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Abstract

A Krasnoselskii-type algorithm is constructed and proved to be an approximate

fixed point sequence for a countable family of multi-valued strictly pseudo-contractive

mappings in a real Hilbert space. Under some additional mild conditions, the se-

quence is proved to converge strongly to a common fixed point of the family. Our

theorems complement and improve the results of Chidume and Ezeora [6], Abbas et

al. [1], Chidume et al. [5] and a host of other important results.

Mathematics Subject Classification: 47H04, 47H06, 47H15, 47H17,
47J25

Keywords: k-strictly pseudo-contractive mappings; multi-valued mappings;
Hilbert spaces



1332 C. E. Chidume, A. U. Bello and M. A. Onyido

1. Introduction

For several years, the study of fixed point theory for multi-valued nonlinear
mappings has continued to attract the interest of several eminent mathemati-
cians (see e.g., Brouwer [3], Chang et al. [8], Chidume et al. [5], Denavari and
Frignon [11], Chidume [7], Yingtaweesittikul [30], Kakutani [18], Nash [24, 25],
Geanokoplos [16], Nadler [23], Downing and Kirk [12], and the references con-
tained therein).

Interest in such studies stems, perhaps, mainly from their usefulness in real-
world applications, such as in Game theory, Market Economy and in other
areas of mathematics, such as in Non-smooth Differential Equations (see e.g.,
[5] for more details).

Game theory is perhaps the most successful area of application of fixed point
theory for multi-valued mappings. However, in the applications of this theory
to equilibrium problems in game theory, it has been remarked that while fixed
point theory for multi-valued maps enhance the understanding of conditions
under which equilibrium may be achieved, it does not indicate how to construct
a process, starting from a non-equilibrium point, that will converge to an equi-
librium solution. Iterative methods for fixed points of multi-valued mappings
are designed to address this problem. For more details, see e.g., [5], [9] and [13].

Let CB(K) denote the family of nonempty, closed and bounded subsets of
K. The Hausdorff metric on CB(K) is defined by

D(A,B) = max{sup
a∈A

d(a,B), sup
b∈B

d(b, A)} ∀ A,B ∈ CB(K).

Let T : D(T ) ⊆ E → CB(E) be a multi-valued mapping on E. A point
x ∈ D(T ) is called a fixed point of T if x ∈ Tx. The fixed point set of T is
denoted by F (T ) := {x ∈ D(T ) : x ∈ Tx}.

A multi-valued mapping T : D(T ) ⊆ E → CB(E) is called L-Lipschitzian
if there exists L > 0 such that

D(Tx, Ty) ≤ L‖x− y‖ ∀ x, y ∈ D(T ). (1.1)

When L ∈ (0, 1), we say that T is a contraction and when L = 1 we say that
T is nonexpansive.
Several papers deal with the problem of approximating fixed points of multi-
valued nonexpansive mappings (see, for example, [2], [26], [28], [1], [29], [19]
and the references contained therein) and their generalizations (see e.g., [15]).

Abbas et al. [1], introduced a one-step iterative process as follows; x1 ∈ K,

xn+1 = anxn + bnyn + cnzn, n ≥ 1. (1.2)
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Using (1.2), Abbas et al. proved weak and strong convergence theorems for
approximation of common fixed points of two multi-valued nonexpansive map-
pings in real Banach spaces. Chidume et al. [5], introduced the class of
multi-valued k-strictly pseudo-contractive maps defined on a real Hilbert space
H as follows:

Definition 1.1. A multi-valued map T : D(T ) ⊂ H → CB(H) is called k-
strictly pseudo-contractive if there exists k ∈ (0, 1) such that for all x, y ∈
D(T ), and for all u ∈ Tx, v ∈ Ty,

(D(Tx, Ty))2 ≤ ‖x− y‖2 + k‖x− y − (u− v)‖2. (1.3)

If T is a single-valued map, definition (1.1) reduces to the definition intro-
duced and studied by Browder and Petrshyn [4] as an important generalization
of the class of nonexpansive mappings. Chidume et al., proved strong conver-
gence theorems for approximating fixed points of this class of mappings using
a Krasnoselskii-type algorithm, which is well known to be superior to the re-
cursion formula of Mann or Ishikawa, in the sense that whenever it converges,
it does so as fast as a geometric progression, whereas the Mann and Ishikawa

schemes, whenever they converge, they do so in the order O( 1
n
) and O

(
1√
n

)
respectively (see e.g., [21], [22], and [17]).

Chidume and Ezeora [6], extended the result of Chidume et al. [5] to a finite
family of multi-valued k-strictly pseudo-contractive mappings in real Hilbert
spaces. The following theorem is their main result.

Theorem (Theorem 2.2 of [6]). Let K be a nonempty, closed and convex sub-
set of a real Hilbert space H, and Ti : K → CB(K) be a finite family of multi-
valued ki-strictly pseudocontractive mappings, ki ∈ (0, 1), i = 1, 2, . . . ,m, such
that

⋂m
i=1 F (Ti) 6= ∅. Assume that for all p ∈

⋂m
i=1 F (Ti), Ti(p) = {p}. Let

{xn} be a sequence defined by x0 ∈ K,

xn+1 = λ0xn + λ1y
1
n + λ2y

2
n + . . . ,+λmy

m
n , (1.4)

where yin ∈ Tixn, n > 1, and λi ∈ (k, 1), i = 0, 1, 2, . . . ,m such that
∑m

i=0 λi =
1, where k = max{ki, i = 1, 2, . . . ,m}. Then, limn→∞ d(xn, Tixn) = 0 ∀ i =
1, 2, . . . ,m.

Motivated by the results of Chidume and Ezeora [6], Chidume et al. [5], Ab-
bas et al. [1], Khastan [20], Eslamian [14], Shahzad and Zegeye [27] and Song
and Wong [28], we construct a new Krasnoselskii-type algorithm, and prove
strong convergence theorems for the sequence of the algorithm for a common
fixed point of a countable family of multi-valued strictly pseudo-contractive
mappings in a real Hilbert space. Our results, under the setting of our the-
orems, generalize those of Chidume et al. [5] and Chidume and Ezeora [6],
which are themselves generalizations of many important results.
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2. Preliminaries

In the sequel, we shall need the following lemma which was proved in [14].

Lemma 2.1. Let H be a real Hilbert space. Let {xi, i = 1, ...,m} ⊂ H. For
αi ∈ (0, 1), i = 1, ...,m such that

∑m
i=1 αi = 1, the following identity holds:∥∥∥∥∥

m∑
i=1

αixi

∥∥∥∥∥
2

=
m∑
i=1

αi‖xi‖2 −
m∑

i,j=1,i 6=j

αiαj‖xi − xj‖2 . (2.1)

The following lemma is a generalization of Lemma 2.1 in [14].

Lemma 2.2. Let H be a real Hilbert space. Let {xi}∞i=1 ⊂ H and αi ∈
(0, 1), i = 1, 2, ..., such that

∑∞
i=1 αi = 1. If {xi}∞i=1 is bounded, then∥∥∥∥∥

∞∑
i=1

αixi

∥∥∥∥∥
2

=
∞∑
i=1

αi‖xi‖2 −
∞∑

i,j=1,i 6=j

αiαj‖xi − xj‖2 (2.2)

Proof. We observe that setting M := supi≥1 ‖xi‖, we have
∑∞

i=1 αi‖xi‖2 <∞.
Moreover, since

∑∞
i=1 αi = 1, we have

n∑
i=1

αi = 1−
∞∑

i=n+1

αi

Thus setting

αn
i =

αi

1−
∑∞

i=n+1 αi

, we see that
n∑

i=1

αn
i = 1. (2.3)

We also have from Lemma 2.1 that, for each n ≥ 1,∥∥∥∥∥
n∑

i=1

αn
i xi

∥∥∥∥∥
2

=
n∑

i=1

αn
i ‖xi‖

2 −
n∑

i,j=1,i 6=j

αn
i α

n
j ‖xi − xj‖

2 . (2.4)

Since,

lim
n→∞

∥∥∥∥∥
n∑

i=1

αn
i xi

∥∥∥∥∥
2

=

∥∥∥∥∥
∞∑
i=1

αixi

∥∥∥∥∥
2

and

lim
n→∞

( n∑
i=1

αn
i ‖xi‖

2−
n∑

i,j=1,i 6=j

αn
i α

n
j ‖xi − xj‖

2
)

=
( ∞∑

i=1

αi‖xi‖2−
∞∑

i,j=1,i 6=j

αiαj‖xi − xj‖2
)
.

We have, ∥∥∥∥∥
∞∑
i=1

αixi

∥∥∥∥∥
2

=
∞∑
i=1

αi‖xi‖2 −
∞∑

i,j=1,i 6=j

αiαj‖xi − xj‖2 (2.5)

This proves the result. �
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The following result is proved in [5].

Lemma 2.3. Let T : K → CB(K) be a multi-valued k-strictly pseudo-

contractive mapping, then T is Lipschitz with Lipschitz constant 1+
√
k

1−
√
k
.

As a consequence of Lemma 2.3, we obtain the following lemma.

Lemma 2.4. Let Ti : K → CB(K) be a countable family of multi-valued
ki-strictly pseudo-contractive mappings, ki ∈ (0, 1), i = 1, 2, .... If supi≥1 ki ∈
(0, 1), then Ti is uniformly Lipschitz; that is, there exists L > 0, such that

D(Tix, Tiy) ≤ L‖x− y‖ ∀ x, y ∈ K

Proof. From Lemma (2.3), we have that Ti is Lipschitz for each i, with Lipschitz

constant Li = 1+
√
ki

1−
√
ki

. Now, since ki ∈ (0, 1), i = 1, 2, ..., setting k := supi≥1 ki.

we have,

D(Tix, Tiy) ≤
(1 +

√
ki

1−
√
ki

)∥∥∥x− y∥∥∥ ≤ (1 +
√
k

1−
√
k

)∥∥∥x− y∥∥∥.
Hence, Ti is uniformly Lipschitz. �

3. Main result

We now prove the following theorem.

Theorem 3.1. Let K be a nonempty closed and convex subset of a real Hilbert
space H, and Ti : K → CB(K) be a countable family of multi-valued ki-strictly
pseudo-contractive mappings; ki ∈ (0, 1), i = 1, 2, ... such that

⋂∞
i=1 F (Ti) 6= ∅;

and supi≥1 ki ∈ (0, 1). Assume that for p ∈
⋂∞

i=1 F (Ti), Ti(p) = {p}. Let
{xn}∞n=1 be a sequence defined iteratively for arbitrary x0 ∈ K by

xn+1 = λ0xn +
∞∑
i=1

λiy
i
n, (3.1)

where yin ∈ Tixn, n ≥ 1 and λ0 ∈ (k, 1);
∑∞

i=0 λi = 1 and k := supi≥1 ki. Then,
limn→∞ d(xn, Tixn) = 0, i = 1, 2, ....

Proof. We first show that {xn} is well defined for each n ≥ 1. It suffices to
show that

∑∞
i=1 λi‖yin‖ < ∞ for each n ∈ N. Indeed, for p ∈

⋂∞
i=1 F (Ti), we

have, ∥∥yin − p∥∥ ≤ sup
i≥1

∥∥yin − p∥∥ = D(Tixn, {p}) ≤ L‖xn − p‖ := Mn.

Thus ‖yin‖ − ‖p‖ ≤ ‖yin − p‖ ≤ Mn. That is ‖yin‖ ≤ Mn + ‖p‖ Therefore, for
each n, {yin} is bounded. Hence,

∞∑
i=1

λi
∥∥yin∥∥ ≤ (Mn + ‖P‖)

∞∑
i=1

λi = (Mn + ‖P‖)(1− λ0) <∞.
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Using (2.2), (1.3) and the fact that λ0 ∈ (k, 1) we have:

‖xn+1 − p‖2 =

∥∥∥∥∥λ0(xn − p) +
∞∑
i=1

λi(y
i
n − p)

∥∥∥∥∥
2

= λ0‖xn − p‖2 +
∞∑
i=1

λi
∥∥yin − p∥∥2 − ∞∑

i=1

λiλ0
∥∥xn − yin∥∥2

−
∞∑

i,j=1,i 6=j

λiλj
∥∥yin − yjn∥∥2

≤ λ0‖xn − p‖2 +
∞∑
i=1

λi
∥∥yin − p∥∥2 − ∞∑

i=1

λiλo
∥∥xn − yin∥∥2

≤ λ0‖xn − p‖2 +
∞∑
i=1

λi(D(Tixn, Tip))
2 −

∞∑
i=1

λiλo
∥∥xn − yin∥∥2

≤ λ0‖xn − p‖2 +
∞∑
i=1

λi

(
‖xn − p‖2 + k

∥∥xn − yin∥∥2)
−

∞∑
i=1

λiλ0
∥∥xn − yin∥∥2

=
∞∑
i=0

λi‖xn − p‖2 −
∞∑
i=1

λi(λ0 − k)
∥∥xn − yin∥∥2

= ‖xn − p‖2 −
∞∑
i=1

λi(λ0 − k)
∥∥xn − yin∥∥2. (3.2)

Thus, limn→∞ ‖xn − p‖ exists. Moreover,
∞∑
i=1

λi
∥∥xn − yin∥∥2 ≤ 1

λ0 − k

(
‖xn − p‖2 − ‖xn+1 − p‖2

)
,

which implies that

λi
∥∥xn − yin∥∥2 ≤ 1

λ0 − k

(
‖xn − p‖2 − ‖xn+1 − p‖2

)
.

Therefore,

λi

∞∑
n=1

∥∥xn − yin∥∥2 ≤ 1

(λ0 − k)

∞∑
n=1

(
‖xn − p‖2 − ‖xn+1 − p‖2

)
<∞.

Hence, limn→∞ ‖xn − yin‖ = 0 ∀i = 1, 2, .... Since yin ∈ Tixn, i = 1, 2, ..., it
follows that

0 ≤ d(xn, Tixn) ≤
∥∥xn − yin∥∥.

Thus, limn→∞ d(xn, Tixn) = 0 ∀ i = 1, 2, .... �
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The proof is complete.

Remark 1.
∑∞

i=1 λiy
i
n is easily computable. For we observe that, yin ∈

Tixn, i = 1, 2, ... and for fixed n say, n0, yin0
∈ Tixn0 and

∥∥yin0
− p
∥∥ ≤

L‖xn0 − p‖ which implies that
∥∥yin0

∥∥ ≤ L‖xn0 − p‖ + ‖p‖ := Mn0 , so that∑∞
i=1 λi

∥∥yin0

∥∥ ≤Mn0 .

Definition 3.2. A mapping T : K → CB(K) is called hemicompact if, for
any sequence {xn} in K such that d(xn, Txn) → 0 as n → ∞, there exists a
subsequence {xnk

} of {xn} such that xnk
→ p ∈ K.

Remark 2. If K is compact, then every multi-valued mapping T : K →
CB(K) is hemicompact.

Theorem 3.3. Let K be a nonempty, closed and convex subset of a real Hilbert
space H and T : K → CB(K) be a countable family of multi-valued ki-strictly
pseudo-contractive mappings, ki ∈ (0, 1), i = 1, 2, ..., such that

⋂∞
i=1 F (Ti) 6= ∅.

Assume that for p ∈
⋂∞

i=1 F (Ti), Ti(p) = {p}. Suppose ∃ i0 ∈ N : Ti0 is
hemicompact. Let {xn} be a sequence defined by x0 ∈ K,

xn+1 = λ0xn +
∞∑
i=1

λiy
i
n (3.3)

where yin ∈ Tixn, n ≥ 1 and λi ∈ (k, 1), i = 1, 2, ... such that
∑∞

i=0 λi = 1
and k := supi≥1 ki, then the sequence {xn} converges strongly to an element of⋂∞

i=1 F (Ti).

Proof. From theorem (3.1), we have limn→∞ d(xn, Tixn) = 0, i = 1, 2, .... Since
Ti0 , is hemicompact, there exists a subsequence {xnk

} of {xn} such that xnk
→

q ∈ K as k →∞. Also, by continuity of Ti, i = 1, 2, ..., we have d(xnk
, Tixnk

)→
d(q, Tiq), i = 1, 2, ... as k →∞. Therefore, d(q, Tiq) = 0, i = 1, 2, ..., and so q ∈
F (Ti), i = 1, 2, ... Thus, from inequality (3.2), we have that limn→∞ ‖xn − q‖
exists; and since xnk

→ q, it follows that limn→∞ ‖xn − q‖ = 0. So, {xn}
converges strongly to q ∈

⋂∞
i=1 F (Ti). �

The following is an immediate corollary of Theorem (3.3). The proof basically
follows as the proof of its analogue for single multi-valued strictly pseudo-
contractive maps in Chidume et al. [5]. The proof is therefore omitted.

Corollary 3.4. Let K be a nonempty, compact and convex subset of a real
Hilbert space H and T : K → CB(K) be a countable family of multi-valued ki-
strictly pseudo-contractive mappings, ki ∈ (0, 1), i = 1, 2, ..., such that

⋂∞
i=1 F (Ti) 6=

∅, and supi≥1 ki ∈ (0, 1). Assume that for p ∈
⋂∞

i=1 F (Ti), Ti(p) = {p}. Let
{xn} be a sequence defined iteratively for arbitrary x0 ∈ K by

xn+1 = λ0xn +
∞∑
i=1

λiy
i
n (3.4)
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where yin ∈ Tixn, n ≥ 1 and λ0 ∈ (k, 1), i = 1, 2, ...;
∑∞

i=0 λi = 1 and
k := supi≥1 ki, then the sequence {xn} converges strongly to an element of⋂∞

i=1 F (Ti).

Remark 3. The result of Chidume and Ezeora [6] and Chidume et al. [5], are
special cases of our theorems.

Remark 4. It is worth mentioning that the recursion formulas studied in this
paper are of the Krasnoselskii-type (see e.g., [21]) which is well known to be
superior to the recursion formula of either the Mann algorithm [22] or the
so-called Ishikawa-type algorithm [17].

Remark 5. Our theorems extend the results of Chidume et al. [5] and
Chidume and Ezeora [6] from a single multi-valued strictly pseudo- contrac-
tive mappings and a finite family of multi-valued strictly pseudo-contractive
mappings, respectively, to a countable family of multi-valued strictly pseudo-
contractive mappings. Furthermore, under the setting of Hilbert spaces, our
theorems and corollaries improve the convergence theorems for multi-valued
nonexpansive mappings to the more general class of multi-valued strictly pseudo-
contractive mappings studied in Sastry and Babu [2], Panyanak [26]. Also, in
our algorithms, yn ∈ Txn is arbitrary and is not required to satisfy the very
restrictive condition, “yn ∈ Txn such that ‖yn − x∗‖ = d(x∗, Txn)” imposed
in [19] and [27].
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