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Abstract

For the Lotka-Sharpe-McKendrick demographic model the rate of
convergence to the persistent age distribution is estimated in terms of
the age-dependent mortality and fertility. In an abstract setting the
problems amounts to estimating the second largest spectral bound of
a linear operator. The convergence rate is indeed characterized as the
difference between the first and second spectral bounds and related es-
timation results are given.
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1 Introduction

In continuous time dynamical systems the convergence to equilibrium in the
neighbourhood of an attracting stationary point can be estimated by the spec-
tral bound s of the Jacobian at that stationary point. The spectral bound is
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the largest real part of any eigenvalue. In many cases the problem of estimat-
ing s amounts to finding a bound on the largest eigenvalue of some matrix or
the largest root of some polynomial. This task is a classical problem in matrix
theory.

Systems which describe demographic models are usually homogeneous, if
not even linear. In homogeneous systems the role of stationary solutions is
assumed by exponential solutions [18]. In the demographic context these rep-
resent exponentially growing populations with stable age structure. Then the
exponent λ̂ of the exponential solution is itself an eigenvalue of the Jacobian.
In this case the condition for linear stability (in continuous time) requires that
the differences Re(λ) − λ̂ are negative, where λ varies over the eigenvalues
other than λ̂ (multiplicities counted). Then the rate of convergence is given
by the largest difference Re(λ)− λ̂.

Thus the problem of estimating the rate of convergence to an exponential
solution amounts to finding a bound for the “second largest” eigenvalue of the
Jacobian, i.e., the eigenvalue with second largest real part. Apparently there
are no tools for this problem in the general case, in particular for problems in
infinite dimensions.

Similar problems arise in discrete time systems. Whereas in the stan-
dard situation of an attracting fixed point the spectral radius of the Jacobian
governs the rate of convergence to equilibrium, in homogeneous systems the
second largest eigenvalue (in modulus) determines the rate of convergence to
the persistent solution.

The question addressed is most important in population dynamics where
the exponential solutions correspond to persistent population distributions
with exponential growth of the population. Most of the classical models are lin-
ear and the dynamical systems preserve positivity. Then the problem amounts
to estimating the “second” eigenvalue of a positive operator, where “second”
means “second in modulus” in the discrete time case and “second in real part”
in the continuous time case.

The problem of estimating the second eigenvalue of a positive operator has
been treated within the framework of Hilbert’s projective metric in several
classical papers. The main results of the classical theory are Birkhoff’s and
E. Hopf’s inequalities [11], [9], [19] and the inequality of Bauer, Deutsch and
Stoer [10], see also [16], [25]. Unfortunately, these inequalities give rather weak
results when applied to demographic models.

In the classical demographic literature there are many attempts to esti-
mate the exponent of demographic growth in terms of the birth and death
rates (estimating Lotka’s r), see, e.g., [13], [20]. Apart from rather evident
observations (the exponent is an increasing function of the birth rate and a
decreasing function of the death rate) it is difficult to estimate this quantity
in case of nonuniform changes of these functions. It seems even more difficult



Rate of convergence to equilibria of the Lotka-Sharpe-McKendrick model 41

to find estimates for the second eigenvalue.
A fundamental obstacle in the treatment of this problem is the lack of in-

sight into its true physical nature. It is not intuitively evident what properties
of the birth and death rates lead to quick equilibration after perturbations.
Here we present an analysis of the problem which yields some rigorous, though
not exhausting, results. In Section 2, we consider the problem of estimating
the second largest eigenvalue for the famous Lotka-Sharpe-McKendrick demo-
graphic model which reads ([28], [24])

∂u

∂t
+
∂u

∂a
= −µ(a)u

u(t, 0) =

∫ ∞
0

b(a)u(t, a)da
(1)

(See, e.g., [29] and [1-2] for the general theory and mathematical background,
and [20] for the significance in demography. The first equation in (1) is also
called Lotka-Von Foerster equation). We give multiple estimations of the speed
of convergence of solutions towards the steady state based on the properties of
the functions µ and b. This is done by establishing estimates for the associated
second eigenvalue s and also lower and upper bounds for s relative to the first
leading eigenvalue λ̂ that defines the exponent of demographic growth.
In Section 3 we consider the Hopf’s inequality and we explore its possible ap-
plications to the problem related to the rate of convergence to demographic
equilibrium. The Hopf’s inequality allows us for the case of the finite dimen-
sional space X = Rn to give good result for estimates of the second value
relative to the leading eigenvalue.
In Section 4, the case of Leslie model is treated. This model is considered as
the analogue of the Lotka-Sharpe-McKendrick model for the discrete time case
[22]. We also get a similar result as in the continuous case with respect to the
root of the associated characteristic polynomial.
Our results are also motivated by discussions based on illustrative examples.

2 The classical demographic model

The persistent solution of Lotka-Sharpe-McKendrick system (1) has the form
([29], [1-2])

u(t, a) = eλ̂tū(a) (2)

where λ̂ is the exponent of demographic growth and ū is the persistent age dis-
tribution. The exponent λ̂ is the leading root ([29], [1-2]) of the characteristic
equation ∫ ∞

0

b(a)e−
∫ a
0 µ(s)dse−λada = 1 (3)
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and

ū(a) = e−
∫ a
0 µ(s)ds−λa. (4)

It is well known that equation (3) has a single (simple) real root λ̂. Any other
root λ is necessarily complex and satisfies Re(λ) < λ̂. Let s1 be the maximal
real part among the roots apart from λ̂.

The persistent age distribution ū depends on the age dependent mortality
µ(a) and on the exponent λ̂, which in turn depends on µ(a) and b(a). For
given µ, the exponent λ̂ can assume a wide range of values depending on the
function b(a). E.g., for µ ≡const., the exponent can be any number λ̂ > −µ.

For positive values of λ̂ the function ū(a) is decreasing, but for negative λ̂
(corresponding to a high mortality - low fertility situation) the function ū(a)
typically becomes “onion-shaped”.

The exponent λ̂ does not depend on the functions µ(a) and b(a) separately
but only on the kernel

k(a) = p(a)b(a) = b(a)e−
∫ a
0 µ(s)ds (5)

where p(a) = exp{−
∫ a
0
µ(s)ds} is the survival function. Then equation (3)

reads ∫ ∞
0

k(a)e−λada = 1. (6)

Although mathematically the numbers λ̂ and s1 depend only on the function
k, from a demographer’s point of view the separate effects of the functions b(a)
and µ(a) are of interest.

Throughout the paper we assume that b ≥ 0 and that b is positive on
some interval. The extreme case of fast equilibration in the evolution of (1)
occurs when there are no other characteristic roots, i.e., if the spectral bound is
formally s1 = −∞. An extremal example is easily found: Choose b(a) ≡ b and
µ(a) ≡ µ as positive constants. Then k(a) = be−µa and λ̂ = b − µ, s1 = −∞.
This example shows that in general the integral (6) does not exist for λ << 0.
The following trivial observation is essential. If the kernel k(a) is replaced by
k(a)e−κa, then any eigenvalue λ is replaced by λ − κ. In particular, s1 − λ̂
stays the same.

Thus, we have found an extremal two-parameter family. However, from
the fact that k is an exponential function we cannot conclude that b and µ are
constants. Indeed, for any ϕ(a) > 0, b̃(a) = bϕ(a), µ̃(a) = µ(a) + ϕ′(a)/ϕ(a),
we obtain the same kernel k. Therefore it seems wise to look for properties of
k first and then return to b and µ. First we prove a lemma which is basic for
all subsequent estimates.

In the following we assume k(a) ≥ 0, k(a) 6≡ 0.
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Lemma 2.1 Let k ∈ L1(0,∞), k absolutely continuous and nonincreasing.
Let γ ∈ L1

loc(0,∞) be such that the product kγ satisfies kγ ∈ L1(0,∞). Let

γ1(a) =

∫ a

0

γ(s)ds, γ2(a) :=

∫ a

0

γ1(s)ds.

i) Let γ1(a) > 0 a.e. in (0,∞) and uniformly bounded. Then∫ ∞
0

k(a)γ(a)da ≥ 0, (7)

and the inequality is strict.
ii) Assume that k is convex. Let γ1 ∈ L1

loc(0,∞), γ2(a) > 0 a.e. in (0,∞). Let
γ1 and γ2 be both uniformly bounded. Then (7) holds.
Proof. i) For T > 0 we have∫ T

0

k(a)γ(a)da = [k(a)γ1(a)]T0 −
∫ T

0

k′(a)γ1(a)da.

We read this equation from right to left, let T → ∞, and use k(T ) → 0. We
find that k′γ1 ∈ L1(0,∞) and∫ ∞

0

k(a)γ(a)da = −
∫ ∞
0

k′(a)γ1(a)da =

∫ ∞
0

|k′(a)|γ1(a)da.

Thus the integral (7) is nonnegative. It is zero only for k′ ≡ 0 which is excluded
by the hypothesis.
ii) Consider, for h > 0,

kh(a) =
1

h

∫ a+h

a

k(s)ds ≤ k(a). (8)

We know that kh → k a.e. as h→ 0. The derivative is given by

k′h(a) =
k(a+ h)− k(a)

h
.

Since k is nonincreasing, we have k′h ≤ 0. As before, we can write∫ ∞
0

kh(a)γ(a)da = −
∫ ∞
0

k′h(a)γ1(a)da. (9)

In view of the convexity, the function (−k′h) has the same properties as the
function k in i). Therefore, the quantity (9) is nonnegative. It is equal to zero
only if k′h ≡ 0. In that case kh ≡ 0, that is k ≡ 0 which is excluded. Thus the
quantity (9) is even positive. Now let h→ 0 to obtain (7).

The following theorem gives a first estimate for the real part of the “second
eigenvalue” s1. This is an absolute bound, not relative to λ̂.
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Theorem 2.2 Let k : R+ → R+ be absolutely continuous and k 6≡ 0. Then
s1 satisfies

s1 ≤ sup
a>0

k′(a)

k(a)
. (10)

Proof. Let λ = α+ iβ, β 6= 0, be a root of (6). From (6) it follows that α < λ̂.
Then ∫ ∞

0

k(a)e−αa cos(βa)da = 1,

∫ ∞
0

k(a)e−αa sin(βa)da = 0. (11)

Suppose α > supa>0 k
′(a)/k(a). Then k(a)e−αa is nonincreasing. We use

Lemma 2.1, i) with γ(a) = sin βa. The hypothesis is satisfied in view of

sin βa =
2

β

d

da
sin2 βa

2
.

Then ∫ ∞
0

k(a)e−αa sin(βa)da > 0

which contradicts (11).

Theorem 2.2 can be applied to k(a)e−λ̂a instead of k(a). Then one gets

s1 − λ̂ ≤ sup
a>0

(k(a)e−λ̂a)′

k(a)e−λ̂a
. (12)

However, this is only a reformulation of (10).

Corollary 2.3 Let k be absolutely continuous. Assume there is a number
l ≤ λ̂ such that the function k(a)e−la is nonincreasing. Then the inequality

s1 ≤ l (13)

holds and thus λ̂− s1 ≥ λ̂− l.
Proof. We apply Theorem 2.2 to the function k1(a) = k(a)e−la and get

0 ≥ sup
a>0

(k′1(a)/k1(a)) = sup
a>0

(k′(a)/k(a))− l ≥ s1 − l.

Proposition 2.4 Assume that the derivative k′ is absolutely continuous.
Let ak(a) → 0 and ak′(a) → 0 as a → ∞. Let the function log k be convex.
Then s1 < 0.

Proof. Let λ = α + iβ, with α > 0, β > 0, be a root of (6). Then∫ ∞
0

k(a)e−αa sin(βa)da =
1

β

∫ ∞
0

(a− sin βa

β
)e−αa[α2k(a)− 2αk′(a) + k′′(a)]da.

(14)
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In view of k(a) ≥ 0 and the logarithmic convexity the expression in square
brackets is a definite quadratic form in α, thus nonnegative. Hence∫ ∞

0

k(a)e−αa sin(βa)da ≥ 0. (15)

Suppose the inequality (15) is not strict. Then α2k(a)− 2αk′(a) + k′′(a) ≡ 0,
k(a) = k(0)eαa which contradicts β > 0. Thus the inequality (15) is strict.
This again contradicts (11).

The next corollary gives a lower bound for λ̂−s1 in terms of a lower bound
for λ̂.

Corollary 2.5 Let k be absolutely continuous. Assume there exists a num-
ber l ≤ λ̂ such that the function k(a)e−la is nonincreasing. Let A > 0 be
arbitrary. Then

λ̂− s1 ≥
1

A
log

∫ A

0

e−lak(a)da. (16)

Proof. Evidently∫ A

0

e−lak(a)da =

∫ A

0

e(λ̂−l)ae−λ̂ak(a)da ≤ e(λ̂−l)A. (17)

Now take logarithms and use Corollary 2.3 to conclude the result.

Remark 2.6 i) Since l < λ̂, we have
∫∞
0
k(a)e−lada > 1. If in (16) the

number A runs from 0 to ∞ then the right hand side runs from negative values
to positive values and then decreases to 0. Of course (16) is meaningful only
if the right hand side is positive.
ii) From (17) it is obvious that Corollary 2.3 is stronger than Corollary 2.5 in
case λ̂ is known.

In realistic models, the function k(a) will decrease for large a due to in-
creasing mortality µ and decreasing fertility b, and it will vanish near a = 0
because very young individuals have no offspring. For intermediate ages, the
function k(a), even in realistic models, may show rather arbitrary behavior,
because the contributions of b(a) and µ(a) may act in an antagonistic fashion.
Therefore we consider the case where k can have arbitrary behavior on a finite
interval but satisfies assumptions as before for large a.
As before we state some preliminary results before giving estimates for s1 − λ̂.

Lemma 2.7 Suppose k is nonincreasing and positive, and k is differen-
tiable a.e.
i) Assume that k′/k is nondecreasing. Then k′ is nondecreasing.
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ii) Suppose, in addition, that, for some α ∈ R, the function eαak(a) is nonin-
creasing. Then the function (eαak(a))′ is nondecreasing.

Proof. We are interested in k′ being nondecreasing. Suppose then that k′/k
be nondecreasing. For each a > b, we have

k′(a)

k(a)
≥ k′(b)

k(b)

which implies that
k′(a)

k′(b)
≤ k(a)

k(b)
.

So, k′(a)/k′(b) ≤ 1, which yields k′(a) ≥ k′(b).

The condition that k′/k be nondecreasing is very restrictive, but it is in-
sensitive to multiplication of k by any exponential. That is, let α ∈ R be such
that eαak(a) is nonincreasing. Then if k′/k is nondecreasing, the same is true
for k̃′/k̃, where k̃(a) = eαak(a).

Proposition 2.8 Let k > 0 be absolutely continuous. Denote

C(α, β) =

∫ ∞
0

k(a)e−αa cos(βa)da, S(α, β) =

∫ ∞
0

k(a)e−αa sin(βa)da.

Assume there exists M > 0 such that the function k(a)eMa is nonincreasing
and in L1(0,∞). Assume furthermore that k′/k is nondecreasing (or M > 2π,
respectively). Then for each 0 ≥ α ≥ −M (0 ≥ α ≥ 2π−M , respectively) and
β > 0 we have C(α, β) > 0 and (α, β) > 0.

Proof. Let 0 ≥ α ≥ −M . Let k̃(a) = e−αak(a). Then k̃ is nonincreasing
and in L1(0,∞), and k̃′ is nondecreasing by Lemma 6. Thus k̃ satisfies the
hypothesis of Lemma 2.1. Hence C(α, β) > 0, S(α, β) > 0. On the other hand,
if M > 2π, then for 2π −M ≤ α ≤ 0, the functions γ(a) = e−2πa cos βa (resp.
γ(a) = e−2πa sin βa) and k2(a) = k(a)eMae−(α+M−2π)a satisfy the conditions of
Lemma 2.1, i), which yields C(α, β) =

∫∞
0
k2(a)γ(a)da > 0. (resp. S(α, β) >

0).♦ From now on, we choose c > 0 and we write,

k(a) =

{
k1(a) 0¡a¡c

k2(a− l) a¿l

where k1, k2 are nonnegative, k2 nonincreasing. Then the characteristic equa-
tion reads, with λ = α + iβ,∫ c

0

k1(a)e−αa cos(βa)da+ e−αlC2(α, β) cos(βc)− e−αcS2(α, β) sin(βc) = 1
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∫ c

0

k1(a)e−αa sin(βa)da+ e−αcC2(α, β) sin(βc) + e−αcS2(α, β) cos(βc) = 0

where C2(α, β), S2(α, β) are the functions defined in the above proposition for
k = k2.

Theorem 2.9 Assume that
∫∞
0
k(a)da = 1, and k2 6≡ 0 nonincreasing. Let

κ = inf
a>0

|k′2(a)|
k2(a)

,

and

η = −min

[
κ,−1

c
log

(
2c

π
k2(0) +

∫ c

0

k1(a)da

)]
.

η̂ = −min

[
κ− 2π,−1

c
log

(
2c

π
k2(0) +

∫ c

0

k1(a)da

)]
.

Assume furthermore that k′2/k2 is nondecreasing (resp. κ > 2π). Then we
have

λ̂ = 0 and s1 ≤ η (resp. s1 ≤ η̂).

Proof. From the assumptions, it is immediate that λ̂ = 0 is a root and no
other real root can be found. So s1 ≤ 0. Note that the estimate with η is of
interest only in the case

κ > 0 and
2l

π
k2(0) +

∫ l

0

k1(a)da < 1,

and it is obvious otherwise.
We will assume this hold. We show that the characteristic equation has no
root λ such that η ≤ α = Re(λ) ≤ 0 (resp. η̂ ≤ α ≤ 0) and β = Imλ > 0.
Fix α such that η ≤ α < 0 (resp. η̂ ≤ α ≤ 0).
The fact that α > −κ implies that k2(a)e−αa is nonincreasing, k2(a)e−αa =
k2(a)eκae−(κ+α)a gives k2(a)e−αa ≤ ce−(κ+α)a ∈ L1(0,+∞).
We also assumed that k′2/k2 is nondecreasing (resp. κ > 2π). Therefore the
conditions of Proposition 2.8 are verified, which implies that

C2(α, β) > 0, and S2(α, β) > 0 for α ≥ −κ (resp. α ≥ 2π−κ) and β > 0

Coming back to the system of equations associated with the characteristic
equation, we can determine cos(βl), sin(βl) in terms of C2(α, β), and S2(α, β).
Abbreviating these two latter functions to C2 and S2 respectively, we get

cos(βl) =

eαl

C2
2 + S2

2

[
C2

(
1−

∫ l

0

k1(a)e−αa cos(βa)da

)
− S2

∫ l

0

k1(a)e−αa sin(βa)da

]
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sin(βl) =

−eαl

C2
2 + S2

2

[
C2

∫ l

0

k1(a)e−αa sin(βa)da+ S2

(
1−

∫ l

0

k1(a)e−αa cos(βa)da

)]
Suppose now that α ≥ (1/l) log(

∫ l
0
k1(a)da). Then if λ = α + iβ is a root

of the characteristic equation for some β > 0, we claim that βl ≥ π. In fact,
let us assume for a moment that it is not so, that is βl < π. In this case we
have ∫ l

0

k1(a)e−αa sin(βa)da > 0

and

1−
∫ l

0

k1(a)e−αa cos(βa)da ≥ 0,

The latter inequality can be derived as follows∫ l

0

k1(a)e−αa cos(βa)da ≤
∫ l

0

k1(a)e−αlda = e−αl
∫ l

0

k1(a)da ≤ 1

by the assumption made on α.
So, assuming βl < π, we conclude from the expression of sin(βl) that sin(βl) <
0, which yields a contradiction. Therefore, we have βl ≥ π. The claim is
proved.

Suppose now that −κ < α ≤ 0 (resp. 2π − κ < α ≤ 0) and

|α| < −1

l
log

(∫ l

0

k1(a)da

)
.

This implies both that k2(a)e−αa is decreasing and βl > π.
Coming back to the real part of the characteristic equation, we are led to∫ l

0

k1(a)e−αa cos(βa)da+

∫ ∞
0

k2(a)e−α(a+l) cos(β(a+ l))da = 1

from which, using the second mean value theorem to estimate∫ ∞
0

k2(a)e−α(a+l) cos(β(a+ l))da, by k2(0)e−αl
2

β

we arrive at

1 ≤ e−αl
(

2

β
k2(0) +

∫ l

0

k1(a)da

)
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which leads readily to

α ≤ 1

l
log

(
2l

π
k2(0) +

∫ l

0

k1(a)da

)
.

That is

|α| ≥ −1

l
log

(
2l

π
k2(0) +

∫ l

0

k1(a)da

)
.

Combining both inequalities and noting that

−1

l
log

(
2l

π
k2(0) +

∫ l

0

k1(a)da

)
≤ −1

l
log

(∫ l

0

k1(a)da

)
we arrive at the conclusion that

|α| ≥ −η (resp. |α| ≥ −η̂).

in all cases, which yields the desired inequality for s1.

Remark 2.10 As l→ 0 the estimate η tends to −κ, the value given in the
case l = 0 in Theorem 2.9.
If in the other hand, l→ +∞, in such a way that

k1 → k (for some function k)

k2(a) = Ae−κa∫ ∞
0

k2(a)da = A/κ→ 0

then the estimate tends to zero. The estimate η is non trivial if

∫ l

0

k1(a)da+
2l

π
k2(0) < 1

or
2l

π
k2(0) < 1−

∫ l

0

k1(a)da =

∫ ∞
0

k2(a)da.

So, the condition for non triviality is that

k2(0)∫ +∞
0

k2(a)da
l <

π

2

- In terms of l, k2 being fixed, it can be achieved by letting l > 0 small enough.
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- In terms of κ, we have

k′2(a)

k2(a)
≤ −κ =⇒ k2(a)eκa nonincreasing.

So,

k2(a) ≤ k2(0)eκa =⇒
∫ ∞
0

k2(a)da ≤ 1

µ
k2(0).

Then the condition of non triviality implies

κl <
π

2
.

Consider now the case when

∫ ∞
0

k(a)da 6= 1.

The largest root λ̂ is then 6= 0.
Denote

k̃(a) = e−λ̂ak(a)

The above remark leads to a method giving a non trivial estimate of λ̂ − s1.
The method consists in looking for l ≥ 0 so that k̃(a) can be written as follows

k̃(a) = k̃1(a) on (0, l)

k̃(a) = k̃2(a− l) on (l,+∞)

where k̃1 (resp. k̃2) verify the same properties as k1 (resp. k2).

For such a decomposition to be possible, it is necessary that k(a)e−λ̂a be non-
increasing for a > l, and k′/k nondecreasing on the same interval.

Let us examine this condition. k(a)e−λ̂a being nonincreasing is equivalent to
k′(a)− λ̂k(a) ≤ 0 for a large enough, that is

λ̂ ≥ k′(a)

k(a)
.

This means that

λ̂ ≥ lim
a→+∞

k′(a)

k(a)
.

To be more precise, we will state the following result.
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Corollary 2.11 Let us assume that
∫∞
0
k(a)da ≥ 1 and

κ = inf
a>0

|k′2(a)|
k2(a)

> 0

Let us assume moreover that for a > l, k′/k is nondecreasing (resp. κ > 2π),
and ∫ l

0

eκak(a)da < 1 and
eκlk(l)

1−
∫ l
0
eκak(a)da

l <
π

2
.

Then we have

s1 − λ̂ ≤ −min

[
κ, L := −1

l
log

(
2l

π
eκlk(l) +

∫ l

0

eκak(a)da

)]
(resp. s1 − λ̂ ≤ −min(κ− 2π, L))

Proof.

The function k̃(a) = e−λ̂ak(a) satisfies the assumptions of Theorem 2.9. Then
we have

s̃1 ≤ −min

[
κ̃, L̃ := −1

l
log

(
2l

π
k̃2(0) +

∫ l

0

k̃1(a)da

)]
(resp. s̃1 ≤ −min[κ̃− 2π, L̃])

with

s̃1 = s1 − λ̂, κ̃ = κ+ λ̂∫ l

0

k̃1(a)da =

∫ l

0

e−λ̂ak1(a)da <

∫ l

0

eκak(a)da

k̃2(0) = k̃(l) = e−λ̂lk(l) ≤ eκlk(l)

which implies that

−1

l
log

(
2l

π
k̃2(0) +

∫ l

0

k̃1(a)da

)
≥ −1

l
log

(
2l

π
eκlk(l) +

∫ l

0

eκak(a)da

)
and then we have

s1 − λ̂ ≤ −min
[
κ+ λ̂,−L

]
(resp. s1 − λ̂ ≤ −min[κ− 2π + λ̂, L]).

This, with the fact that λ̂ > 0, gives the desired estimate.
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Example 2.12 We will give an example for which the result of Remark
2.10 applies and for which we will schow how the conditions of Remark 2.10
can be satisfied. Take

k(a) =
c

1 + a
e−κa

where c and κ are positive numbers. In this case

k′(a)

k(a)
= −κ− 1

1 + a
and lim

a→+∞
ak′(a) = 0

k′

k
is increasing and lim

a→+∞

k′(a)

k(a)
= −κ.

On the other hand∫ l

0

eκak(a)da =

∫ l

0

c

1 + a
da = c log(1 + l)

eκlk(l)

1−
∫ l
0
eκak(a)da

l =
c/(1 + l)

1− c log(1 + l)
l.

So,
∫ l
0
eκak(a)da and eκlk(l)

1−
∫ l
0 e

κak(a)da
l both tend to zero as l → 0. Then, for l

small enough, one has∫ l

0

eκak(a)da < 1 and
eκlk(l)

1−
∫ l
0
eκak(a)da

l <
π

2
.

Note that, in the present situation, we can fix l and choose c to have the con-
ditions of Corollary satisfied.

Remark 2.13 i) For λ̂ < 0, that is for
∫∞
0
k(a)da < 1, we introduce as in

Corollary 2.3, a ”threshold” aκ such that∫ aκ

0

eκak(a)da =
1

2

(
1 +

∫ ∞
0

eκak(a)da

)
.

Then, because
∫ aκ
0
eκak(a)da ≤ e(κ+λ̂)aκ, we have

1

2

(
1 +

∫ ∞
0

eκak(a)da

)
≤ e(κ+λ̂)aκ .

This yields

κ+ λ̂ ≥ 1

aκ
log

(
1

2
+

1

2

∫ ∞
0

eκak(a)da

)
.
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Finally we obtain the following estimate

s1−λ̂ ≤ −min

[
1

aκ
log

(
1

2
+

1

2

∫ ∞
0

eκak(a)da

)
,−1

l
log

(
2l

π
eκlk(l) +

∫ l

0

eκak(a)da

)]

ii) For the Lotka-Von Foerster equation, realistic hypotheses on µ and b lead
to k in the following form

k = 0 on (0, b) where b is the age of start of fecundity,
k non decreasing on (b, l), l is the age of start of fecundity,
k decreasing on (l, L),
k = 0 on (L,+∞).

So, all the estimates above are still valid in this situation, if in the hypotheses
we replace +∞ by L.

3 Hopf’s inequality.

In this section we give a short account on Hopf’s inequality and related es-
timates and we explore possible applications to the problem in population
dynamics studied here.
Let X = Rn be endowed with the partial order ≥ induced by the cone K = Rn

+

with interior K̊. Of course, vectors in K are nonnegative and those in K̊ have
all components positive. For x ∈ Rn, p ∈ K̊ define the lower and upper
“quotients” and the oscillation by

m1(x|p) = sup{α : x ≥ αp}, m2(x|p) = inf{α : x ≤ αp},

osc(x|p) = m2(x|p)−m1(x|p).

For p, q ∈ K̊ define

ϑ(q|p) = m2(q|p)/m1(q|p), θ(q|p) = log ϑ(q|p).

The function θ(q|p) defines Hilbert’s projective metric on K̊. For operators
A : X → X with AK ⊂ K there is a function N (A) taking values in [0, 1]
that measures the distance of A from the set of rank 1 operators. The number
N (A) can be computed from the matrix representation A = (ajk) as follows.
First define

ϑ(A) = max
j,k,s,t

ajsaks
ajtakt

with ϑ(A) =∞ if any of the aij = 0. Then define

N (A) =

{
ϑ(A)1/2−1
ϑ(A)1/2+1

if ϑ(A) 6=∞
1 if ϑ(A) =∞.
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Thus N (A) < 1 if and only if A is a positive matrix (i.e. if AK ⊂ K̊).
With this definition the Hopf ineqality holds

θ(Aq|Ap) ≤ N (A)θ(q|p)

Thus A is a (weak) contraction on K̊ with respect to the metric θ.
For complex vectors x = u+ iv ∈ Cn and positive vectors p define

osc(x|p) = sup
ϕ∈R

osc(u cosϕ+ v sinϕ/p).

Then the following inequality holds.

osc(Ax/Ap) ≤ N (A)osc(x/p). (18)

Notice that osc is not a metric. Let ρ(A) be the Perron root, p a Perron
eigenvector of A and let x be any other eigenvector, Ap = ρp, Ax = λ2x. From
(18) it follows immediately the estimation of the following result.

Proposition 3.1 We have

|λ2| ≤ N (A)ρ(A)s. (19)

Thus Hopf’s inequality yields a bound for the quotient of the “second” eigen-
value and the Perron root in case A is a positive matrix.

Next, for a fixed vector p ∈ K̊, and for x ∈ Cn, define the conditional
oscillation

N (A|p) = sup{osc(Aq|Ap) : q ∈ K̊, osc(q|p) = 1}.

Then the inequality of Bauer, Deutsch and Stoer [10] says

osc(Ax|p) ≤ N (A|p)osc(x|p).

Since N (A, p) ≤ N (A), this inequality leads to a better estimate for the second
eigenvalue.

Proposition 3.2 If p is the Perron eigenvector of A then

|λ2| ≤ N (A)s.

Also this quantity can be expressed in terms of the matrix elements. For p =
(pj) > 0 define the matrix B = (bjk), bjk = p−1j ajkpk. Then

N (B|p) =
1

2
max

1≤i,j≤n

n∑
k=1

|bik − bjk|

which yields the estimate of the following result.

Theorem 3.3 We have

|λ2| ≤
1

2
max

1≤i,j≤n

n∑
k=1

pk
∣∣aik
pi
− ajk

pj

∣∣s. (20)
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4 The discrete time model.

The analogue of the Lotka-Sharpe-McKendrick model for discrete time is the
so-called Leslie matrix model [22]. It is nothing else than the much older Lewis
model [23] in matrix notation. Let u = (u1, ..., un)T be the (column) vector of
age classes. Introduce the transition matrix

A =


b1 b2 . . . . . . bn
ν1 0 0 . . . 0
0 ν2 0 . . . 0
...

. . . . . . . . .
...

0 . . . 0 νn−1 0


with survival rates νj > 0 and birth rates bj ≥ 0. We assume that not all bj
vanish. Then the population dynamics is described by the matrix iteration

ut+1 = Aut, t = 0, 1, 2, ...

. The matrix is, up to a similarity transform, a Frobenius companion matrix.
Hence its characteristic polynomial can be easily computed,

P (λ) = b1λ
n−1 + b2ν1λ

n−2 + · · ·+ bn−1ν1ν2 · · · νn−1 − λn.

Thus P (λ) is a so-called Cauchy polynomial: the leading coefficient is −1, all
remaining coefficients are nonnegative and do not all vanish. The Perron root
ρ = ρ(A) is the only positive real root of P , the other roots do not exceed this
root in modulus. The root ρ can be bounded in terms of the coefficients bj
and pj in various ways. The best bound is just ρ itself.
There has been considerable interest in the set of all zeros of all Cauchy poly-
nomials with normalization ρ = 1 ([21], [16], [17]) but these results do not give
information on λ2 for a particular polynomial. The second largest root λ2 is
nonpositive real or complex. For large n it can be located rather close to the
positive real axis.
We observe that (19) cannot be directly applied to the matrix A since A has
zero elements (N (A) = 1).
Then we observe a somewhat strange discrepancy. The optimal matrices in
the context of Hopf’s inequality are those with N (A) = 0, i.e. matrices of
rank 1, A = ξηT , where ξ, η are positive vectors. On the other hand the
optimal polynomial in the sense that λ2 = 0 is P (λ) = ρλn−1 − λn, and its
companion matrix (a cyclic matrix) is very far from the above. It correponds
to the demographic model in which only the youngest age class reproduces. In
this situation the other classes could be dropped rightaway. Also the bound
(20) is not really useful. Thus it seems that looking at the discrete case in
the way of matrices is the wrong approach. Indeed, the concept of matrix



56 Larbi Alaoui and Mohamed Khaladi

introduces the order n of that matrix or the degree of the polynomial which
is not innate to the demographic problem while the behavior of polynomials
depends heavily on the degree.

Thus we start again from the demographic problem, this time more closely
imitating the continuous case. We assume that there is an infinite number of
age classes (all but finitely many empty) utj, j = 1, 2, . . ., and we write the
evolution equation The second largest root λ2 is nonpositive real or complex.
For large n it can be located rather close to the positive real axis.{

ut+1
1 =

∑∞
j=1 bju

t
j

ut+1
j = νj−1u

t
j−1 j > 1

Then the characteristic polynomial (whatever its degree may be) is obtained
from {

λu1 =
∑∞

j=1 bjuj

λuj = νj−1uj−1 j > 1

λu1 = b1u1 + b2ν1
1

λ
u2 + b3ν2ν1

1

λ2
u3 + · · ·

we get the characteristic polynomial in the form

λ = k1 + k2
1

λ
+ k3

1

λ2
+ · · · (20)

with kj = bjpj. Now the degree does not show up explicitly. Even more, for
realistic parameters, the coefficients decrease for large j. We therefore get the
following result which is more or less the same thing as (11).

Proposition 4.1 If λ = reiϕ is a root then

1 = k1
1

r
cosϕ+ k2

1

r2
cos 2ϕ+ k3

1

r3
cos 3ϕ+ · · ·

0 = k1
1

r
sinϕ+ k2

1

r2
sin 2ϕ+ k3

1

r3
sin 3ϕ+ · · ·

5 Conclusion

In this paper we addressed the problem of determining the rate of convergence
to demographic equilibrium for the famous Lotka-Sharpe-McKendrick model
by characterizing it as the difference between the largest and the second largest
spectral bounds. We established different associated results by giving accurate
estimations of bounds of this difference. Also a connection of this problem to
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Hopf’s inequality was introduced in order to explore the possible applications
of this inequality for the determination of properties on the first and the sec-
ond largest spectral bounds.
It is to be noticed that the methods proposed and the results obtained can be
adapted for applicationto many other models from population dynamics. It
is indeed to be noticed that the Lotka-Sharpe-McKendrick is used as a basis
model for the mathematical modeling in multiple application domains of pop-
ulation dynamics (eg., [1-6], [7-8], [12], [14-15], [26-27], [29-31]). The models
obtained for such applications are simply variations or extensions of this model
where either new parameters are added with respect to the application in pur-
pose or some perturbation factors are used. Furthermore the mathematical
analysis tools generally used for the study of such models are generally based
the same approaches and techniques used for the Lotka-Sharpe-McKendrick
model. For most of these models the analysis of their solutions with the aim
of yielding conditions under which qualitative results could be deduced (eg.,
property of asynchronous exponential growth, stability of steady states) has a
attracted many researchers in the last two decades (eg., [1-7], [1-6], [7-8], [12],
[14-15], [27], [29-31]).
We are confident that our results given above on the second and first largest
spectral bounds will pave the way for better understanding of the dynamics
behind such models by treating the question on how quickly the convergence
to their corresponding equilibria is guaranteed.
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