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Abstract

The geometric operator mean has been introduced by many authors
in different ways. It has been defined as the unique positive solution
of an algebraic Riccati equation, as a unique solution of an optimiza-
tion problem as well as a strong limit of an operator sequence defined
recursively by an iterative algorithm descending from the arithmetic
and harmonic operator means. In this paper, we establish a functional
mean inequality from which we derive another writing of the geometric
operator mean in terms of the parameterized arithmetic and harmonic
operator means.
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1 Introduction

Throughout this paper, (E, 〈., .〉) denotes a complex Hilbert space. Let B(E)
be the algebra of bounded linear operators from E into itself. We denote by
B+∗(E) the set of all (self-adjoint) positive invertible operators T ∈ B(E). It
is well known that B+∗(E) is an open convex cone of B(E).

Let T, S ∈ B+∗(E) and λ ∈ [0, 1] be a real number. The following

Aλ(T, S) = (1− λ)T + λS, Hλ(T, S) =
(

(1− λ)T−1 + λS−1
)−1

,

Gλ(T, S) = T 1/2
(
T−1/2ST−1/2

)λ
T 1/2

are known in the literature as the parameterized arithmetic, harmonic and
geometric operator means of T and S, respectively. For λ = 1/2, we simply
write them A, H and G, respectively. These operator means satisfy the
following inequalities

Hλ(T, S) ≤ Gλ(T, S) ≤ Aλ(T, S), (1)

for the Löwner order: T ≤ S if and only if T and S are self-adjoint and S−T is
positive. It is also easy to verify that the conjugate-relationship holds, namely

Mλ(T, S) = M1−λ(S, T ), (2)

where Mλ represents one among of Aλ, Hλ and Gλ.
The above operator means have been extended from the case that the

variables are positive operators to the case that the variables are convex func-
tionals, see [1, 4, 6] for instance. Precisely, let f, g : E −→ (−∞,∞] be two
(convex) functions, the following

Aλ(f, g) = (1− λ)f + λg, Hλ(f, g) =
(

(1− λ)f ∗ + λg∗
)∗

Gλ(f, g) =
sin(λπ)

π

∫ 1

0

tλ−1

(1− t)λ
(

(1− t)f ∗ + tg∗
)∗
dt

are known in the literature as the parameterized arithmetic, harmonic and
geometric functional means of f and g, respectively. For λ = 1/2, we simply
write them A, H and G, respectively. Here, the notation f ∗ refers to the
Fenchel-conjugate of f defined by, see [2, 5]

∀x∗ ∈ E f ∗(x∗) = sup
x∈E

{
Re〈x∗, x〉 − f(x)

}
. (3)
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All the above functional means were constructed in the aim that they are
extensions of their related operator means via the following relationship

Mλ(fT , fS) = fMλ(T,S),

where Mλ is as in (2) and Mλ is one among of Aλ, Hλ and Gλ, respectively.
Here, the notation fT (as well as fS) stands for the convex function generating
by the positive operator T , i.e. fT (x) = (1/2)〈Tx, x〉 for all x ∈ E. An
extension of (1) is

Hλ(f, g) ≤ Gλ(f, g) ≤ Aλ(f, g) (4)

and analogue of (2) holds true, too. In (4), ≤ is the point-wise order defined
between functionals as follows: f ≤ g if and only if f(x) ≤ g(x) for all x ∈ E.

2 On a Functional Mean-Inequality

We preserve the same notations as previous. Our first main result here is
recited as follows.

Theorem 2.1 Let f, g : E −→ (−∞,∞] and λ ∈ (0, 1). Then we have

2H(f, g) ≤ Hλ(f, g) +Aλ(g, f) ≤ 2A(f, g). (5)

Proof.
We first show the right inequality. By (4) we have

Hλ(f, g) +Aλ(g, f) ≤ Aλ(f, g) +Aλ(g, f) ≤ f + g := 2A(f, g),

after a simple manipulation, with the convention ∞−∞ =∞.
Let us prove the left inequality of (5). By definition, with (3), we have (for

all x, x∗ ∈ E)

Hλ(f, g)(x) =
(

(1− λ)f ∗ + λg∗
)∗

(x) ≥ Re〈x∗, x〉 − (1− λ)f ∗(x∗)− λg∗(x∗).

We then deduce (again we use (3))

Hλ(f, g)(x)+Aλ(g, f)(x) ≥ Re〈x∗, x〉−(1−λ)f ∗(x∗)−λg∗(x∗)+(1−λ)g(x)+λf(x)

≥ Re〈x∗, x〉−(1−λ)f ∗(x∗)−λg∗(x∗)+(1−λ)
(
Re〈x∗, x〉−g∗(x∗)

)
+λ
(
Re〈x∗, x〉−f ∗(x∗)

)
This with a simple manipulation, and always with the convention∞−∞ =∞,
yields

Hλ(f, g)(x) +Aλ(g, f)(x) ≥ 2
(
Re〈x∗, x〉 − (

f ∗ + g∗

2
)(x∗)

)
.
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Taking the supremum over x∗ ∈ E, with again (3) and the definition of H, we
obtain the desired inequality, so completes the proof of the theorem.

The functional inequalities (5) tell us that, for fixed x ∈ H, the (extended)
real-valued function

(0, 1) 3 λ 7−→ Hλ(f, g)(x) +Aλ(g, f)(x)

is bounded below by 2H(f, g)(x). We can therefore state the following defini-
tion.

Definition 2.2 Let f, g : E −→ (−∞,∞]. We set

M(f, g) = inf
0<λ<1

Hλ(f, g) +Aλ(g, f)

2
, (6)

where the ” inf ” is taken for the point-wise order.

The following result may be stated.

Proposition 2.3 The binary functional map (f, g) 7−→M(f, g) satisfies

H(f, g) ≤M(f, g) ≤ H(f, g) +A(f, g)

2
≤ A(f, g)

for the point-wise order.

Proof.
Follow from (6) by a simple manipulation. Detail is simple and therefore
omitted here for the reader.

3 New Writing for the Geometric Operator

Mean

We start this section by proving the next result.

Lemma 3.1 For all a, b > 0 we have

√
ab = inf

0≤λ≤1

Hλ(a, b) + Aλ(b, a)

2
,

where Aλ(a, b) and Hλ(a, b) are, respectively, the parameterized arithmetic and
harmonic scalar means of a and b defined as previous when dim E = 1.
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Proof.
By definition we have

Hλ(a, b) + Aλ(b, a) =
ab

(1− λ)b+ λa
+ (1− λ)b+ λa.

For fixed a, b > 0, consider the map Φ : [0, 1] −→ R defined through

Φ(λ) =
ab

(1− λ)b+ λa
+ (1− λ)b+ λa.

It is simple to verify that

Φ
′
(λ) = a− b− ab(a− b)(

(1− λ)b+ λa
)2

and

Φ
′
(λ) = 0⇐⇒ λ = λ0 :=

√
b

√
a+
√
b
.

An elementary computation leads to

Φ(λ0) = 2
√
ab.

This, with the fact that Φ(0) = Φ(1) = a + b and 2
√
ab ≤ a + b, yields the

desired result.

We are now in a position to state the following result which gives another
expression of the geometric operator mean in a convex point of view.

Theorem 3.2 For all T, S ∈ B+∗(H) one has

G(T, S) = inf
0≤λ≤1

Hλ(T, S) + Aλ(S, T )

2
,

where the ” inf ” is taken for the Löwner order.

Proof.
By Lemma 3.1, we have

b1/2 = inf
0≤λ≤1

Hλ(1, b) + Aλ(b, 1)

2
.

Since T−1/2ST−1/2 ∈ B+∗(E) then we have

(
T−1/2ST−1/2

)1/2
= inf

0≤λ≤1

Hλ

(
I, T−1/2ST−1/2

)
+ Aλ

(
T−1/2ST−1/2, I

)
2

,
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and so

G(T, S) := T 1/2
(
T−1/2ST−1/2

)1/2
T 1/2

= inf
0≤λ≤1

T 1/2Hλ

(
I, T−1/2ST−1/2

)
T 1/2 + T 1/2Aλ

(
T−1/2ST−1/2, I

)
T 1/2

2
,

where I denotes the identity operator. This, with the fact that (see [3] for a
general point of view)

T 1/2Hλ

(
I, T−1/2ST−1/2

)
T 1/2 = H(T, S)

and
T 1/2Aλ

(
I, T−1/2ST−1/2

)
T 1/2 = A(T, S)

yields the desired result, so completes the proof.

We end this paper by stating the following open problem which arises nat-
urally from the above study.

Question: Is it true that

G(f, g) = inf
0<λ<1

Hλ(f, g) +Aλ(f, g)

2
,

where the ” inf ” is taken here for the point-wise order.
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