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Abstract

In this paper the separation axioms by ∆∗-closed sets namely
∆∗Tδ -space, ∆∗Tδg∗ -space, gδT∆∗ -space and δg#T∆∗ -space are introduced
and their properties are discussed.
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1 Introduction

N.V.Veliko [12] introduced δ-open sets in 1968. The idea of generalized closed
(briefly, g-closed) sets was initiated and investigated by N.Levine [6] in 1970.
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Julian Dontchev [1] offered a class of generalized closed sets called δg-closed
sets in 1996. R.Sudha and K.Sivakamasundari [10] established δg∗-closed sets
in 2012. A new class of generalised closed sets called ∆∗-closed sets in topo-
logical spaces using δg-closed sets was introduced in 2014 by K.Meena and
K.Sivakamasundari [7]. The objective of this paper is to contribute the separa-
tion axioms by ∆∗-closed sets. Also we study their basic properties. Through-
out this paper (X, τ) represents a non empty topological space on which no
separation axioms are mentioned unless otherwise specified.
In the previous paper [7] of K.Meena and K.Sivakamasundari, ∆∗-
closed sets were denoted by δ(δg)∗-closed sets.

2 Preliminaries

Definition 2.1 A subset A of a topological space (X, τ) is called ∆∗-closed
set [7] if δcl(A) ⊆ U whenever A ⊆ U , U is δg-open in (X, τ). The class of all
∆∗-closed sets of (X, τ) is denoted by ∆∗C(X, τ).

Definition 2.2 The closure operator of ∆∗-closed set is defined as ∆∗cl(A) =
∩{F ⊆ X : A ⊆ F and F is ∆∗-closed in (X, τ)}[8]

Definition 2.3 For any subset U of (X, τ), a new class of sets denoted by ∆∗τ#

is defined using ∆∗ closure operator as ∆∗τ# = {U : ∆∗cl(X−U) = X−U}.[8]

Definition 2.4 A topological space (X, τ) is said to be a
1) T1/2-space if every g-closed subset of (X, τ) is closed in (X, τ).[6]
2) T3/4-space if every δg-closed subset of (X, τ) is δ-closed in (X, τ).[1]
3) Tb-space if every gs-closed subset of (X, τ) is closed in (X, τ).[3]
4) Tc-space if every gs-closed subset of (X, τ) is g∗-closed in (X, τ).[13]
5) Td-space if every gs-closed subset of (X, τ) is g-closed in (X, τ).[3]
6) αTb-space if every αg-closed subset of (X, τ) is closed in (X, τ).[4]
7) αTc-space if every αg-closed subset of (X, τ) is g∗-closed in (X, τ).[13]
8) ∗T1/2

-space if every g-closed subset of (X, τ) is g∗-closed in (X, τ).[13]
9) Tδ-space if every gδ-closed subset of (X, τ) is δ-closed in (X, τ).[2]
10) δg∗Tδ -space if every δg∗-closed subset of (X, τ) is δ-closed in (X, τ).[11]
11) δgTδg∗-space if every δg-closed subset of (X, τ) is δg∗-closed in (X, τ).[11]
12) gsTδg∗-space if every gs-closed subset of (X, τ) is δg∗-closed in (X, τ).[11]
13) gδTδg∗-space if every gδ-closed subset of (X, τ) is δg∗-closed in (X, τ).[11]
14) αgTδg∗-space if every αg-closed subset of (X, τ) is δg∗-closed in (X, τ).[11]
15) δĝTδg∗-space if every δĝ-closed subset of (X, τ) is δg∗-closed in (X, τ).[11]
16) αĝTδg∗-space if every αĝ-closed subset of (X, τ) is δg∗-closed in (X, τ).[11]
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3 Separation Axioms

Definition 3.1 A space (X, τ) is said to be a
1) ∆∗Tδ-space if every ∆∗-closed subset of (X, τ) is δ-closed in (X, τ).
2) ∆∗Tδg∗ -space if every ∆∗-closed subset of (X, τ) is δg∗-closed in (X, τ).
3) gδT∆∗ -space if every gδ-closed subset of (X, τ) is ∆∗-closed in (X, τ).
4) δg#T∆∗ -space if every δg#-closed subset of (X, τ) is ∆∗-closed in (X, τ).

∆∗Tδ-space

Proposition 3.2 If (X, τ) is a ∆∗Tδ -space then ∆∗cl(B) = δcl(B) for each
subset B of X.

Proof: Let (X, τ) be a ∆∗Tδ -space. We have already proved that every δ-closed
set is ∆∗-closed set( By Proposition 3.2[8]). Moreover (X, τ) is a ∆∗Tδ -space.
Therefore ∆∗CL(X, τ) = δCL(X, τ). Hence by definition of δ-closure and ∆∗-
closure, ∆∗cl(B) = δcl(B) for each subset B of X.

Theorem 3.3 The following statements are equivalent for a space (X, τ).
a) (X, τ) is ∆∗Tδ -space.
b) τδ = ∆∗τ#-holds.
c) Every singleton {x} is either δg-closed or δ-open.
d) Every singleton {x} is either δg-closed or regular open.

Proof: (a)⇒(b): We claim that ∆∗τ# ⊆ τδ. Let V ∈ ∆∗τ#. By assumption
and by proposition 3.2 ∆∗cl(U) = δcl(U) for every subset U of X. Therefore
∆∗cl(X − V ) = δcl(X − V ) = X − V by definition of ∆∗τ#. Hence V ∈ τδ.
We know that for a subset A of (X, τ), A ⊆ ∆∗cl(A) ⊆ δcl(A). So by the
definition of ∆∗cl(A) for any topology τ we get τδ ⊆ ∆∗τ#. Hence τδ = ∆∗τ#.
(b)⇒(c):
Let x ∈ X. We know that by proposition 3.11 of [11] if {x} is not δg-closed
then X−{x} is ∆∗-closed. Therefore ∆∗cl(X−{x}) = X−{x} which implies
that {x} ∈ ∆∗τ# = τδ by (b). Therefore {x} is δ-open.
(c)⇒(d): The proof follows from the fact that in any space a singleton is
δ-open if and only if it is regular open.

Proposition 3.4 If (X, τ) is a ∆∗Tδ -space then for every subset A of X ∆∗cl(A)
is δ-closed in (X, τ).

Proof: Since (X, τ) is a ∆∗Tδ -space, by definition of ∆∗cl(A), ∆∗cl(A) is δ-
closed in (X, τ).
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Proposition 3.5 Every Tδ-space is a ∆∗Tδ -space but not conversely.

Proof: Let A be ∆∗-closed in (X, τ). Since every ∆∗-closed set is gδ-closed in
(X, τ) and (X, τ) is a Tδ-space, A is δ-closed. Hence (X, τ) is a ∆∗Tδ -space.

Counter example 3.6 Let X = {a, b, c}, τ = {φ,X, {a}, {b, c}}. Then (X, τ)
is a ∆∗Tδ -space but not Tδ-space since the subset {b} is gδ-closed but not δ-
closed in (X, τ).

Remark 3.7 The spaces Tc and Td are independent with ∆∗Tδ -space as seen
from the following examples.

Example 3.8 Let X = {a, b, c}, τ = {φ,X, {a}, {b}, {a, b}}. Then (X, τ) is a
∆∗Tδ -space but not Tc-space and Td-space since the subset {b} is gs-closed but
not g∗-closed and not g-closed in (X, τ).

Example 3.9 Let X = {a, b, c}, τ = {φ,X, {a}, {a, b}}. Then (X, τ) is a Tc-
space and Td-space but not ∆∗Tδ -space since the subset {c} is ∆∗-closed but
not δ-closed in (X, τ).

Remark 3.10 The ∆∗Tδ -space is independent with αTb-space as seen from the
following examples.

Example 3.11 Let X = {a, b, c}, τ = {φ,X, {a}, {b}, {a, b}, {a, c}}. Then
(X, τ) is a αTb-space but not ∆∗Tδ -space since the subset {b, c} is ∆∗ -closed
but not δ-closed in (X, τ).

Example 3.12 Let X = {a, b, c}, τ = {φ,X, {a}, {b, c}}. Then (X, τ) is
a ∆∗Tδ -space but not αTb-space since the subset {a, c} is αg-closed but not
closed in (X, τ).

Similarly the following results are true.

Remark 3.13 i) The ∆∗Tδ -space is independent with αTc-space.
ii) The ∆∗Tδ -space is independent with ∗T1/2

-space.

iii) The space ∆∗Tδ -space is independent with Tb-space.

Proposition 3.14 If (X, τ) is a δgTδg∗-space and ∆∗Tδ -space then it is a T3/4-
space.

Proof: Let A be δg-closed in (X, τ). Since (X, τ) is δgTδg∗-space, A is δg∗-
closed. Since every δg∗-closed is ∆∗-closed and (X, τ) is ∆∗Tδ -space, A is
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δ-closed. Hence (X, τ) is a T3/4-space.

Proposition 3.15 Every gδTδg∗-space is ∆∗Tδ -space but not conversely.

Proof: Let X be a Tδ-space. Every Tδ-space is ∆∗Tδ -space(Proposition 3.5).
Also we know that every Tδ-space is gδTδg∗-space. Hence every gδTδg∗-space is
∆∗Tδ -space.

Counter example 3.16 Let X = {a, b, c}, τ = {φ,X, {a}, {b, c}}. Then
(X, τ) is a ∆∗Tδ -space. The subset {b} is gδ-closed but not δg∗-closed in
(X, τ). Hence (X, τ) is not a gδTδg∗-space.

∆∗Tδg∗ -space

Proposition 3.17 Every ∆∗Tδ -space is ∆∗Tδg∗ -space but the converse is not
true.

Proof: Let A be ∆∗-closed in (X, τ). Since (X, τ) is ∆∗Tδ -space A is δ-closed.
Moreover every δ-closed is δg∗-closed in (X, τ). Hence (X, τ) is a ∆∗Tδg∗ -space.

Counter example 3.18 Let X = {a, b, c}, τ = {φ,X, {a, b}}. Then (X, τ)
is ∆∗Tδg∗ -space but not ∆∗Tδ -space since the subset {c} is ∆∗-closed but not
δ-closed in (X, τ).

Proposition 3.19 If (X, τ) is a ∆∗Tδ -space and a gsTδg∗-space then it is a
∆∗Tδg∗ -space.

Proof: Let A be ∆∗-closed in (X, τ). Then it follows from the fact (X, τ) is
a ∆∗Tδ -space and every δ-closed is gs-closed, A is gs-closed. Also (X, τ) is a
gsTδg∗-space. Therefore A is δg∗-closed. Hence (X, τ) is a ∆∗Tδg∗ -space.

Proposition 3.20 i) If (X, τ) is a ∆∗Tδ -space and a δĝTδg∗ -space then it is a
∆∗Tδg∗ -space.
ii) If (X, τ) is a ∆∗Tδ -space and a αĝTδg∗-space then it is a ∆∗Tδg∗ -space.
iii) If (X, τ) is a ∆∗Tδ -space and a gδTδg∗-space then it is a ∆∗Tδg∗ -space.
iv) If (X, τ) is a ∆∗Tδ -space and a αgTδg∗-space then it is a ∆∗Tδg∗ -space.
v) If (X, τ) is a ∆∗Tδ -space and a δgTδg∗-space then it is a ∆∗Tδg∗ -space.

Proof: Let A be ∆∗-closed in (X, τ). Then the proof of i)-v) follows from the
fact that every δ-closed set is δĝ-closed, αĝ-closed, gδ-closed, αg-closed and
δg-closed in (X, τ).
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Proposition 3.21 If (X, τ) is a ∆∗Tδg∗ -space and T3/4-space then it is a δg∗Tδ -
space.

Proof: Let A be ∆∗-closed in (X, τ). Since (X, τ) is a ∆∗Tδg∗ -space, A is δg∗-
closed. We know that every δg∗-closed is δg-closed. Therefore A is δg-closed.
Also (X, τ) is a T3/4-space. So A is δ-closed in (X, τ). Hence (X, τ) is a δg∗Tδ -
space.

Remark 3.22 The space ∆∗Tδg∗ -space is independent with the spaces Tb, Tc, Td-
spaces as seen from the following examples.

Example 3.23 Let X = {a, b, c}, τ = {φ,X, {a}, {a, b}}. Then (X, τ) is a
∆∗Tδg∗ -space but not Tb, Tc, Td-spaces since the subset {b} is gs-closed but not
closed, g∗-closed and g-closed sets respectively for Tb, Tc, Td-spaces.

Example 3.24 Let X = {a, b, c}, τ = {φ,X, {a}, {a, b}, {a, c}}. Then (X, τ)
is a Tb, Tc, Td- spaces but not ∆∗Tδg∗ -space since the subset {b} is ∆∗-closed
but not δg∗-closed set in (X, τ).

gδT∆∗ -space

Proposition 3.25 If (X, τ) is a gδT∆∗ -space and a ∆∗Tδ -space then it is a
Tδ-space.

Proof: Let A be gδ-closed in (X, τ). Since (X, τ) is a gδT∆∗ -space A is ∆∗-
closed in (X, τ). Also (X, τ) is a ∆∗Tδ -space. Therefore A is δ-closed in (X, τ).
Hence (X, τ) is a Tδ-space.

Proposition 3.26 If (X, τ) is a gδT∆∗ -space and a ∆∗Tδg∗ -space then it is a
gδTδg∗ -space.

Proof: Let A be gδ-closed in (X, τ). Since (X, τ) is a gδT∆∗ -space A is ∆∗-
closed in (X, τ). Also (X, τ) is a ∆∗Tδg∗ -space. Therefore A is δg∗-closed in
(X, τ). Hence (X, τ) is a gδTδg∗ -space.

δg#T∆∗ -space

Proposition 3.27 If (X, τ) is a Tδ-space and a δg#T∆∗ -space then it is a gδT∆∗ -
space.
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Proof: Let A be gδ-closed in (X, τ). Since (X, τ) is a Tδ-space, A is δ-closed
and hence it is δg#-closed. Also (X, τ) is a δg#T∆∗ -space. Therefore A is ∆∗-
closed and hence (X, τ) is a gδT∆∗ -space.

Remark 3.28 The spaces Tb, Tc and Td are independent with δg#T∆∗ -space as
seen from the following examples.

Example 3.29 Let X = {a, b, c}, τ = {φ,X, {a}, {b}, {a, b}}. Then (X, τ) is
a δg#T∆∗ - spaces but not Tb, Tc and Td-spaces. Since the subset {a} is gs-closed
but not closed, g∗-closed and g-closed sets in (X, τ) for Tb, Tc and Td-spaces
respectively.

Example 3.30 Let X = {a, b, c}, τ = {φ,X, {a}, {b}, {a, b}, {a, c}}. Then
(X, τ) is a Tb, Tc and Td-space but not δg#T∆∗ -space since the subset {a, b} is
δg#-closed but not ∆∗-closed in (X, τ).
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