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Abstract

In this note the existence of an invariant subspace of a weighted com-
position operator on L2(λ) of an atomic measure space is established.
The characterizations of essentially isometric and co-isometric weighted
composition operators are also studied.
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1 Introduction

Let (X, σ, λ) be a sigma finite measure space and let T : X → X be a non-
singular measurable transformation such that the composition transformation
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CT can be defined as CTf = f ◦ T, a bounded linear operator on L2(λ). If
θ ∈ L∞(λ), then the multiplication operator Mθ, defined as Mθf = θf is a
bounded linear operator on L2(λ). The product CTMθ of these two operators is
also an operator on L2(λ). Such an operator is called as a weighted composition
operator on L2(λ).

The main purpose of this note is to study the existence of an invariant
subspace of weighted composition operators on L2(λ) of an atomic measure
space. Recently Hadwin and Nordgren [2] and Cowen [1] used this class of
operators to give examples of on operators which do not satisfy Lomonosov’s
[3] hypothesis pertaining to the invariant subspace problem in operator theory.
Singh and Komal [5] have proved that every composition operator on l2 has an
invariant subspace. Singh and Veluchamy [6] have also studied the invariant
subspace of composition operators. The characterization of essentially isomet-
ric and essentially co-isometric weighted composition operators on L2(λ) of a
non-atomic measure space are also given.

2 Invariant Subspaces of Weighted Composi-

tion Operators

Let (X, σ, λ) be a sigma finite measure space. A measurable set E is called
an atom if λ(E) 6= 0 and if F ∈ σ such that F ⊆ E, then either λ(F ) = 0
or λ(F ) = λ(E). The measure λ is called atomic if every element E ∈ σ such
that λ(E) 6= 0 contains an atom. In this case, we say that (X, σ, λ) is an
atomic measure space. The measure λ is called non-atomic if σ contains no
atom. In this case we say that (X, σ, λ) is a non-atomic measure space. It has
been proved in [3] that every operator on a Hilbert space H commuting with a
non-scalar operator which commutes with a non-zero compact operator has an
invariant subspace. By using this technique we establish the main theorem of
this note. Throughout this section (X, σ, λ) is a sigma finite atomic measure
space.

A closed subspace M of a Hilbert space H is an invariant subspace of an
operator A on H if AM ⊆M.

Theorem 2.1 Let CTMθ be a weighted composition operator on L2(λ).
Then CTMθ has an invariant subspace.

Proof:

Suppose CTMθ is a weighted composition operator on L2(λ).

If CTMθ is not injective then KerCTMθ is an invariant subspace of CTMθ.

If the range of CTMθ is not dense, then the closure of the range of CTMθ

is an invariant subspace of CTMθ.
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Now assume that CTMθ is injective and has dense range. Then by a theo-
rem of [7], CT is injective and θ 6= 0 a.e It follows from a theorem of Singh [4],
T is invertible.

Suppose T n(X1) = X1 for some atom X1 and for some positive integer n.
Define φ : X → C as

φ(Xi) =

{
1 if Xi ∈ {X1, T (X1), · · · , T n−1(X1)}
0 otherwise

Then φ ◦ T = φ a.e. It follows from a theorem of [7], CT commutes with
Mφ, and hence CTMθ commutes with Mφ.

Let δ : X → C can be defined by taking non-zero values only on a finite
number of atoms in X. Then the multiplication operator Mδ on L2(λ) is com-
pact and obviously Mφ commutes with Mδ. Hence by Lomonosov’s theorem,
CTMθ has an invariant subspace.

Suppose T n(Xm) 6= Xm for any atom Xm and for any positive integer n.
Then T (Xm) is not in {Xm, T

−1(Xm), · · · } .
Define φ : X → C as

φ(Xi) =

{
0 if Xi ∈ {Xm, T (Xm), · · · }
1 otherwise

Then φ◦T = φ a.e. and CTMφ = MφCT . By defining a non-scalar compact
multiplication operator as in the previous case, we can prove CTMθ has an
invariant subspace.

Corollary 2.2 Every composition operator CT on L2(λ) has an invariant
subspace.

Corollary 2.3 Every composition operator CT on l2 has an invariant sub-
space.

Corollary 2.4 Let X = X1 ∪ X2, where X1 contains countable number
of atoms and X2 does not contain any atom. Then CTMθ on L2(λ) has an
invariant subspace.

3 Essential isometry and Essential Co-isometry

weighted composition Operators

An operator A on a Hilbert space H is said to be an essential isometry if
A∗A− I is compact and an essential co-isometry if AA∗ − I is compact. The
following theorems give the characterizations of an essential isometry and an
essential co-isometry weighted composition operators on L2(λ) of a non-atomic
measure space.
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Theorem 3.1 The weighted composition operator CTMθ on L2(λ) is an
essential isometry if and only if CTMθ is an isometry.

Proof:
Suppose CTMθ on L2(λ) is an essential isometry.
Then (CTMθ)

∗CTMθ − I is compact.
This implies that M|θ|2f0 − I is compact.
Hence by a theorem of Singh and Kumar [8], M|θ|2f0−1 = 0.
This proves that |θ|2f0 = 1 a.e. Thus CTMθ is an isometry.
The converse of the theorem is obvious.

Theorem 3.2 Let CTMθ ∈ B(L2(λ)). Then CTMθ is an essential co-isometry
if and only if CTMθ is a co-isometry.

Proof:
Suppose CTMθ is an essential co-isometry.
Then (CTMθ)(CTMθ)

∗ − I is compact.

Now (CTMθ)(CTMθ)
∗ − I =

{
M(|θ|2f0)◦T−1 on ¯ranCTMθ

−I on Ker(CTMθ)
∗

But ¯ranCTMθ and Ker(CTMθ)
∗ are invariant subspaces under M(|θ|2f0)◦T−1

and I respectively.
This implies that M(|θ|2f0)◦T−1 and I are compact.
Since λ is non atomic, Ker(CTMθ)

∗ = {0} and hence CTMθ has dense
range.

Hence (|θ|2f0) ◦ T = 1 a.e. This proves that (CTMθ)(CTMθ)
∗ = I.

Thus CTMθ is a co-isometry.
The converse is straight forward .

Corollary 3.3 The weighted composition operator CTMθ on L2(λ) is an
essential unitary if and only if CTMθ is unitary.

Proof:
The operator CTMθ is essential unitary if and only if it is essentially iso-

metric and essentially co-isometric.
Hence the result follows from theorem 3.1 and 3.2.
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