yano [2] introduced the notion of a Riemannian manifold
of a quasi-constant curvature as a Riemannian manifold (M̄, ḡ) equipped with
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the curvature tensor R̄ satisfying the following condition:

R̄(X, Y )Z = α{ḡ(Y, Z)X − ḡ(X,Z)Y } (1.1)

+ β{θ(Y )θ(Z)X − θ(X)θ(Z)Y

+ ḡ(Y, Z)θ(X)ζ − ḡ(X,Z)θ(Y )ζ},

where α and β are smooth functions, ζ is a unit vector field which is called the
curvature vector field, and θ is a 1-form associated with ζ by θ(X) = ḡ(X, ζ).
If β = 0, then M̄ reduces to a space of constant curvature α.

The geometry of lightlike submanifolds is used in mathematical physics,
in particular, in general relativity since lightlike submanifolds can be models
of different types of horizons (event horizons, Cauchy’s horizons, Kruskal’s
horizons). Since for any semi-Riemannian manifold there is a natural existence
of lightlike subspaces, K.L. Duggal and A. Bejancu [3] published their work
on the general theory of degenerate (lightlike) submanifolds to fill a gap in the
study of submanifolds. Since then there has been very active study on lightlike
geometry of submanifolds. Although now we have the lightlike version of a
large variety of Riemannian submanifolds, the theory of lightlike submanifolds
of semi-Riemannian manifold of quasi-constant curvature is few known. Only
there are some limited papers on particular subcases recently studied by D.H.
Jin [6, 7, 8, 9, 10, 11], and D.H. Jin and J.W. Lee [12].

The objective of this paper is to study the curvature of semi-Riemannian
manifold M̄ of quasi-constant curvature admits solenoidal and screen totally
umbilical r (> 1)-lightlike submanifolds M . We prove two characterization
theorems for such a semi-Riemannian manifold M̄ of quasi-constant curvature
(Theorem 3.3 and Theorem 4.1). To discuss this article, we need the following
structure equations:

Let (M, g) be anm-dimensional lightlike submanifold of an (m+n)-dimensional
semi-Riemannian manifold (M̄, ḡ). The radical distributionRad(TM) = TM∩
TM⊥ of M is a vector subbundle of the tangent bundle TM and the normal
bundle TM⊥, of rank r (1 ≤ r ≤ min{m, n}). Therefore, in general, there
exist two complementary non-degenerate distributions S(TM) and S(TM⊥)
of Rad(TM) in TM and TM⊥ respectively, which called the screen distri-
bution and co-screen distribution of M and we have the following orthogonal
decompositions

TM = Rad(TM)⊕orth S(TM) , TM⊥ = Rad(TM)⊕orth S(TM⊥) , (1.2)

where the symbol ⊕orth denotes the orthogonal direct sum. We denote such
a lightlike submanifold by (M, g, S(TM), S(TM⊥)). Denote by F (M) the
algebra of smooth functions on M and by Γ(E) the F (M) module of smooth
sections of any vector bundle E over M . We use the following range of indices:

i, j, k, ... ∈ {1, ... , r}, a, b, c, ... ∈ {r + 1, ... , n}.
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Let tr(TM) and ltr(TM) be complementary vector bundles to TM in TM̄|M
and TM⊥ in S(TM)⊥ respectively and let {N1, · · · , Nr} be a lightlike frame
field of ltr(TM) consisting of smooth sections of S(TM)⊥ such that

ḡ(Ni, ξj) = δij, ḡ(Ni, Nj) = 0,

where {ξ1, · · · , ξr} is a lightlike frame field of Rad(TM). Then,

TM̄ = TM ⊕ tr(TM) = {Rad(TM) ⊕ tr(TM)} ⊕orth S(TM)(1.3)

= {Rad(TM)⊕ ltr(TM)} ⊕orth S(TM) ⊕orth S(TM⊥).

We callNi, tr(TM) and ltr(TM) the lightlike transversal vector fields, transver-
sal vector bundle and lightlike transversal vector bundle of M with respect to
the screen distribution S(TM) respectively.

We say that a lightlike submanifold (M, g, S(TM), S(TM⊥)) of M̄ is

(1) r-lightlike submanifold if 1 ≤ r < min{m, n}.
(2) co-isotropic submanifold if 1 ≤ r = n < m.
(3) isotropic submanifold if 1 ≤ r = m < n.
(4) totally lightlike submanifold if 1 ≤ r = m = n.

The above three classes (2)∼(4) are particular cases of the class (1) as follows:

S(TM⊥) = {0}, S(TM) = {0}, S(TM) = S(TM⊥) = {0}

respectively. The geometry of r-lightlike submanifolds is more general than
that of the other three type submanifolds. For this reason, we consider only r-
lightlike submanifolds M ≡ (M, g, S(TM), S(TM⊥)) equipped with following
local quasi-orthonormal field of frames of M̄ :

{ξ1, · · · , ξr , N1, · · · , Nr , Fr+1, · · · , Fm , Wr+1, · · · , Wn}, (1.4)

where {Fr+1, · · · , Fm} and {Wr+1, · · · , Wn} are orthonormal bases of S(TM)
and S(TM⊥), respectively. We set εa = ḡ(Wa,Wa)(= ±1) is the sign of Wa.

Let ∇̄ be the Levi-Civita connection of M̄ and P the projection morphism
of TM on S(TM) with respect to the decomposition (1.2). Then the local
Gauss-Weingartan formulas for M and S(TM) are given respectively by

∇̄XY = ∇XY +
r∑
i=1

h`i(X, Y )Ni +
n∑

a=r+1

hsa(X, Y )Wa, (1.5)

∇̄XNi = −A
Ni
X +

r∑
j=1

τij(X)Nj +
n∑

a=r+1

ρia(X)Wa, (1.6)

∇̄XWa = −A
Wa
X +

r∑
i=1

φai(X)Ni +
n∑

b=r+1

θab(X)Wb; (1.7)
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∇XPY = ∇∗XPY +
r∑
i=1

h∗i (X,PY )ξi, (1.8)

∇Xξi = −A∗ξiX −
r∑
j=1

τji(X)ξj, (1.9)

for anyX, Y ∈ Γ(TM), where∇ and∇∗ are induced linear connections on TM
and S(TM) respectively, the bilinear forms h`i and hsa on M are called the local
second fundamental forms of M , h∗i is called the local second fundamental forms
on S(TM). A

Ni
, A∗ξi and A

Wa
are linear operators on TM and τij, ρia, φai and

θab are 1-forms on TM . Since ∇̄ is torsion-free, ∇ is also torsion-free, and h`i
and hsa are symmetric. From the fact h`i(X, Y ) = ḡ(∇̄XY, ξi), we know that
h`i are independent of the choice of a screen distribution S(TM). Note that
h`i , τij and ρia depend on the section ξ.

The induced connection ∇ on TM is not metric and satisfies

(∇Xg)(Y, Z) =
r∑
i=1

{h`i(X, Y ) ηi(Z) + h`i(X,Z) ηi(Y )}, (1.10)

for all X, Y, Z ∈ Γ(TM), where each ηi is the 1-form such that

ηi(X) = ḡ(X,Ni), ∀X ∈ Γ(TM), i ∈ {1, · · · , r}. (1.11)

But the connection ∇∗ on S(TM) is metric. The above three local second
fundamental forms of M and S(TM) are related to their shape operators by

h`i(X, Y ) = g(A∗ξiX, Y )−
r∑

k=1

h`k(X, ξi)ηk(Y ), (1.12)

h`i(X,PY ) = g(A∗ξiX,PY ), ḡ(A∗ξiX,Nj) = 0;

εah
s
a(X, Y ) = g(A

Wa
X, Y )−

r∑
i=1

φai(X)ηi(Y ), (1.13)

εah
s
a(X,PY ) = g(A

Wa
X,PY ), ḡ(A

Wa
X,Ni) = εaρia(X);

h∗i (X,PY ) = g(A
Ni
X,PY ), ηj(ANi

X) + ηi(ANj
X) = 0, (1.14)

and εbθab = −εaθba, for any X, Y ∈ Γ(TM). Replacing Y by ξi to (1.13), we
have

hsα(X, ξi) = −εαφαi(X). (1.15)

Definition 1. We say that an r-lightlike submanifold M of M̄ is

(1) irrotational [13] if ∇̄Xξi ∈ Γ(TM) for anyX ∈ Γ(TM) and ξi ∈ Γ(Rad(TM)).

(2) solenoidal [8] if each A
Wa

and A
Ni

are S(TM)-valued shape operators of
M .
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(3) statical [8] if M is irrotational as well as solenoidal.

Note 1. For any r-lightlike submanifold, (1) in above definition is equivalent
to

h`j(X, ξi) = 0, hsa(X, ξi) = φai(X) = 0, ∀X ∈ Γ(TM).

By the third equation of (1.13) [denote (1.13)3], (2) is equivalent to

ρia(X) = 0, ηj(ANi
X) = 0, ∀X ∈ Γ(TM). (1.16)

Note 2. For a semi-Riemannian manifold M̄ of quasi-constant curvature
admits 1-lightlike submanifolds M , D.H. Jin [8] proved the following two theo-
rems. Due to these theorems, in the discussion of this article, we shall assume
the rank r of the radical distribution is to be r > 1.

Theorem 1.1. Let M̄ be a semi-Riemannian manifold of quasi-constant cur-
vature. If M̄ admits a statical and screen totally geodesic 1-lightlike submani-
fold M satisfying one of the following two conditions ;

(1) the curvature vector field ζ is tangent to M , or

(2) ζ is parallel with respect to ∇̄, the local screen second fundamental form
hs1 = D is parallel and the lightlike transversal connection is flat,

then the function α and β, defined by (1.1), vanish and M̄ is a flat manifold.

Theorem 1.2. Let M̄ be a semi-Riemannian manifold of quasi-constant cur-
vature such that dim M̄ > 4. If M̄ admits a statical and screen totally umbilical
1-lightlike submanifold M satisfying one of the following two conditions ;

(1) ζ is tangent to M and M is lightlike totally umbilical, or

(2) ζ is parallel with respect to ∇̄, the local screen second fundamental form
hs1 = D is parallel and the lightlike transversal connection is flat,

then the function α and β, defined by (1.1), vanish and M̄ is flat manifold.

2 The Ricci and scalar curvatures

We need the following Gauss-Codazzi equations (for a full set of these equations
see [3, chapter 5]) for M and S(TM). Denote by R the curvature tensors of
the induced connection ∇ of M . Using the Gauss -Weingarten equations, we
obtain

ḡ(R̄(X, Y )Z, PW ) = g(R(X, Y )Z, PW ) (2.1)
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+
r∑
i=1

{h`i(X,Z)h∗i (Y, PW )− h`i(Y, Z)h∗i (X,PW )}

+
n∑

a=+1

εa{hsa(X,Z)hsa(Y, PW )− hsa(Y, Z)hsa(X,PW )},

ḡ(R̄(X, Y )Z, Ni) = ḡ(R(X, Y )Z, Ni) (2.2)

+
r∑
j=1

{h`j(X,Z)ηi(ANj
Y )− h`j(Y, Z)ηi(ANj

X)},

+
n∑

a=r+1

εa{hsa(X,Z)ρia(Y )− hsa(Y, Z)ρia(X)},

ḡ(R̄(X, Y )ξi, Nj) = g(A∗ξiX, ANj
Y )− g(A∗ξiY, ANj

X)− 2dτji(X, Y )(2.3)

+
r∑

k=1

{h`k(X, ξi)ηj(ANk
Y )− h`k(Y, ξi)ηj(ANk

X)}

+
r∑

k=1

{τjk(X)τki(Y )− τjk(Y )τki(X)}

+
n∑

a=r+1

{ρja(X)φai(Y )− ρja(Y )φai(X)},

ḡ(R(X, Y )PZ, Ni) = (∇Xh
∗
i )(Y, PZ)− (∇Y h

∗
i )(X,PZ) (2.4)

+
r∑
j=1

{h∗j(X, PZ)τij(Y )− h∗j(Y, PZ)τij(X)},

for all X, Y, Z ∈ Γ(TM). In case R̄ = 0, we say that M̄ is flat.
The Ricci curvature tensor, denoted by R̄ic, of M̄ is given by

R̄ic(X, Y ) = trace{Z → R̄(Z,X)Y }, ∀X, Y ∈ Γ(TM̄).

Locally, the Ricci curvature tensor R̄ic is given by

R̄ic(X, Y ) =
m+n∑
A=1

ε
A
ḡ(R̄(E

A
, X)Y, E

A
), ∀X, Y ∈ Γ(TM̄), (2.5)

where {E1, · · · , Em+n} is an orthonormal frame field of TM̄ and and εA (= ±1)
denotes the causal character of respective vector field EA. In case R̄ic = 0, we
say that M̄ is Ricci flat. The scalar curvature r̄ is defined by

r̄ =
m+n∑
A=1

εA R̄ic(EA, EA). (2.6)

Using the quasi-orthonormal frame (1.4), the equations (2.5) and (2.6) reduce
to

R̄ic(X, Y ) =
n∑

a=r+1

εaḡ(R̄(Wa, X)Y, Wa) +
r∑
i=1

ḡ(R̄(ξi, X)Y, Ni) (2.7)
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+
m∑

l=r+1

ε
l
ḡ(R̄(F

l
, X)Y, F

l
) +

r∑
i=1

ḡ(R̄(Ni, X)Y, ξi),

r̄ =
r∑
i=1

R̄ic(ξi, ξi) +
r∑
i=1

R̄ic(Ni, Ni) +
n−r∑
a

εaR̄ic(Wa, Wa) (2.8)

+
m−r∑
l=1

ε
l
R̄ic(F

l
, F

l
), ∀X, Y ∈ Γ(TM̄).

The local Weingarten formula (1.6) of M has another form [3, chapter 5]

∇̄XN = −ANX +∇`
XN +Ds(X,N),

for all X ∈ Γ(TM) and N ∈ Γ(ltr(TM)), where ∇`
XN ∈ Γ(ltr(TM)) and

Ds(X,N) ∈ Γ(S(TM⊥)). Then ∇` is a linear connection on the lightlike
transversal vector bundle ltr(TM). We call ∇` the lightlike transversal con-
nection of M . For any Ni ∈ Γ(ltr(TM)) and X ∈ Γ(TM), we have

∇`
XNi =

r∑
j=1

τij(X)Nj, Ds(X,Ni) =
n∑

a=r+1

ρia(X)Wa.

Definition 2. We define a curvature tensor R` of the lightlike transversal
connection ∇` on the lightlike transversal vector bundle ltr(TM) by

R`(X, Y )N = ∇`
X∇`

YN −∇`
Y∇`

XN −∇`
[X,Y ]N, (2.9)

for all X, Y ∈ Γ(TM) and N ∈ Γ(ltr(TM)). We say that the lightlike
transversal connection ∇` of M is flat [5] if R` vanishes identically on M .

This definition comes from the definition of flat normal connection [1] in
the theory of classical geometry of non-degenerate submanifolds.

Proposition 2.1 [5]. Let M be a lightlike submanifold of a semi-Riemannian
(M̄, ḡ). Then the lightlike transversal connection ∇` of M is flat if and only if
each 1-form τij is a solution of the following equations

Tij(X, Y ) ≡ 2dτij(X, Y ) +
r∑

k=1

{τik(Y )τkj(X)− τik(X)τkj(Y )} = 0,

for all X, Y ∈ Γ(TM) and i, j ∈ {1, · · · , r}.
Proof. Applying the operator ∇`

X to ∇`
YNi =

∑r
j=1 τij(Y )Nj, we have

∇`
X∇`

YNi =
r∑
j=1

{X(τij(Y )) +
r∑

k=1

τik(Y )τkj(X)}Nj.

By straightforward calculations from this equation and (2.9), we have

R`(X, Y )Ni =
r∑
j=1

{2dτij(X, Y ) +
r∑

k=1

[τik(Y )τkj(X)− τik(X)τkj(Y )]}Nj,

for all X, Y ∈ Γ(TM) and i. From this result we deduce our assertion.
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3 Screen totally geodesic lightlike submanifolds

Let M be an r-lightlike submanifold of a semi-Riemannian manifold M̄ of
quasi-constant curvature. In the entire discussion of this article, we shall as-
sume the curvature vector field ζ of M̄ is to be unit spacelike without loss of
generality. Let λi, µi and νa be the smooth functions defined by

λi = θ(Ni), µi = θ(ξi), νa = εaθ(Wa).

Assume that r > 1 due to Theorem 1.1 and 1.2. Substituting (1.1) into (2.5),
we have

R̄ic(X, Y ) = {(m+ n− 1)α + β}ḡ(X, Y ) + (m+ n− 2)β θ(X)θ(Y ), (3.1)

for any X, Y ∈ Γ(TM̄). Replacing W by Ni to (1.1) for each i, we have

ḡ(R̄(X, Y )Z, Ni) = {αηi(X) + βλiθ(X)}g(Y, Z) (3.2)

− {αηi(Y ) + βλiθ(Y )}g(X,Z) + β{θ(Y )ηi(X)− θ(X)ηi(Y )}θ(Z),

for any X, Y, Z ∈ Γ(TM). First of all, we prove the following result:

Theorem 3.1. Let M̄ be semi-Riemannian manifold of quasi-constant curva-
ture admits an r-lightlike submanifold M . If the function β, defined by (1.1),
vanishes, then the function α also vanishes and M̄ is a flat manifold.

Proof. Substituting (3.1) into (2.6) and (2.8), we have

r̄ = (m+ n− 1){(m+ n)α + 2β},
r̄ = (m+ n− 2r){(m+ n− 1)α + β}

+ (m+ n− 2)β
r∑
i=1

{λi2 + µi
2 + 1− 2λiµi},

respectively. Comparing the last two equations, we obtain

2r{(m+ n− 1)α + β} = (m+ n− 2)β
r∑
i=1

(λi − µi)2. (3.3)

If β = 0, then we get (m+ n− 1)α = 0. Thus α = 0 and M̄ is a flat manifold.

Theorem 3.2. Let M̄ be a semi-Riemannian manifold of quasi-constant cur-
vature admits an r-lightlike submanifold M . If the curvature vector field ζ of
M̄ is tangent to M , then the Ricci and scalar curvatures of M̄ are given by

R̄ic = r̄ θ ⊗ θ, r̄ = (m+ n− 2)β.
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Proof. Assume that the curvature vector field ζ of M̄ is tangent to M .
Then µi = 0 for each i. In this case, if ζ belongs to Rad(TM), then we show
that

ζ =
r∑
i=1

λiξi, 1 = ḡ(ζ, ζ) =
r∑

i, j=1

λiλjg(ξi, ξj) = 0.

It is a contradiction. This enables one to choose a screen distribution S(TM)
which contains ζ. This implies that if ζ is tangent to M , then it belongs to
S(TM) which we assume. Thus λi = 0 for each i. As λi = µi = 0 for each i,
from (3.3) we have

(m+ n− 1)α + β = 0.

Substituting this equation into (3.1), we obtain

R̄ic(X, Y ) = (m+ n− 2)β θ(X)θ(Y ), ∀X, Y ∈ Γ(TM̄).

Substituting this equation into (2.6) and using the fact
∑m+2
i=1 εiθ(Ei)θ(Ei) = 1,

we get r̄ = (m+ n− 2)β. Thus we obtain our assertion.

Definition 3. We say that the lightlike submanifoldM of a semi-Riemannian
manifold M̄ is screen totally umbilical if there exist smooth functions γi on any
coordinate neighborhood U ⊂M such that

h∗i (X,PY ) = γi g(X, Y ), ∀X, Y ∈ Γ(TM). (3.4)

In case γi = 0 on U , we say that M is screen totally geodesic.

Theorem 3.3. Let M̄ be a semi-Riemannian manifold of quasi-constant cur-
vature. If M̄ admits a solenoidal and screen totally geodesic r (> 1)-lightlike
submanifold M , such that dimM > r + 1, satisfying one of the following two
conditions ;

(1) the lightlike transversal connection is flat, i.e., R` = 0, or

(2) the curvature vector field ζ of M̄ is tangent to M ,

then the function α and β, defined by (1.1), vanish and M̄ is a flat manifold.

Proof. If β = 0, then we get α = 0 and M̄ is a flat manifold by Theorem
3.1. Thus we let β 6= 0. Replacing Z by ξj to (3.2) for each j, we have

ḡ(R̄(X, Y )ξi, Nj) = βµi{θ(Y )ηj(X)− θ(X)ηj(Y )}, ∀ i, j. (3.5)

As M is screen totally geodesic, from (1.14) and (3.4), we have

g(A
Ni
X,PY ) = 0, ∀X, Y ∈ Γ(TM).

Comparing (2.3) and (3.5) and using (1.16) and the last equation, we get

Tji(X, Y ) = βµi{θ(X)ηj(Y )− θ(Y )ηj(X)}, ∀X, Y ∈ Γ(TM), ∀ i, j. (3.6)
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(1) As the lightlike transversal connection is flat, we get Tij = 0 by Theorem
2.1. From (3.6) and the fact β 6= 0, we deduce the following result:

µi{θ(X)ηj(Y )− θ(Y )ηj(X)} = 0, ∀ i, j. (3.7)

As r > 1, taking X = ξi and Y = ξj to (3.7) such that i 6= j, we have µi = 0
for i 6= j. Taking j = 1, 2, · · · , r and repeating this method, we have

µi = 0, ∀ i ∈ {1, · · · , r}.

Replacing X by ξi to (3.2) and using the fact θ(ξi) = 0, we have

ḡ(R̄(ξi, X)Y, Ni) = αg(X, Y ) + βθ(X)θ(Y ), ∀X, Y ∈ Γ(TM). (3.8)

Substituting h∗i = 0 into (2.4), we have ḡ(R(X, Y )PZ,Ni) = 0. Using this,
(1.16), (2.2) and the fact ḡ(R(X, Y )ξj, Ni) = 0, we obtain

ḡ(R̄(X, Y )Z,Ni) = 0, ∀X, Y ∈ Γ(TM).

Replacing X by ξi to this and then, comparing the result with (3.8), we get

αg(X, Y ) = −βθ(X)θ(Y ), ∀X, Y ∈ Γ(TM). (3.9)

Let π is the projection morphism of TM̄ on S(TM). As µi = 0 for each i, we
have

ζ = πζ +
r∑
i=1

λiξi +
n∑

a=r+1

νaWa, 1 = ḡ(ζ, ζ) = g(πζ, πζ) +
n∑

a=r+1

εaνa
2. (3.10)

Using (3.9) and the orthonormal frame field {Fr+1, · · · , Fm} of S(TM), we
get

m∑
l=r+1

ε
l
g(F

l
, F

l
)α = −

m∑
l=r+1

ε
l
θ(F

l
)θ(F

l
) β.

From this equation and the facts g(πζ, πζ) =
∑m
l=r+1 εlθ(Fl

)θ(F
l
), we obtain

(m− r)α + βg(πζ, πζ) = 0. (3.11)

If g(πζ, πζ) = 0, then, from (3.11), we get α = 0 as m > r+1. If g(πζ, πζ) 6= 0,
then, taking X = Y = πζ to (3.9), we have α = −βg(πζ, πζ). Substituting
this relation into (3.11), we have (m− r− 1)α = 0. Thus α = 0 as m > r+ 1.
Assume that β 6= 0. By (3.9), we have θ(X) = 0 for any X ∈ Γ(TM). From
this we show that ζ is not tangent to M . This implies if ζ is tangent to M ,
then the lightlike transversal connection is not flat. But if ζ is tangent to M ,
then we have µi = νa = 0 for all i and a. From (3.6) and the fact µi = 0, we
have Tij = 0 for all i and j. This implies the lightlike transversal connection
is flat. It is a contradiction. Thus we have β = 0. By Theorem 3.1, we show
that α = 0 and M̄ is a flat manifold.

(2) As ζ is tangent to M , we have Tij = 0 for all i and j. Thus the lightlike
transversal connection is flat. By (1) we have our assertion.
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4 Screen totally umbilical lightlike submani-

folds

Definition 4. We say that the lightlike submanifold M of M̄ is lightlike totally
umbilical if there exist smooth functions σi on any coordinate neighborhood
U ⊂M such that A∗ξiX = σi PX for any X ∈ Γ(TM), or equivalently,

h`i(X, Y ) = σi g(X, Y ), ∀X, Y ∈ Γ(TM). (4.1)

In case σi = 0 on U , we say that M is lightlike totally geodesic.

Theorem 4.1. Let M̄ be a semi-Riemannian manifold of quasi-constant cur-
vature. If M̄ admits a solenoidal, screen and lightlike totally umbilical r (> 1)-
lightlike submanifold M , such that dimM > r + 1, satisfying one of the fol-
lowing two conditions ;

(1) the lightlike transversal connection is flat, or

(2) the curvature vector field ζ is tangent to M ,

then the function α and β, defined by (1.1), vanish and M̄ is a flat manifold.

Proof. Assume that M is solenoidal and screen totally umbilical. From
(1.14), (1.16)2, (3.4) and the fact S(TM) is non-degenerate, we have

A
Ni
X = γiPX, ∀X ∈ Γ(TM), i. (4.2)

From (1.12)1 and the fact h`i are symmetric, we have

g(A∗ξiX, Y )− g(X,A∗ξiY ) =
r∑
j=1

{h`k(X, ξi)ηk(Y )− h`k(Y, ξi)ηk(X)}. (4.3)

Comparing (2.3) and (3.5) and using (1.16), (4.2) and (4.3), we get

Tji(X, Y ) = βµi{θ(X)ηj(Y )− θ(Y )ηj(X)}, ∀X, Y ∈ Γ(TM), ∀ i, j. (4.4)

(1) As the lightlike transversal connection is flat, we get Tij = 0 by Theorem
2.1. If β = 0, then we have our assertion by Theorem 3.1. Thus we let β 6= 0.
From this result and (4.4) we deduce the following equation:

µi{θ(X)ηj(Y )− θ(Y )ηj(X)} = 0, ∀X, Y ∈ Γ(TM), ∀ i, j. (4.5)

By the method of Section 3, we have the following result:

µi = 0, ∀ i ∈ {1, · · · , r}.
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Replacing X by ξi to (3.2) and using the fact θ(ξi) = 0, we have

ḡ(R̄(ξi, X)Y, Ni) = αg(X, Y ) + βθ(X)θ(Y ), ∀X, Y ∈ Γ(TM). (4.6)

Applying ∇X to (3.4) and using (1.10), we have

(∇Xh
∗
i )(Y, PZ) = (X[γi])g(Y, PZ) + γi

r∑
j=1

h`j(X,PZ)ηj(Y ),

for all X, Y, Z ∈ Γ(TM). Substituting this into (2.4) and using (1.16), (2.2),
(4.1) and the fact ḡ(R̄(X, Y )ξi, Nj) = 0, we obtain

ḡ(R̄(X, Y )Z, Ni) = {X[γi]− γi
r∑
j=1

σjηj(X)−
r∑
j=1

γjτij(X)}g(Y, Z)

− {Y [γi]− γi
r∑
j=1

σjηj(Y )−
r∑
j=1

γjτij(Y )}g(X,Z).

Replacing X by ξi, Y by X and Z by Y to this equation, we have

ḡ(R̄(ξi, X)Y, Ni) = {ξi[γi]− γiσi −
r∑
j=1

γjτij(ξi)}g(X, Y ),

for all X, Y ∈ Γ(TM). Comparing this with (4.6), we have

(F − α)g(X, Y ) = βθ(X)θ(Y ), ∀X, Y ∈ Γ(TM), (4.7)

where we set F = ξi[γi]− γiσi −
∑r
j=1 γjτij(ξi). Using (4.7), we have

m∑
l=r+1

ε
l
(F − α)g(F

l
, F

l
) =

m∑
l=r+1

ε
l
βθ(F

l
)θ(F

l
).

From this and (3.10) we deduce the following result:

(m− r)(F − α) = g(πζ, πζ)β. (4.8)

If g(πζ, πζ) = 0, then, from (4.8), we get F − α = 0 as m > r + 1. If
g(πζ, πζ) 6= 0, then, taking X = Y = πζ to (4.7), we have F−α = βg(πζ, πζ).
Substituting this equation into (4.8), we have (m− r − 1)(F − α) = 0. Thus
F = α as m > r + 1. From (4.7) and the fact F = α, by using the method of
(1) of Theorem 3.3 we have β = 0. Thus, by Theorem 3.1, we have α = 0 and
M̄ is a flat manifold.

(2) As ζ is tangent to M , we have Tij = 0 for all i and j. Thus the lightlike
transversal connection is flat. By (1) of this theorem, we have our assertion.
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Theorem 4.2. Let M̄ be a semi-Riemannian manifold of quasi-constant cur-
vature. If M̄ is admits a solenoidal and screen totally umbilical r (> 1)-lightlike
submanifold M such that the curvature vector field ζ is tangent to M and par-
allel with respect to ∇̄ and dimM > r + 1, then α and β vanish and M̄ is a
flat manifold.

Proof. Applying ∇̄X to ḡ(ζ,Ni) = 0 and using (1.6), (1.14) and the facts
∇̄Xζ = 0 and λi = νa = 0, we have h∗i (X, ζ) = 0 for each i. Replacing X by
ζ to this relation and using (3.4), we obtain γi = 0, i.e., M is screen totally
geodesic. Thus, by (2) of Theorem 3.3, we have α = β = 0 and M̄ is a flat
manifold.

Example. Consider a surface M in R4
2 given by the equation

x3 =
1√
2

(x1 + x2) ; x4 =
1

2
ln(1 + (x1 − x2)2).

Then TM = Span{U1, U2} and TM⊥ = Span{ξ, W} where we set

U1 =
√

2 (1 + (x1 − x2)2) ∂

∂x1
+ (1 + (x1 − x2)2) ∂

∂x3
+
√

2(x1 − x2) ∂

∂x4
,

U2 =
√

2 (1 + (x1 − x2)2) ∂

∂x2
+ (1 + (x1 − x2)2) ∂

∂x3
−
√

2 (x1 − x2) ∂

∂x4
,

ξ =
∂

∂ x1
+

∂

∂ x2
+
√

2
∂

∂ x3
,

W = 2(x2 − x1) ∂

∂x2
+
√

2(x2 − x1) ∂

∂x3
+ (1 + (x1 − x2)) ∂

∂x4
.

By direct calculations, we check that Rad(TM) is a distribution on M of rank 1
spanned by ξ. Hence M is a 1-lightlike submanifold of R4

2. Choose S(TM) and
S(TM⊥) spanned by U2 and W which are timelike and spacelike respectively.
We obtain the lightlike transversal vector bundle

ltr(TM) = Span

{
N = −1

2

∂

∂x1
+

1

2

∂

∂x2
+

1√
2

∂

∂x3

}
,

and the transversal vector bundle tr(TM) = Span{N, W}. Denote by ∇̄ the
Levi-Civita connection on R4

2 and by straightforward calculations obtain

∇̄U2U2 = 2(1 + (x1 − x2)2)
{

2(x2 − x1) ∂

∂x2
+
√

2(x2 − x1) ∂

∂x3
+

∂

∂x4

}
,

∇̄ξU2 = 0; ∇̄Xξ = ∇̄XN = 0; ∀X ∈ Γ(TM).

Then taking into account of Gauss and Weingarten formulae infer

h∗ = 0, Aξ = 0, AN = 0, ∇Xξ = 0, τ = 0, ρ = 0,
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hs(X, ξ) = 0, hs(U2, U2) = 2,

∇XU2 =
2
√

2(x2 − x1)3

1 + (x1 − x2)2
X2U2;

for any X = X1ξ + X2U2 tangent to M . Therefore M is a screen totally
umbilical and solenoidal 1-lightlike submanifold of R4

2.
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