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Abstract

This paper is concerned with Hamilton-Jacobi-Bellman Equations (HJB) with

nonlinear source terms.Under a realistic condition on the nonlinearity, we charac-

terize the solution as the fixed point of a contraction.
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1. introduction

In this paper, we are interested in the following Hamilton-Jacobi-Bellman
equation (HJB) equation:

max
1≤i ≤M

(Aiu) = f(u) in Ω

∂u

∂n
= 0 on Γ

(1.1)

where Ω is a convex bounded domain of RN , with smooth boundary Γ, the Ais
are second order uniformly elliptic operators, and f (.) is a nonlinearity.

HJB equations arise in many applications: stochastic control, management
and economy, finance, mechanics and optics, etc.
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They have been the object of intensive study during the last three decades.
For a general review of their theory and applications we refer to [1],[2],[3],[4],[5],[6],[7]
and the reference therein.

In this paper, under a realistic assumption on the nonlinearity, we shall
characterize the solution of HJB equation as the unique fixed point of a con-
traction.

2. Assumptions and notations

We are given the second order operators

Ai =
∑

1≤ j,k≤N

aijk(x)
∂2

∂xj∂xk
+

N∑
k=1

bik(x)
∂

∂xk
+ ai0(x)

such that

aijk(x), bik(x), ai0(x) ∈ C2(Ω̄), x ∈ Ω̄, ∀i = 1, 2, ...,M

aijk = aikj , x ∈ Ω̄ ,∀i = 1, 2, ...,M (2.1)∑
1≤j,k≤N

aijk(x)ξjξk = ν |ξ|2 , ν > 0, ∀x ∈ Ω̄, ∀ξ ∈ RN , ∀i = 1, 2, ...,M

and

ai0(x) ≥ β > 0, ∀i = 1, 2, ...,M

where β is a positive constant. Let

ai(u, v) =

∫
Ω

( ∑
1≤j,k≤N

aijk(x)
∂u

∂xj

∂v

∂xk
+

N∑
k=1

bik(x)
∂u

∂xk
v + ãi0(x)uv

)
dx

be the bilinear forms on H1
0 (Ω)×H1

0 (Ω), associated with operators Ai,where

ãi0(x) = bik(x) +
N∑
k=1

∂aijk
∂xk

and (., .) be the inner product in L2(Ω).

We assume that

ai(v, v) ≥ δ ‖v‖2
H1(Ω) , δ > 0

and that the nonlinearityf(.) is Lipschitz continuous with constant c satis-
fying

c

β
< 1 (2.2)

Next, we shall characterize the solution of problem (1.1) as the fixed point
of a contraction.
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3. The Main Result

Next, we shall characterize the solution of problem (1.1) as the fixed point
of a contraction. Indeed, let us introduce the mapping

T :L∞(Ω) → L∞(Ω) (3.1)

w → Tw = ζ

where ζ solves the HJB equation
max

1≤i≤M
(Aiζ) = f(w) in Ω

∂ζ

∂n
= 0 on Γ

(3.2)

or equivalently 
max

1≤i≤M
(Aiζ − f(w)) = 0 in Ω

∂ζ

∂n
= 0 on Γ

(3.3)

Note that the source term f(w) in (3.2) or (3.3) doesn’t depend on the solu-
tion ζ. So, thanks to [7], problem (3.3) can be approximated by the following

system of quasi-variational inequalities (QVIs): find (ζ1, ..., ζM) ∈ (H1(Ω))
M

such that: 
ai(ζ i, v − ζ i) = (f(w), v − ζ i) ∀v ∈ H1(Ω)

ζ i ≤ k + ζ i+1 , v ≤ k + ζ i+1

ζM+1 = ζ1

(3.4)

where k is a positive constant.

Theorem 1. [7] System (3.4) has a unique solution. Moreover, as k → 0,
each component of this system converges uniformly in C(Ω̄) to the solution ζ
of HJB equation (3.2) or (3.3).

Lemma 1. Let w,w̃ in L∞(Ω) and (ζ1, ..., ζM), (ζ̃1, ..., ζ̃M) be the correspond-
ing solutions to system (3.4) with right-hand sides f(w) and f(w̃), respectively.
Then, we have

max
1≤i ≤M

∥∥∥ζ i − ζ̃ i∥∥∥
∞
≤ c

β
‖w − w̃‖∞

Proof. Let us set

Φi =
1

β
‖ f(w)− f(w̃) ‖∞

Then

f(w) ≤ f(w̃)+ ‖ f(w)− f(w̃) ‖∞
≤ f(w̃) +

(
ai0(x)/β

)
‖ f(w)− f(w̃) ‖∞

≤ f(w̃) + (ai0(x).Φi)
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So, making use of monotonicity result with respect to right-hand side for sys-
tem of QVIs related to HJB equation [9], we get

ζ i ≤ ζ̃ i + Φi

Similarly, interchanging the roles of w and w̃, we also get

ζ̃ i ≤ ζ i + Φi

So

‖ ζ i − ζ̃ i ‖∞≤
1

β
‖ f(w)− f(w̃) ‖∞≤

c

β
‖w − w̃‖∞

which completes the proof. �

Theorem 2. The mapping T is a contraction with rate equal to c/β.Therefore,Tadmits
a unique fixed point which coincides with the solution of HJB equation (1.1).

Proof. Indeed, Let ζ = Tw and ζ̃ = Tw̃ be solutions to HJB equation (3.2)
or (3.3) with source terms f(w) and f(w̃), respectively.Then, combining both
theorem 1 and lemma 1, we have

‖Tw − Tw̃‖∞ =
∥∥∥ζ − ζ̃∥∥∥

∞

≤
∥∥ζ − ζ i∥∥∞ +

∥∥∥ζ i − ζ̃ i∥∥∥
∞

+
∥∥∥ζ̃ i − ζ̃∥∥∥

∞

≤
∥∥ζ − ζ i∥∥∞ + max

1≤ i ≤ M

∥∥∥ζ i − ζ̃ i∥∥∥
∞

+
∥∥∥ζ̃ i − ζ̃∥∥∥

∞

≤
∥∥ζ − ζ i∥∥∞ +

c

β
‖w − w̃‖∞ +

∥∥∥ζ̃ i − ζ̃∥∥∥
∞

So,

‖Tw − Tw̃‖∞ =
∥∥∥ζ − ζ̃∥∥∥

∞

≤ lim
k→0

∥∥ζ − ζ i∥∥∞ +
c

β
‖w − w̃‖∞ + lim

k→0

∥∥∥ζ̃ i − ζ̃∥∥∥
∞

≤ c

β
‖w − w̃‖∞

which completes the proof. �

Conclusion 1. We have characterized the solution of nonlinear HJB equa-
tions as the fixed point of a contraction on L∞(Ω).This characterization is
expected to play a crucial role in the numerical analysis of the problem as well
as the design and convergence of related computational algorithms.
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