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Abstract

In this paper, we show the followings: (1) If a symplectic diffeo-
morphism has the C1-robustly ergodic shadowing property then it is
mixing Anosov. (2) If a symplectic diffeomorphism has the C1-robustly
spcification property then it is mixing Anosov. (3) If a symplectic dif-
feomorphism is C1-robustly continuum-wise fully expansive then it is
mixing Anosov.
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1 Introduction

The various dynamic properties(shadowing, expansive, etc) are useful notions
to investigate the stability theory. In fact, Robison [13] and Sakai [14] showed
that a diffeomorphism belongs to the C1-interior of the set of diffeomorphisms
with the shadowing property if and only if it is structurally stable diffeomor-
phisms, and Mañé [10] proved that a diffeomorphism belongs to the C1-interior
of the set of all expansive diffeomorphisms if and only if it is quasi-Anosov.
It is well known that if a diffeomorphism is structurally stable then it is not
Anosov, and if a diffeomorphism is quasi-Anosov then it is not Anosov. But
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the converse is true. For the reason, we consider that a diffeomorphism is the
structurally stable or quasi-Anosov diffeomorphims if and only if it is Anosov.
To get the results, we use the symplectic structure (see section 2). For the
diffeomorphim which has the symplectic structure, Newhouse [12] showed that
if a symplectic diffeomorphism is Axiom A then it is Ansov and so, he showed
that if a symplectic diffeomorphism is structurally stable then it is Anosov.
Recently, Bessa [1] showed that a symplectic diffeomorphism belongs to the
C1-interior of the set of symplectic diffeomorphisms with the shadowing prop-
erty if and only if it is Anosov. Lee and Lee have proven in [8] that a symplectic
diffeomorphism belongs to the C1-interior of the set of symplectic diffeomor-
phism with the orbital shadowing property if and only if it is Anosov. Lee
[9] showed that a symplectic diffeomorphism belongs to the C1-interior of the
set of symplectic diffeomorphisms with the various inverse shadowing property
with respect to the continuous method if and only if it is Anosov. From the
results, we study the various dynamical properties in this paper.

2 Basic notions, Main results and Proofs

Let M be a closed C∞ 2n(n ≥ 2)-dimensional manifold with Riemannian
structure and endowed with a symplectic form ω, and let Diffω(M) be the
set of symplectomorphisms, that is, a diffeomorphisms f defined on M and
such that ωx(v1, v2) = ωf(x)(Dxf(v1), Dxf(v2)), for x ∈ M and v1, v2 ∈ TxM.
Consider this space endowed with the C1 Whitney topology. It is well-known
that Diffω(M) is a subset of all C1 volume-preserving diffeomorphisms. Let
f ∈ Diffω(M). Denote by d the distance on M induced from a Riemannian
metric ‖ · ‖ on the tangent bundle TM . By the theorem of Darboux [11,
Theorem 1.8], there is an atlas {ϕji : Ui → R2n}, where Ui is an open set of M
satisfying ϕ∗iω0 = ω with ω0 =

∑n
i=0 dyi ∧ dyn+i.

We say that f is transitive if for any non-empty open sets U, V there is n > 0
such that fn(U)∩V 6= ∅. It is well known that if f is transitive then there is a
point x ∈M such that ω(x) = M. we say that f is mixing if for any non-empty
opens sets U, V there is n > 0 such that for any j > n, f j(U) ∩ V 6= ∅. It is
clear that if f is mixing then it is transitive.

Given δ > 0, we say that a sequence of points {xi}i∈Z ⊂ M is a δ-pseudo
orbit of f if d(f(xi), xi+1) < δ for all i ∈ Z. We say that f has the shadowing
property if for every ε > 0 there is δ > 0 such that for any δ-pseudo orbit {xi}bi=a
of f(−∞ ≤ a < b ≤ ∞), there is a point y ∈ M such that d(f i(y), xi) < ε for
all a ≤ i ≤ b− 1.

We say that Λ is hyperbolic if the tangent bundle TΛM has a Df -invariant
splitting Es ⊕ Eu and there exist constants C > 0 and 0 < λ < 1 such that

‖Dxf
n|Es

x
‖ ≤ Cλn and ‖Dxf

−n|Eu
x
‖ ≤ Cλn
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for all x ∈ Λ and n ≥ 0. We say that f is Anosov if Λ = M .
We introduce the types of periodic points: A periodic point for f is a

point p ∈ M such that fπ(p)(p) = p, where π(p) is the minimum period of p.
(i) p is quasi-elliptic if Dpf

π(p) has a non-real eigenvalue of norm one, and all
eigenvalues of norm one are not real. (ii) p is elliptic if Dpf

π(p) has one non real
eigenvalues of norm one. (iii) p is k-elliptic if for a periodic point p of period
π(p) the tangent map Dpf

π(p) has exactly 2k simple non-real eigenvalues of
norm 1 and the other ones have norm different from 1. (iv) p is hyperbolic if
Dpf

π(p) has no eigenvalue of norm one.
Note that if C1-generically, a symplectic diffeomorphism does not have the

quasi-elliptic points then it is Anosov. In dimension 2, then 1-elliptic periodic
points are actually elliptic.

From now we introduce the notion of the ergodic shadowing property which
was studied by Fakhari and Ghane in [5]. For any δ > 0, a sequence ξ = {xi}i∈Z
is δ-ergodic pseudo orbit of f if for Np+

n (ξ, f, δ) = {i : d(f(xi), xi+1) ≥ δ} ∩
{0, 1, . . . , n − 1}, and Np−n (ξ, f, δ) = {−i : d(f−1(x−i), x−i−1) ≥ δ} ∩ {−n +
1, . . . ,−1, 0}

lim
n→∞

#Np+
n (ξ, f, δ)

n
= 0 and lim

n→−∞

#Np−n (ξ, f, δ)

n
= 0.

We say that f has the ergodic shadowing property if for any ε > 0, there
is a δ > 0 such that every δ-ergodic pseudo orbit ξ = {xi}i∈Z of f is ε-
shadowed in ergodic by some point z ∈ M , that is, for Ns+

n (ξ, f, z, ε) = {i :
d(f i(z), xi) ≥ ε}∩{0, 1, . . . , n−1}, and Ns−n (ξ, f, z, ε) = {−i : d(f−i(z), x−i) ≥
ε} ∩ {−n+ 1, . . . ,−1, 0},

lim
n→∞

#Ns+
n (ξ, f, z, ε)

n
= 0 and lim

n→−∞

#Ns−n (ξ, f, z, ε)

n
= 0.

The following was proved by Fakhari and Ghane [5].

Lemma 2.1 If f has the erodic shadowing property then it is mixing.

The notion of the specification property was introduced by Bowen [2]. It
is very important notion in the study of ergodic theory of dynamical systems.
In fact, Bowen shows in [3] that for an expansive homeomorphism satisfying
the specification property, we have unique equilibrium states. The symplectic
diffeomorphism f satisfies the specification property if for all ε > 0 there exists
N ∈ Z+, such that for any k ≥ 2, x1, ...xk ∈ M and a1 ≤ b1 < a2 ≤ b2 < ... <
ak ≤ bk, with ai− bi−1 ≥ N for i ∈ {2, ..., k} and ai, bi ∈ Z, there exists y ∈M
such that:

d(f j(y), f j(xi)) ≤ ε, for all j ∈ {ai, ..., bi} and i ∈ {1, ..., k}.

The next lemma was founded in Bowen [2, 3].
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Lemma 2.2 If f has the specification property then it is mixing.

Note that if a diffeomorphism f has the ergodic shadowing property or the
specification property then it does not have the shadowing property. A Morse-
Smale diffeomorphism admits sinks and sources, then it has the shadowing
property. However, it does not have the ergodic shadowing property and does
not have the specification property, because by Lemma 2.1 and Lemma 2.2,
it is transitive. We say that f is expansive if there is e > 0 such that for any
x, y ∈M if d(f i(x), f i(y)) < e for all i ∈ Z then x = y. In [7], Kato introduced
and studied that the generation of the expansivity. We say that f is continuum-
wise fully expansive if for any ε > 0 and δ > 0, there is a natural numberN =
N(ε, δ) > 0 such that if A is a subcontinuum with diamA ≥ δ, then either
dH(fn(A),M) < ε for all n ≥ N , or dH(f−n(A),M) < ε for all n ≥ N , where
dH denotes the Hausdorff metric. It is clear that every continuum-wise fully
expansive diffeomorphism is not expansive diffeomorphisms in general (see [7,
Example 2.2]). In [7], Kato showed the following.

Lemma 2.3 If f is continuum-wise fully expansive then it is mixing.

We say that f has the C1-robustly P property if there is a C1-neighborhood
U(f) such that for any g ∈ U(f), g has the P property. The following is a
main result of this paper.

Theorem 2.4 Let f ∈ Diffω(M). If any of the followings hold:

(a) f has the C1-robustly ergodic shadowing property;

(b) f has the C1-robustly specification property;

(c) f is C1-robustly continuum-wise fully expansive,

then f is mixing Anosov.

Let Λ be a closed f -invariant set. We say that Λ is robustly transitive if there
exist a C1-neighborhood U(f) of f and a neighborhood U of Λ such that for any
g ∈ U(f), Λg(U) =

⋂
n∈Z g

n(U) is transitive. If Λ = M then we say that f is
robustly transitive. In general, a symplectic robustly transitive diffeomorphism
does not implies Anosov (see [6]).

Lemma 2.5 [4, Proposition I.9] Let f ∈ Diffω(M) and let U(f) be a C1-
neighborhood U(f) of f . If f is not Anosov then there is a g ∈ U(f) such that
g is not transitive.

Proof of Theorem 2.4(a) Let f be the C1-robustly ergodic shadowing prop-
erty. We shall derive a contradiction, we may assume that f is not Anosov.
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Then by Lemma 2.1, f is mixing. Thus if f has the C1-robustly ergodic shad-
owing property then f is robustly transitive. By assumption, f is not Anosov
by Lemma 2.5, there is g C1-close to f such that g is not transitive. This is a
contradiction since f is robustly transitive. �

Proof of Theorem 2.4(b) Let f be the C1-robustly specification property.
Suppose, by contradiction, that f is not Anosov. By Lemma 2.2, f is mixing.
Then as in the proof of Theorem 2.4(a), we get a contradiction. �

Proof of Theorem 2.4(c) Let f be C1-robustly continuum-wise fully ex-
pansive. Suppose, by contradiction, that f is not Anosov. Then by Lemma
2.3, f is mixing. By the same arguments of the previous proofs, we get a
contradiction. �
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