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Abstract

We define differentiation operator on H(B) by radial derivative, then we study the

boundedness and compactness of products of multiplication operator, composition

operator and differentiation operator acting between weighted Bergman spaces and

H∞ on the unit ball.
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1. Introduction

Let D be the open unit disk in the complex plane. Let B = {z ∈ Cn : |z| < 1}
be the unit ball of Cn, and S = ∂B its boundary. We will denote by dv the

normalized Lebesgue measure on B.

Recall that for α > −1 the weighted Lebesgue measure dvα is defined by

dvα(z) = cα(1− |z|2)αdv(z),

where

cα =
Γ(n+ 1 + α)

n!Γ(1 + α)

is a normalizing constant so that dvα is a probability measure on B.

Let H(B) denotes the space of holomorphic functions on B. Take 1 ≤ p <∞.

Then f ∈ H(B) is said to be in the weighted Bergman space Ap
α(B) if

‖f‖p
Ap
α

=

∫
B
|f(z)|pdvα(z) <∞.

As we all know,

H∞ = {f ∈ H(B) : ‖f‖∞ = sup
z∈B
|f(z)| <∞}.

Let ϕ be an analytic self-mapping of B, then the composition operator on

H(B) is given by

Cϕf = f ◦ ϕ.
Recently, there have been an increasing interest in studying composition oper-

ators acting on different spaces of analytic functions, for example, see [3,5] for

details about composition operators on classical spaces of analytic functions.

Let D be the differentiation operator defined by

Df = f ′, f ∈ H(D).

Hibschweiler and Portnoy [7] defined the linear operators DCϕ and CϕD and

investigated the boundedness and compactness of these operators between

Bergman spaces using Carleson-type measure. S. Ohno [10] discussed bounded-

ness and compactness of CϕD between Hardy spaces. Recall the multiplication

operator Mψ defined by

Mψf = ψf, f ∈ H(D).

A. K. Sharma defined [1] products of these operators in the following six ways:

(MψCϕDf)(z) = ψ(z)f ′(ϕ(z)),

(MψDCϕf)(z) = ψ(z)(ϕ′(z))f ′(ϕ(z)),

(CϕMψDf)(z) = ψ(ϕ(z))f ′(ϕ(z)),
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(DMψCϕf)(z) = ψ′(z)f(ϕ(z)) + ψ(z)(ϕ′(z))f ′(ϕ(z)),

(CϕDMψf)(z) = ψ′(ϕ(z))f(ϕ(z)) + ψ(ϕ(z))f ′(ϕ(z)),

(DCϕMψf)(z) = ψ′(ϕ(z))f(ϕ(z))ϕ′(z) + ψ(ϕ(z))f ′(ϕ(z))ϕ′(z).

for z ∈ D and f ∈ H(D).

There are a lot of papers researching these products, see [2,4,9]. Since those

results focus on D, naturally, we consider similar questions on B. Of course,

the method we used is different from the case on D.

For f ∈ H(B), we define the differentiation operator on H(B) by radial

derivative. Recall that for z ∈ B and f ∈ H(B),

Rf =
n∑
j=1

zj
∂f

∂zj
(z) = lim

r→0

f(z + rz)− f(z)

r
, r ∈ R.

One can see that for z 6= ϕ−1(0),

R(f ◦ ϕ)(z) =
(Rf)(ϕ(z)) ·Rϕ(z)

ϕ(z)
.

Then we also have six ways of products of these operators on the unit ball:

(MψCϕR)f(z) = ψ(z) · (Rf)(ϕ(z)),

(CϕMψRf)(z) = ψ(ϕ(z)) · (Rf)(ϕ(z)),

(MψRCϕf)(z) =
ψ(z) ·Rϕ(z) · (Rf)(ϕ(z))

ϕ(z)
,

(CϕRMψf)(z) = (Rψ)(ϕ(z)) · f(ϕ(z)) + ψ(ϕ(z)) · (Rf)(ϕ(z)),

(RMψCϕf)(z) = f(ϕ(z)) ·Rψ(z) +
ψ(z) ·Rϕ(z) · (Rf)(ϕ(z))

ϕ(z)
,

(RCϕMψf)(z) =
(Rψ)(ϕ(z)) ·Rϕ(z) · f(ϕ(z)) + ψ(ϕ(z)) · (Rf)(ϕ(z)) ·Rϕ(z)

ϕ(z)

for z 6= ϕ−1(0).

In this paper, we characterize the boundedness and compactness of RMψCϕ
between weighted Bergman spaces and H∞ on the unit ball, which extend the

results of H. Li in [4].

2. Main results

The following lemma is the Theorem 20 in [8].

Lemma 2.1. Suppose p > 0, n+1+α > 0, then there exist a constant C > 0

(depend on p and α) such that

|f(z)| ≤
C‖f‖Ap

α

(1− |z|2)
n+1+α

p
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for all f ∈ Ap
α, z ∈ B.

Recall that for a holomorphic function f in B we write

∇f(z) =
( ∂f
∂z1

(z), ...,
∂f

∂zn
(z)
)

and call ∇f(z) the gradient of f at z.

Then we give the following lemma.

Lemma 2.2. Let p > 0, α > −1, then there exist a constant C > 0 such

that

|Rf(z)| ≤
C|z|‖f‖A2

α(B)

(1− |z|2)n+1+α
2

+1

for all f ∈ A2
α(B) and z ∈ B.

Proof. For a f in A2
α(B), from the Exercise 3.5.9 in [3] we know that

‖f‖2A2
α(B)
∼= |f(0)|2 +

∫
B
|∇f(z)|2(1− |z|2)α+2dv(z).

On the other hand,

‖f‖2A2
α(B) =

∫
B
|f(z)|2(1− |z|2)αdv(z).

Then by Lemma 2.1,

|∇f(z)| ≤
C‖f‖A2

α(B)

(1− |z|2)n+1+α
2

+1
.

By the proof of Lemma 2,14 in [6] we have

|Rf(z)| ≤ |z||∇f(z)|,

then we draw the conclusion. �

Lemma 2.3. Suppose p > 0, α > −1, ϕ : B → B be analytic. ψ ∈ H(B),

set T = RMψCϕ : A2
α(B) → H∞. Then T is compact if and only if T is

bounded and for any bounded sequence {fk} in A2
α(B) which converges to zero

uniformly on compact subsets of B, ‖Tfk‖∞ → 0 as k →∞.

By standard arguments from Proposition 3.11 in [3], this lemma follows.

Theorem 2.4. Assume that p > 0, α > −1, ϕ : B → B be analytic ,

ψ ∈ H(B). Then RMψCϕ : A2
α(B)→ H∞ is bounded if and only if

sup
z∈B

|ψ(z)||Rϕ(z)|
(1− |ϕ(z)|2)n+1+α

2
+1

<∞, (1)

sup
z∈B

|Rψ(z)|
(1− |ϕ(z)|2)n+1+α

2

<∞. (2)
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Proof. Assume that RMψCϕ : A2
α(B)→ H∞ is bounded. for every a ∈ B, let

fa(z) =
( a− z

1− az

)( 1− |a|2

(1− az)2

)n+1+α
2

.

Then a change of variables yields that

‖fa‖2A2
α(B) =

∫
B
|fa(z)|2(1− |z|2)αdv(z)

=

∫
B

∣∣∣ a− z
1− az

∣∣∣2 (1− |a|2)α(1− |z|2)α

|1− az|2α
∣∣∣ 1− |a|2

(1− az)2

∣∣∣n+1

dv(z)

≤
∫
B

22α
∣∣∣ 1− |a|2

(1− az)2

∣∣∣n+1

dv(z) ≤ C.

Obviously, fa ∈ A2
α(B), supa∈B ‖fa‖A2

α(B) < C. It is easy to see that

Rfa(z) =
( a− z

1− az

)(n+ 1 + α)(1− |a|2)n+1+α
2 az

(1− az)n+2+α

+
( 1− |a|2

(1− az)2

)n+1+α
2 a(a− z)− z(1− az)

(1− az)2
.

which imjplies that

fϕ(z)(ϕ(z)) = 0,

(Rfϕ(z))(ϕ(z)) =
−ϕ(z)

(1− |ϕ(z)|2)n+1+α
2

+1
.

Then we have

‖RMψCϕfϕ(z)‖∞ ≥ sup
z∈B

∣∣∣fϕ(z)(ϕ(z)) ·Rψ(z) +
ψ(z) ·Rϕ(z) · (Rfϕ(z))(ϕ(z))

ϕ(z)

∣∣∣
≥ sup

z∈B

|ψ(z)||Rϕ(z)|
(1− |ϕ(z)|2)n+1+α

2
+1
.

Then (1) can be obtained.

Next we assume

ga(z) =
( 1− |a|2

(1− az)2

)n+1+α
2

.

Similarly as above, ga ∈ A2
α(B), supa∈B ‖ga‖A2

α(B) < C. On the other hand,

gϕ(z)(ϕ(z)) =
1

(1− |ϕ(z)|2)n+1+α
2

,

(Rgϕ(z))(ϕ(z)) =
(n+ 1 + α)|ϕ(z)|2

(1− |ϕ(z)|2)n+1+α
2

+1
.

which implies that,

‖RMψCϕgϕ(z)‖∞ ≥ sup
z∈B

∣∣∣gϕ(z)(ϕ(z)) ·Rψ(z) +
ψ(z) ·Rϕ(z) · (Rgϕ(z))(ϕ(z))

ϕ(z)

∣∣∣
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≥ sup
z∈B

|Rψ(z)|
(1− |ϕ(z)|2)n+1+α

2

− |ϕ(z)| sup
z∈B

(n+ 1 + α)|ψ(z)||Rϕ(z)|
(1− |ϕ(z)|2)n+1+α

2
+1

.

Since ϕ is an analytic self-map of B, and (1), we get (2).

For the converse, assume (1) and (2) hold. By the Lemma 2.1 and Lemma

2.2,

‖(RMψCϕf)(z)‖∞ = sup
z∈B

∣∣∣f(ϕ(z)) ·Rψ(z) +
ψ(z) ·Rϕ(z) · (Rf)(ϕ(z))

ϕ(z)

∣∣∣
≤ sup

z∈B

C|Rψ(z)|‖f‖A2
α(B)

(1− |ϕ(z)|2)n+1+α
2

+ sup
z∈B

C|ψ(z)||Rϕ(z)|‖f‖A2
α(B)

(1− |ϕ(z)|2)n+1+α
2

+1
.

From the assumption, RMψCϕ : A2
α(B)→ H∞ is bounded. �

Theorem 2.5. Assume that p > 0, α > −1, ϕ : B → B be analytic ,

ψ ∈ H(B). Then RMψCϕ : A2
α(B)→ H∞ is compact if and only if

sup
z∈B
|ψ(z)||Rϕ(z)| <∞, (3)

sup
z∈B
|Rψ(z)| <∞, (4)

sup
|ϕ(z)|→1

|ψ(z)||Rϕ(z)|
(1− |ϕ(z)|2)n+1+α

2
+1

= 0, (5)

sup
|ϕ(z)|→1

|Rψ(z)|
(1− |ϕ(z)|2)n+1+α

2

= 0. (6)

Proof. Assume that RMψCϕ : A2
α(B) → H∞ is compact. From Lemma 2.3,

we know that RMψCϕ is bounded and by taking f(z) = 1, it follows that

supz∈B |Rψ(z)| <∞. By taking the tunction f(z) = z, we have that

sup
z∈B
|ψ(z) ·Rϕ(z) +Rψ(z) · ϕ(z)| <∞.

From above and ‖ϕ‖∞ < 1, we get supz∈B |ψ(z) ·Rϕ(z)| <∞.

If we suppose (5) does not hold, then there exist a positive number δ ∈ (0, 1)

and a sequence {zn}n∈N in B , and |ϕ(zn)| → 1 as n→∞ such that

sup
|ϕ(zn)|→1

|ψ(zn)||Rϕ(zn)|
(1− |ϕ(zn)|2)n+1+α

2
+1
≥ δ

for all n ∈ N. Next consider funtion

fn(z) =
( ϕ(zn)− z

1− ϕ(zn)z

)( 1− |ϕ(zn)|2

(1− ϕ(zn)z)2

)n+1+α
2

, z ∈ B.

From Theorem 2.4 we know fn ∈ A2
α(B), fn → 0 uniformly on compact subsets

of B . From Lemma 3, it follows that a sequence {RMψCϕfn} tends to 0 in

H∞.
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On the other hand,

‖(RMψCϕfn)(zn)‖∞ ≥
∣∣∣fn(ϕ(zn)) ·Rψ(zn) +

ψ(zn) ·Rϕ(zn) · (Rfn)(ϕ(zn))

ϕ(zn)

∣∣∣
≥ C|ψ(zn)||Rϕ(zn)|

(1− |ϕ(zn)|2)n+1+α
2

+1
≥ δ.

Which is absurd, so (5) holds.

Now we consider the other function

gk(z) =
( 1− |ϕ(zk)|2

(1− ϕ(zk)z)2

)n+1+α
2

, z ∈ B.

As the proof of Theorem 2.4, gk ∈ A2
α(B), gk → 0 uniformly on compact

subsets of B. From Lemma 2.3, we can see that the sequence RMψCϕgk → 0

in H∞.

‖(RMψCϕgk)(zk)‖∞ ≥
∣∣∣gk(ϕ(zk)) ·Rψ(zk) +

ψ(zk) ·Rϕ(zk) · (Rgk)(ϕ(zk))

ϕ(zk)

∣∣∣
≥ C|ψ(zk)||Rϕ(zk)|

(1− |ϕ(zk)|2)
n+1+α

2
+1
− |Rψ(zk)|

(1− |ϕ(zk)|2)
n+1+α

2

.

Thus

lim
|ϕ(zk)|→1

|ψ(zk)||Rϕ(zk)|
(1− |ϕ(zk)|2)

n+1+α
2

+1
= lim
|ϕ(zk)|→1

|Rψ(zk)|
(1− |ϕ(zk)|2)

n+1+α
2

.

From the above proof, we get (6).

Conversely, for any bounded sequence {fn} ∈ A2
α(B) with {fn} → 0 uni-

formly on compact subsets of B, by Lemma 2.3, it is enough to prove {RMψCϕgk}
tends to 0 in H∞. From (5) and (6), given every ε > 0, there exits a δ ∈ (0, 1)

such that when δ < |ϕ(z)| < 1,

|ψ(z)||Rϕ(z)|
(1− |ϕ(z)|2)n+1+α

2
+1

< ε;
|Rψ(z)|

(1− |ϕ(z)|2)n+1+α
2

< ε.

On the other hand, since {fn} → 0 uniformly on compact subsets of B, if we

set hn(z) = Rfn(z)
z

, then Cauchy,s estimates give that {hn} → 0 uniformly on

compact subsets of B, thus there exists an N0 ∈ N, for every n > N0, |ϕ(z)| ≤
δ, |fn(ϕ(z))| < ε and |hn(ϕ(z))| < ε.

Thus, from (3) and (4) we have

sup
|ϕ(z)|≤δ

∣∣∣fn(ϕ(z)) ·Rψ(z) +
ψ(z) ·Rϕ(z) · (Rfn)(ϕ(z))

ϕ(z)

∣∣∣
≤ ε sup

|ϕ(z)|≤δ
|ψ(z) ·Rϕ(z)|+ sup

|ϕ(z)|≤δ
|Rψ(z)| ≤ Cε.
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Thus

‖RMψCϕfn‖∞ = sup
z∈B

∣∣∣fn(ϕ(z)) ·Rψ(z) +
ψ(z) ·Rϕ(z) · (Rfn)(ϕ(z))

ϕ(z)

∣∣∣
≤ sup

δ<|ϕ(z)|<1

∣∣∣fn(ϕ(z)) ·Rψ(z) +
ψ(z) ·Rϕ(z) · (Rfn)(ϕ(z))

ϕ(z)

∣∣∣
+ sup
|ϕ(z)|≤δ

∣∣∣fn(ϕ(z)) ·Rψ(z) +
ψ(z) ·Rϕ(z) · (Rfn)(ϕ(z))

ϕ(z)

∣∣∣
≤ Cε+ 2ε.

So RMψCϕ : A2
α(B)→ H∞ is compact. �
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