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Abstract

LIU Jian-ping and LIU Bo-lian defined the Seidel energy of the graph
G in analog to the definition of the energy of a graph as the sum of the
absolute values of the eigenvalues of the Seidel matrix S and analysed for
its bounds using the rank of the matrix. In this paper the sharp upper
and lower bounds for the Seidel energy of connected and disconnected
graphs are investigated.
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1 Introduction

Let G be a simple, finite, undirected graph with n vertices. [3] Energy of the
graph G was first defined by Ivan Gutman in 1978 and various bounds are
obtained. The Seidel matrix [2] S(G) = [sij] is a real square symmetric matrix
of order n and the ijthentry is -1 if the vertices vi and vj are adjacent, 1 if the
vertices vi and vj are not adjacent and 0 if i = j. Obviously S(G) = J−I−2A
where J denotes a square matrix all of whose entries are 1 and A is the adja-
cency matrix of the graph G. Let s1, s2, . . . , sn be the eigenvalues of the Seidel

matrix S(G). The Seidel energy [5] of the graph G is defined as SE(G) =
n∑

i=1

|si|.
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The Seidel energy definition is in anology with the graph energy E(G) =
n∑

i=1

|λi| where λ1, λ2, . . . , λn are the eigenvalues of the adjacency matrix of G.

For basic facts on graph energy we refer [3]. Motivated by the interesting
works on energy of a graph, in this paper we analyse the bounds of the Seidel
energy.

Lemma 1.1. [4]The Seidel eigenvalues s1, s2, . . . , sn of the Seidel matrix of

the graph G satisfies the following relations.
n∑

i=1

si = 0;
n∑

i=1

s2i = n(n− 1).

Theorem 1.2. If G is a connected graph with n vertices and m edges then the

inequality SE(G) ≤
∣∣n− 1− 4m

n

∣∣+
√

(n− 1)(n2 − n−
(
n− 1− 4m

n

)2
) holds.

Proof. Our proof follows the ideas of Koolen and Moulton , who obtained an
analogous upper bound for graph energy E(G).
Let s1, s2, . . . , sn be the eigenvalues of the Seidel matrix S. Suppose that |s1| ≥
|s2| ≥ |s3| ≥ . . . ≥ |sn|. By Rayleigh quotient for largest eigenvalues we get
|s1| ≥

∣∣n− 1− 4m
n

∣∣.
Moreover

n∑
i=1

|si|2 = n(n − 1).Thus
n∑

i=2

|si|2 = n(n − 1) − s21. By using the

Cauchy-Schwartz inequality to the vectors (|s2| , . . . , |sn|) and (1, 1, . . . , 1) with

n − 1 entries we obtain the inequality
n∑

i=2

|si| ≤
√

(n− 1)(n2 − n− s21).Thus

we have SE(G) ≤ |s1|+
√

(n− 1)(n2 − n− s21).
Now, since the function f(x) = x +

√
(n− 1)(n2 − n− x2) decreases on the

interval
∣∣n− 1− 4m

n

∣∣ ≤ x ≤
√
n2 − n . Also f(|s1|) ≤ f(

∣∣n− 1− 4m
n

∣∣) holds
well and the inequality follows.

Theorem 1.3. If G1 and G2 are two components of a disconnected graph G
with vertices n1 and n2 respectively then the Seidel energy of G , SE(G) has
the following inequality , SE(G1) + SE(G2) ≤ SE(G) ≤ SE(G1) + SE(G2) +
2
√
n1n2.

Proof. Here the Seidel matrix S(G)=

(
A J
JT B

)
where A is the Seidel matrix

of G1 and B is the Seidel matrix of G2 and J is a non-square matrix with
entries as unity. Obviously SE(G) ≥ SE(G1) + SE(G2).

Also

(
A J
JT B

)
=

(
A 0
0 B

)
+

(
0 J
JT 0

)
Applying the Courant-Weyl inequalities for real symmetric graphs we obtain
SE(G) ≤ SE(G1) + SE(G2) + 2

√
n1n2).

Corollary 1.4. If G1 and G2 are two components of a disconnected graph G
with equal number of vertices say n then the Seidel energy of G has the following
inequality , SE(G1) + SE(G2) ≤ SE(G) ≤ SE(G1) + SE(G2) + 2(n).
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