
International Journal of Mathematical Analysis
Vol. 9, 2015, no. 26, 1255 - 1259
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/ijma.2015.5237

L∞- Error Estimate for

Nonlinear HJB Equations

Messaoud Boulbrachene

Department of Mathematics and Statistics
Sultan Qaboos University

P.O. Box 36, Muscat 123, Oman

Copyright c© 2015 Messaoud Boulbrachene. This article is distributed under the Creative

Commons Attribution License, which permits unrestricted use, distribution, and reproduc-

tion in any medium, provided the original work is properly cited.

Abstract

This paper is concerned with the standard finite element approximation of Hamilton-

Jacobi-Bellman Equations (HJB) with nonlinear source terms. Under a realistic

condition on the nonlinearity, we characterize the discrete solution as a fixed point

of a contraction. As a result of this, we also derive a sharp L∞- error estimate of

the approximation.
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1. introduction

In this paper, we are interested in the finite element approximation of the
Hamilton-Jacobi-Bellman equation (HJB) equation with Neuman boundary
conditions: 

max
1≤i ≤M

(Aiu) = f(u) in Ω

∂u

∂n
= 0 on Γ

(1.1)

where Ω is a convex bounded domain of RN , with smooth boundary Γ, the Ais
are second order uniformly elliptic operators, and f is a Lipschitz nonlinearity.
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HJB equations arise in many applications: stochastic control, management
and economy, mechanics and optics, etc. They have been the object of intensive
study during the last three decades - for a general review of their theory and
applications we refer to [1],[2],[3],[4],[5],[6],[7] and the reference therein. On
the numerical analysis side, and more specifically error estimates of continuous
finite element approximation of HJB equations with source term independent
of the solution u, only few significant progresses have been made in the last
fifteen years [12],[13].

Existence of a unique solution for (1.1) was discussed in [11]. In this paper
we propose to study the conforming finite element approximation of this prob-
lem. For that purpose, we introduce an approach based on quasi-variational
inequalities and the Banach’s fixed point Theorem. More precisely, under a
realistic assumption on the nonlinearity, we characterize the solution of the
corresponding discrete HJB equation as a fixed point of a contraction and, as
result of this, we derive a sharp L∞ error estimate of the approximation.

2. Assumptions and notations

We are given the second order operators

Ai =
∑

1≤ j,k≤N

aijk(x)
∂2

∂xj∂xk
+

N∑
k=1

bik(x)
∂

∂xk
+ ai0(x)

such that

aijk(x), bik(x), ai0(x) ∈ C2(Ω̄), x ∈ Ω̄, ∀i = 1, 2, ...,M (2.1)

aijk = aikj , x ∈ Ω̄ ,∀i = 1, 2, ...,M∑
1≤j,k≤N

aijk(x)ξjξk = ν |ξ|2 , ν > 0, ∀x ∈ Ω̄, ∀ξ ∈ RN , ∀i = 1, 2, ...,M

and

ai0(x) ≥ β > 0, ∀i = 1, 2, ...,M (2.2)

where β is a positive constant. Let (., .) denote the inner product in L2(Ω),
and

ai(u, v) =

∫
Ω

( ∑
1≤j,k≤N

aijk(x)
∂u

∂xj

∂v

∂xk
+

N∑
k=1

bik(x)
∂u

∂xk
v + ãi0(x)uv

)
dx

be the bilinear forms associated with operators Ai, where

ãi0(x) = bik(x) +
N∑
k=1

∂aijk
∂xk

We assume that the bilinear forms ai(., .) are coercive, i.e,

ai(v, v) ≥ δ ‖v‖2
H1(Ω) , δ > 0
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and the nonlinearityf(.) is Lipschitz continuous with Lipschitz constant c sat-
isfying

c

β
< 1, [ β is defined in (2.2) ] (2.3)

3. The discrete HJB equation

We assume that Ω is polygonal. Let τh be a regular and quasi-uniform
triangulation of Ω, and denote by h > 0 the mesh size. LetVh denote the finite
element space consisting of piecewise linear functions, {ϕl} ; l = 1, ...,m(h) be
the basis functions ofVh, and Ai be the matrices with generic coefficients

(Ai)ls = ai(ϕl, ϕs), l, s = 1, ...,m(h); 1 ≤ i ≤M (3.1)

The discrete HJB equation associated with (1.1) consists of solving the fol-
lowing problem: find uh ∈ Vh solution to

max
1≤i≤M

(Aiuh) = F (uh) (3.2)

where

(F (uh))l = (f(uh), ϕl), l = 1, ...,m(h)

In the sequel of the paper a discrete maximum principle (d.m.p) as-
sumption will be needed. More precisely, we assume that the matrices Ai ,
i = 1, 2...,M , are M-Matrices [14]. Next, we shall characterize the solution of
the discrete HJB equation (3.2) as the unique fixed point of a contraction.

3.1. A Contraction associated with HJB equation (3.2). Let us intro-
duce the mapping

Th : L∞(Ω) → Vh (3.3)

w → Thw = ζh

where ζh is the unique solution of the following discrete HJB equation:

max
1≤i≤M

(Aiζh) = F (w) (3.4)

or equivalently

max
1≤i≤M

(Aiζh − F (w)) = 0 (3.5)

with

(F (w))l = (f(w), ϕl), l = 1, ...,m(h).

As F (w) is independent of ζh, thanks to [10], problem (3.4) can be approx-
imated by the following system of QVIs: find (ζ1

h, ..., ζ
M
h ) ∈ (Vh )M such that

ai(ζ ih, v − ζ ih) = (f(w), v − ζ ih) ∀v ∈ Vh
ζ ih ≤ k + ζ i+1

h , v ≤ k + ζ i+1
h

ζM+1
h = ζ1

h

(3.6)
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Theorem 1. [10] Let the d.m.p hold.Then, system (3.6) has a unique so-
lution. Moreover, as k → 0, each component of the solution of this system
converges uniformly in C(Ω̄) to the solution ζh of (3.4).

Lemma 1. Let the d.m.p hold.Then, we have

max
1≤i≤M

∥∥∥ζ ih − ζ̃ ih∥∥∥∞ ≤ c

β
‖w − w̃‖∞ ,∀w, w̃ ∈ L∞(Ω)

Proof. Exactly the same as that of [[11], lemma1]. �

Theorem 2. Under conditions of lemma 1, the mapping Th is a contraction
with rate equal to ρ = c/β.Therefore Th admits a unique fixed point which
coincides with the solution of HJB equation (3.2).

Proof. Exactly the same as that of ([11],Theorem 2). �

3.2. L∞- Error estimate
. Next, we shall derive sharp L∞convergence order of the approximation. Also,
for the rest of the paper, we will adopt C as a constant independent of h. We
begin with introducing the following auxiliary HJB equation

max
1≤i≤M

(Aiζ̄h − F (u)) = 0 (3.7)

where (F (u))l = (f(u), ϕl), l = 1, ...,m(h), and u is the solution of the HJB
equation (1.1). So, we have the following error estimate.

Theorem 3.

‖ ζ̄h − u ‖∞≤ Ch2 |log h|2 (3.8)

Proof. The proof is immediate, as ζ̄h being the discrete counterpart of u, mak-
ing use of [13], we get (3.8). �

Theorem 4. Let u and uh be the solutions of HJB equations (1.1) and (3.2),
respectively. Then

‖ u− uh ‖∞≤ Ch2 |log h|2

Proof. Sine ζ̄h = Thu. and uh = Thuh, making use of both Theorems 2 and 3,
we have

‖ u− uh ‖∞ ≤ ‖ u− ζ̄h ‖∞ + ‖ ζ̄h − uh ‖∞
≤‖ u− ζ̄h ‖∞ + ‖ Thu− Thuh ‖∞
≤ Ch2 |log h|2 + ρ ‖ u− uh ‖∞

Thus

‖ u− uh ‖∞≤
Ch2 |log h|2

1− ρ
�
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