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Abstract

The authors aim at finding subordination property and coefficient
bounds for functions in the class Wn(α, γ, β) of normalized analytic
functions in the open unit disk U and also discuss the special classes
which are obtained from the same class.
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1 Introduction

Let An denotes the class of functions of the form

f(z) = z +
∞∑

k=n+1

akz
k, (1)

which are analytic in the unit disk U := {z ∈ C : |z| < 1}.
Definition 1.1. A function f ∈ An is said to be convex in U, if it is uni-

valent in f(U) and f(U) is a convex domain (A domain D ⊂ C is said to
be convex if the line segment joining any two points of D lies entirely in D).

Evidently, the function f ∈ An is convex, if and only if Re
{

1 + zf
′′
(z)

f ′ (z)

}
> 0,

for z ∈ U and the class of all convex functions are denoted by C.

Definition 1.2. A function f ∈ An is said to be close-to-convex of order
α(0 ≤ α < 1) in the unit disk U if there exists a convex function g(z) ∈ An such

that Re
{
f
′
(z)

g′ (z)

}
> α, for z ∈ U and the class of all close-to-convex functions

are denoted by K.

The concept of close-to-convex functions were introduced by Kaplan[5]
and later studied by Reade[12].Lewandowski[7] (see also[2]) gave the complete
geometric characterisation as follows:

An analytic univalent function f(z) is close-to-convex in U if and only if
the complement of the image-region U is the union of rays that are disjoint
(except that the origin of one ray may lie on another one of the rays).

Definition 1.3. For 0 ≤ α < 1 and γ, β ≥ 0, let Wn(α, γ, β) denote
the class of all normalized analytic functions f in the open unit disc
U := {z ∈ C : |z| < 1} such that∣∣∣∣(1− γ + 2β)

f(z)

z
+ (γ − 2β)f

′
(z) + βzf ′′(z)− 1

∣∣∣∣ < 1− α, (z ∈ U) (2)

Also note that f(z) ∈ Wn(α, γ, β) then it follows

<
{

(1− γ + 2β)
f(z)

z
+ (γ − 2β)f

′
(z) + βzf ′′(z)

}
> α, (z ∈ U) (3)

Obviously f(z) = z belongs the class Wn(α, γ, β). This class is a subclass
of the class Wβ(α, γ) which is defined by Ali et al.[1]. If β = 0, the class
Wn(α, γ, β) is reduced to Rn(α, γ) discussed in [3]. It is the subclass of Pτγ (β)
defined by Swaminathan[13], investigated by Kim and Rønning[6] and if
γ = 1, we get the class Rn(α) defined in Owa and Ma[11]. For γ = 0 which
corresponds to the class An(α) defined by Owa and Hu[10].
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Definition 1.4. For the functions f(z) and g(z) belonging to An, we say
that f(z) is subordinate to g(z) in U if there exists an analytic function w(z)
in U such that |w(z)| < 1 for z ∈ U and f(z) = g(w(z)). We denote by
f(z) ≺ g(z) this subordination. In particular, if g(z) is univalent in U the
subordination f(z) ≺ g(z) is equivalent to f(0) = g(0) and f(U) ⊂ g(U).

To establish our main result, we will require the following lemma which
is well-known as Jack’s lemma [4] proven by Miller and Mocanu [8] (see also
[9]).

Lemma 1.5. Let z0 ∈ U and r0 = |z0|. Let ω(z) = bnz
n + bn+1z

n+1 + ...,
(n ∈ N) be analytic in U with ω(z) is not identically zero. If z0 = r0e

iθ0,
(r0 < 1) and

| ω(z) |= max{| ω(z) |; |z| ≤ |z0|}, (4)

then

z0ω
′
(z0) = mω(z0)

where m is real and m ≥ n ≥ 1.

2 Main Results

Theorem 2.1. For 0 ≤ α < 1, γ, β ≥ 0 and m ≥ n ≥ 1, let the function
f(z) defined by (1) be in the class Wn(α, γ, β). Then

f(z)

z
≺ 1 +

(1− α)z

1 + γn+m(m− 1)β
(5)

Proof. Obviously the result is true for f(z) = z. Hence assume that
f(z) 6= z. Define the analytic function w(z) in the unit disk U

f(z)

z
= 1 +

(1− α)ω(z)

1 + γn+m(m− 1)β
(6)

Evidently ω(0) = 0, if f(z) is not identically equal to z then ω(z) is not
identically zero . Hence, it is possible to prove that | ω(z) |< 1 for all z ∈ U.
If not so, there is a point z0 ∈ U such that

max | ω(z) |=| ω(z0) |= 1, |z| ≤ |z0|

Using (6)

f
′
(z) = 1 +

(1− α)

1 + γn+m(m− 1)β

(
zω

′
(z) + ω(z)

)
(7)
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and

f
′′
(z) =

(1− α)

1 + γn+m(m− 1)β

(
zω

′′
(z) + 2ω

′
(z)
)

(8)

From the combination of (7), (8) and consequence of the lemma 1.5, a com-
putation gives

(1−γ+2β)
f(z)

z
+(γ−2β)f

′
(z)+βzf ′′(z)−1 =

(1− α)(1 +mγ +m(m− 1)β)ω(z0)

1 + nγ +m(m− 1)β
.

Hence∣∣∣∣(1− γ + 2β)
f(z)

z
+ (γ − 2β)f

′
(z) + βzf ′′(z)− 1

∣∣∣∣ =
(1− α)(1 + nγ +m(m− 1)β)

1 +mγ +m(m− 1)β

≥ 1− α

This is the contradiction to the hypothesis of the Theorem 2.1, which completes
the proof.

Remark 2.1. 1. For the special case β = 0 in Theorem 2.1 represent the
result obtained by Deepak Bansal and Janusz Sokól[3].
2. When γ = 1 in Theorem 2.1 which corresponds to the result established by
Owa and Ma[11] in Theorem 1.

Corollary 2.2. For 0 ≤ α < 1, γ, β ≥ 0 and m ≥ n ≥ 1, let the function
f(z) defined by (1) be in the class Wn(α, γ, β). Then∣∣∣∣Arg(f(z)

z

)∣∣∣∣ ≤ sin−1
(

(1− α)

1 + γn+m(m− 1)β

)
The bound is best possible for the function f(z) is given by

f(z) = z +
(1− α)

1 + γn+m(m− 1)β
zn+1 ∈ Wn(α, γ, β).

Remark 2.2. The case β = 0 of Corollary 2.2 has been obtained in [3].

Theorem 2.3. For 0 ≤ α < 1, γ, β ≥ 0 and m ≥ n ≥ 1, let the function
f(z) defined by (1) be in the class Wn(α, γ, β). Then

| ak |≤
1− α

1− γ(1− k) + β(k2 − 3k + 2)
(9)

and
∞∑

k=n+1

1− γ(1− k) + β(k2 − 3k + 2)

1− α
|ak|2 ≤ 1. (10)
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Proof. Combining (1) together with (2) a simple computation yields∣∣∣∣∣
∞∑

k=n+1

1− γ(1− k) + β(k2 − 3k + 2)

1− α
akz

k−1

∣∣∣∣∣ ≤ 1, (z ∈ U)

then we observe that

∞∑
k=n+1

1− γ(1− k) + β(k2 − 3k + 2)

1− α
akz

k−1

is the bounded function whose coefficients are bounded by 1. Hence∣∣∣∣1− γ(1− k) + β(k2 − 3k + 2)

1− α
ak

∣∣∣∣ ≤ 1, k > n. (11)

The estimation of (9) is an immediate consequence from (11) and that of (10)
is obtained from the well known property of bounded functions.

Remark 2.3. By setting β = 0 in Theorem 2.3 which provides the similar
result obtained recently by Deepak Bansal and Janusz Sokól [3].
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