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Abstract 

 

In this paper, we develop an optimal inventory replenishment policy for a 

deteriorating item with stock dependent demand and time dependent backlogging 

rate. Shortages are allowed in the inventory system and are partially backlogged. 

The stock is transferred to continuous release pattern and the associated 

transportation cost is taken into account.  Our objective is to find the optimal 

replenishment policies for minimizing the expected total cost. The model is solved 

analytically to obtain the optimal solution of the problem. Finally, numerical 

results are presented to analyze the sensitivity of the optimal policies with respect 

to changes in some parameters of the system. 

 

Keywords: Deteriorating items, Partially backlogged shortages, Order quantity 

 

1. Introduction  
 

Deterioration of inventory items is unavoidable in case of product categories like 

chemicals, volatile liquids, blood banks and medicines. Deterioration of materials 

during shortage period is non-negligible. The management of deterioration item is 

a real challenge to the inventory manager, who has to control the loss during 
storage of stocks and to get the maximum benefit. In practice, deteriorating items are 
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an important part of stocks. Most of the inventory models consider the demand 

rate to be either constant or time dependent but independent of the stock status. 

The demand rate may be influenced by the stock level in deteriorating items. The 

length of the product shelf life has an impact on the sales. The marketing 

researchers have inferred that increase in product shelf space will result in 

increased demand. The customers may not wait during the extended time of 

supply, they may try to shift the orders to other sellers. Only few customers may 

accept backlogging during shortage period. For such customers who are few in 

number the backordering process is practiced.  

 Ghosh and Chaudhuri [2] developed an EOQ model with a quadratic demand, 

time-proportional deterioration and shortages in all cycles. Hou [3] considered an 

inventory model for deteriorating items with stock-dependent consumption rate 

and shortages under inflation and time discounting. Hung [4] developed an 

inventory model with generalized type demand, deterioration and backorder rates. 

Gede Agus Widyadana and Hui Ming Wee [1] developed optimal deteriorating 

items production inventory models with random machine breakdown and 

stochastic repair time. Stojkovska [5] developed on the optimality of the optimal 

policies for the deterministic EPQ with partial backordering. Taleizadeh and 

Pentico [6] studied economic order quantity model with a known price increase 

and partial backordering. Uthayakumar and Parvathi [7] considered a 

deterministic inventory model for deteriorating items with time-dependent 

demand, backlogged partially when delay in payments is permissible. 

 The detailed description of this paper is as follows. In section 2, assumptions 

and notations are given. In section 3 mathematical model and problem description 

are given. In section 4 a numerical example and sensitivity analysis are given in 

detail to illustrate the models. Finally conclusion and summary are presented. 

 

2. Notations and assumptions 
 

The following assumptions and notations are used to develop the model 

Notations 

Q : The order quantity per replenishment 

D (t) : Demand rate at any time 𝑡 ≥ 0 

𝜃 : Deterioration rate a fraction of the on-hand inventory. 

r : Ordering cost, $ per unit per year 

h : Holding cost excluding interest charges, $ per unit per year. 

p : Purchase cost per unit item 

s : Shortage cost, $ per unit per year. 

𝛼    : Opportunity cost due to lost sale, $ per unit. 

T : The length of replenishment cycle. 

T1 : Time at which shortage starts 0 ≤ 𝑇1 ≤ 𝑇. 

I (t) : The inventory level at time t. 

𝐼1(𝑡) : The inventory level at 0 ≤ 𝑡 ≤ 𝑇𝑑 

𝐼2(𝑡) : The inventory level at  𝑇𝑑 ≤ 𝑡 ≤ 𝑇1 

𝐼3(𝑡) : The inventory level at  𝑇1 ≤ 𝑡 ≤ 𝑇 
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Assumptions 

(1)  There is no replacement or repair of deteriorated units and lead time is zero. 

(2)  The demand rate function D (t) is known, deterministic and stock level 

dependent.  

(3)  Partially backlogged shortages are allowed and replenishment rate is infinite.  

(4) The backlogged rate is defined to be 
−𝑎

1+𝛿(𝑇−𝑡)
  when inventory is negative. 

The backlogging parameter is 𝛿 is a positive constant and 𝑇1 ≤ 𝑡 < 𝑇 . 

 

 

3. Mathematical model and problem description 
 

In this paper, the vendor receives 𝐼𝑚 units at t = 0. Hence, the inventory starts 

with 𝐼𝑚 units at beginning of each cycle, and then gradually depletes to zero at 

𝑡 = 𝑇1 due to the combination effect of demand and deterioration. A graphical 

representation of the considered inventory system is given below in Fig 1. Here, 

within the time interval [0, 𝑇𝑑], the inventory has no deterioration. Deterioration 

occurs within the time interval [𝑇𝑑, 𝑇1] at a constant deterioration rate 𝜃. Hence, 

the changes in the inventory at any time t are governed by the differential equations

  
𝑑𝐼1(𝑡)

𝑑𝑡
=  −(𝑎 + 𝑏𝐼1(𝑡)), 0 ≤ 𝑡 ≤ 𝑇𝑑                                          (1) 

 
𝑑𝐼2(𝑡)

𝑑𝑡
+ 𝜃𝐼2(𝑡) =  −(𝑎 + 𝑏𝐼2(𝑡)), 𝑇𝑑 ≤ 𝑡 ≤ 𝑇1                                (2) 

 
𝑑𝐼3(𝑡)

𝑑𝑡
=  

−𝑎

1+𝛿(𝑇−𝑡)
, 𝑇1 ≤ 𝑡 ≤ 𝑇                                                 (3) 

 

with the boundary condition 𝐼(0) = 𝐼𝑚,  𝐼(𝑡1) = 0 and 𝐼(𝑡) = 0. The solution of 

the above differential equations are 

 

𝐼1(𝑡) =
𝑎

𝑏
(𝑒−𝑏𝑡 − 1) + 𝐼𝑚𝑒−𝑏𝑡, 0 ≤ 𝑡 ≤ 𝑇𝑑                                   (4) 

 

𝐼2(𝑡) =
𝑎

𝑏+𝜃
(𝑒(𝜃+𝑏)(𝑇1−𝑡) − 1) + 𝐼𝑚𝑒−𝑏𝑡, 𝑇𝑑 ≤ 𝑡 ≤ 𝑇1                         (5) 

 

𝐼3(𝑡) =
−𝑎

𝛿
[𝑙𝑜𝑔(1 + 𝛿(𝑇 − 𝑇1)) − 𝑙𝑜𝑔(1 + 𝛿(𝑇 − 𝑡))], 𝑇1 ≤ 𝑡 ≤ 𝑇𝑑          (6) 

 

Since the continuity of I (t) at 𝑡 = 𝑇𝑑  is 𝐼1(𝑇𝑑) = 𝐼2(𝑇𝑑). For each cycle, the 

maximum inventory level is  

𝐼𝑚 =
𝑎

𝜃+𝑏
𝑒𝑏𝑇𝑑[𝑒(𝜃+𝑏)(𝑇1−𝑇𝑑) − 1] +

𝑎

𝑏
(𝑒𝑏𝑇𝑑 − 1)                              (7) 

 

Therefore, total order quantity 𝑄(𝑇, 𝑇1)  for each cycle [0, 𝑇]   is given by 

𝑄 = 𝐼𝑚 + 𝐼𝑚1, where 𝐼𝑚1, the maximum amount of demand at T = t backlogged 

per cycle is given by  
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𝐼𝑚1 =  −𝐼3(𝑡) =
𝑎

𝛿
[𝑙𝑜𝑔[1 + 𝛿(𝑇 − 𝑇1)]]                                       (8) 

 

Hence, the total order quantity Q is 

 

𝑄 =
𝑎

𝜃+𝑏
𝑒𝑏𝑇𝑑[𝑒(𝜃+𝑏)(𝑇1−𝑇𝑑) − 1] +

𝑎

𝑏
(𝑒𝑏𝑇𝑑 − 1) +

𝑎

𝛿
[𝑙𝑜𝑔[1 + 𝛿(𝑇 − 𝑇1)]]    (9) 

 

(i) The inventory holding cost over the period [0, 𝑇] is 

 

𝐻𝐶 =
ℎ

𝑇
{∫ 𝐼1(𝑡)𝑑𝑡

𝑇𝑑

0
+ ∫ 𝐼2(𝑡)𝑑𝑡

𝑇1

𝑇𝑑
} =

ℎ

𝑇
{

𝑎

𝑏
(

1−𝑒−𝑏𝑇𝑑

𝑏
− 𝑇𝑑) +

𝐼𝑚

𝑏
(1 − 𝑒−𝑏𝑇𝑑) +

𝑎

𝑏+𝜃
(

𝑒(𝜃+𝑏)(𝑇1−𝑇𝑑)

𝜃+𝑏
−

(𝑇1 − 𝑇𝑑))}                                                                    (10) 

     

(ii) The ordering cost per year is given by 𝑂𝐶 =
𝑟

𝑇
 

(iii) The deterioration cost over the period [0, 𝑡1] is 

 

𝐷𝐶 =
𝑝

𝑇
{𝐼𝑚 − 𝜃 ∫ 𝐼2(𝑡)𝑑𝑡

𝑇1

𝑇𝑑
} =

𝑝

𝑇
{𝐼𝑚 +

𝜃𝑎

𝑏+𝜃
[

1−𝑒(𝜃+𝑏)(𝑇1−𝑇𝑑)

𝜃+𝑏
+ (𝑇1 − 𝑇𝑑)]}    (11) 

 

(iv) The shortage cost over the period [𝑇1, 𝑇] is 

 

𝑆𝐶 =
𝑠

𝑇
∫ −𝐼3(𝑡)𝑑𝑡

𝑇

𝑇1
 =

𝑎𝑠

𝛿2𝑇
[𝑙𝑜𝑔(1 + 𝛿(𝑇 − 𝑇1)) − 𝛿(𝑇 − 𝑇1)]               (12) 

 

(v) Transportation cost per delivery is F, hence the transportation cost is 𝑇𝑅𝐶 =
𝐹

𝑇
 

(vi) The opportunity cost over the period [𝑇1, 𝑇] is 

 

𝑂𝑃 =
𝛼

𝑇
∫ [𝑎 −

𝑎

1+𝛿(𝑇−𝑡)
] 𝑑𝑡

𝑇

𝑇1
=

𝑎𝛼

𝑇𝛿
[𝛿(𝑇 − 𝑇1) − 𝑙𝑜𝑔(1 + 𝛿(𝑇 − 𝑇1))]        (13) 

 

Hence, the total inventory cost per unit time is given by  

𝑇𝐶(𝑇, 𝑇1) =  
1

𝑇
{𝑂𝐶 + 𝐻𝐶 + 𝐷𝐶 + 𝑆𝐶 + 𝑇𝑅𝐶 + 𝑂𝑃}  

=
1

𝑇
{휀0 + 휀9𝑒 3(𝑇1−𝑇𝑑) + 휀6𝑇1 + 휀7 + 휀8[𝑙𝑜𝑔(1 + 𝛿(𝑇 − 𝑇1))] + 휀10(𝑇 −

𝑇1)}                                                                                                                                      (14)  

where 휀0 = 𝐴 + 𝐹 − 휀1휀2 + 휀1휀4 + 휀7 − 𝑇𝑑휀6, 휀1 = 𝑝 +
ℎ(1−𝑒−𝑏𝑇𝑑)

𝑏
, 휀2 =

𝑎𝑒𝑏𝑇𝑑

3
, 휀3 = 𝜃 + 𝑏, 

 휀4 =
𝑎(𝑒−𝑏𝑇𝑑−1)

𝑏
, 휀5 =

𝑎(ℎ−𝜃𝑝)

3
2 , 휀6 =

−𝑎(ℎ−𝜃𝑝)

3
, 휀7 =  

𝑎𝜃𝑝

3
2 +

ℎ𝑎

𝑏
(

1−𝑒−𝑏𝑇𝑑

𝑏
− 𝑇𝑑), 휀8 =  

𝑎𝑠

𝛿2 +
𝑎𝛼

𝛿
, 

휀9 = 휀1휀2 − 휀5, 휀10 =  𝑎𝛼 +
𝑠𝑎

𝛿
 

 

We assumes 𝑇1 = 𝜂𝑇, 0 < 𝜂 < 1.  This assumption seems reasonable since the 

length of the shortage interval is part of the cycle length. In addition, this restriction 

on values of 𝑇1 enhances the convexity of the inventory cost function is (14). Put 

𝑇1 = 𝜂𝑇 in (14) we have, 
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𝑇𝐶(𝑇, 𝜂) =
1

𝑇
{휀0 + 휀9𝑒 3(𝜂𝑇−𝑇𝑑) + 휀6𝜂𝑇 + 휀7 + 휀8[𝑙𝑜𝑔(1 + 𝛿(𝑇 − 𝜂𝑇))] + 휀10(𝑇 − 𝜂𝑇)}   (15) 

 

 Now, for minimizing total average inventory cost per unit time, the optimal 

value of 𝜂  and T (say  𝜂∗ 𝑎𝑛𝑑 𝑇∗)  can be obtained by solving the following 

equations simultaneously. 

 

   
𝜕𝑇𝐶(𝑇,𝜂)

𝜕𝑇
= 0   𝑎𝑛𝑑   

 𝜕𝑇𝐶(𝑇,𝜂)

𝜕𝜂
= 0                                                                               

 

Provided they satisfy the sufficient conditions 

[
𝜕2𝑇𝐶(𝑇,𝜂)

𝜕𝑇2 ]
𝑎𝑡 (𝜂∗,𝑇∗)

> 0   , [
𝜕2𝑇𝐶1(𝑇,𝜂)

𝜕𝜂2 ]
𝑎𝑡 (𝜂∗,𝑇∗)

> 0 𝑎𝑛𝑑 [(
𝜕2𝑇𝐶(𝑇,𝜂)

𝜕𝑇2 ) (
𝜕2𝑇𝐶1(𝑇,𝜂)

𝜕𝜂2 ) − (
𝜕2𝑇𝐶1(𝑇,𝜂)

𝜕𝑇𝜕𝜂
)

2

] > 

0 

Now 
𝜕𝑇𝐶(𝑇,𝜂)

𝜕𝑇
=

1

−𝑇2 {휀0 + 휀9𝑒 3(𝜂𝑇−𝑇𝑑) + 휀6𝜂𝑇 + 휀7 + 휀8[𝑙𝑜𝑔(1 + 𝛿(𝑇 −

𝜂𝑇))] + 휀10(𝑇 − 𝜂𝑇)} +
1

𝑇
{휀9휀3𝜂𝑒(𝜂𝑇−𝑇𝑑) + 휀6𝜂 + 8𝛿(1−𝜂)

1+𝛿(𝑇−𝜂𝑇)
+

휀10(1 − 𝜂)} = 0  

i.e.,  𝑎1𝑇2 + (−𝑎2)𝑇 − 𝑎3 = 0                                              (16) 

 

where 𝑎1 = 휀3
2휀9𝜂2, 𝑎2 = 휀8(𝛿 − 1) − 휀10 + 𝜂(휀10 − 휀8𝛿 + 휀3

2𝑇𝑑휀9), 𝑎3 = 휀0 +
휀9(1 − 휀3𝑇𝑑) 
 
 𝜕𝑇𝐶(𝑇, 𝜂)

𝜕𝜂
=

1

𝑇
{휀9휀3𝑇𝑒(𝜂𝑇−𝑇𝑑) + 휀6𝑇 −

휀8𝛿𝑇

1 + 𝛿(𝑇 − 𝜂𝑇)
− 휀10𝑇} = 0 

i.e.,  𝑏1𝑇2 + 𝑏2𝑇 + 𝑏3 = 0                                                  (17) 

 

where 𝑏1 = 휀3
2휀9𝛿𝑇2, 𝑏2 = 𝑇(𝛿휀9휀3 − 휀3

2휀9𝛿𝑇𝑑 + 𝛿(휀6−휀10)) − 휀3
2휀9𝛿𝑇2, 𝑏3 = 𝑇[휀3

2휀9𝛿𝑇𝑑 − 휀3휀9𝛿 −

(휀6−휀10)𝛿] − 휀8 

 

To solve equation (16) and (17), we get optimal 𝑇∗, 𝜂∗. Therefore, the total average 

minimum inventory cost is 𝑇𝐶(𝑇∗, 𝜂∗) and optimal order quantity is 𝑄∗(𝑡∗). 

 

 

4. Numerical example 
 

Example 1 Considered the following parameter values: r = 200, F = 0.5, a = 400, b 

= 0.1,      h = 0.2, θ = 0.071, c1 = 0.8,  c2 = 0.5, c3 = 1.5, 𝜂 = 0.9, 𝛿 = 1, 

Td = 0.07 .The computational result shows the following optimal values T∗ =
1.2318, T1

∗ = 0.1539, 𝜂∗ = 0.1249, 𝑄∗ = 355, 𝑇𝐶∗ = 23.3981. 

 

Example 2 Let r = 300, F = 0.5, a = 200, b = 0.09, h = 0.2, θ = 0.071, c1 = 0.8,  

c2 = 0.5, c3 = 1.5, 𝜂 = 0.9, 𝛿 = 1, Td = 0.07. The computational result shows 

the following optimal values T∗ = 0.9019 , T1
∗ = 0.1197 , 𝜂∗ = 0.1327 , 𝑄∗ =

140, 𝑇𝐶∗ = 25.7632. 
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Sensitivity Analysis 

We now study the effects of changes in the value of system parameters r, F, 𝜃, 𝛿, 

Td, 𝑐1,  of Example 1. The analysis is carried out by changing the value of only 

one parameter at a time keeping the rest of the parameters at their initial 

values.The results are shown in Table 1. 

 

Table 1 

Sensitivity of the optimal solution with respect to changes in values of the model 

parameters 

  

 

Parameters 

  

𝑻∗ 

 

𝑻𝟏
∗  

 

𝜂∗ 

 

𝑸∗ 

 

𝑻𝑪∗ 

       
r 200 1.2318 0.1539 0.1249 355 23.3981 

 250 1.1658 0.0878 0.0753 328 87.0886 

 300 1.0999 0.0217 0.0197 301 158.4116 

 350 1.0339 0.0444 0.0429 293 141.3655 

 

F 0.5 1.2318 0.1539 0.1249 355 23.3981 

 1.0 1.2312 0.1532 0.1245 354 24.0013 

 1.5 1.2305 0.1526 0.1240 354 24.6051 

 2.0 1.2298 

 

0.1519 0.1235 253 25.2095 

𝑻𝒅 0.07 1.2318 0.1539 0.1249 355 23.3981 

 0.08 1.2228 0.1432 0.1171 351 33.2048 

 0.09 1.2138 0.1325 0.1091 347 43.1133 

 0.1 1.2048 0.1218 0.1011 343 53.1256 

 

𝜽 & 𝛿 0.071       1  1.2318 0.1539 0.1249 355 23.3981 

 0.091       2 0.7859 0.4291 0.5460 286 2.0052 

 0.10        3 0.4899 0.2943 0.6007 182 160.3670 

 0.12        4 0.6501 

 

0.5011 0.7708 257 590.5089 

𝒄𝟏 1.5 1.2318 0.1539 0.1249 355 23.3981 

 1.6 1.1700 0.0960 0.0821 330 100.6047 

 1.7 1.1142 0.0437 0.0392 309 183.6085 

 1.8 1.0634 

 

0.0039 0.0036 291 262.8640 

 

From Table1 we can be observed, when retailer’s ordering cost, transportation 

cost, Td and c1 are increasing, the optimal replenishment cycle time 𝑇∗, the 

optimal shortage period T1
∗, the optimal order quantity per cycle 𝑄∗will decrease 

but the relevant total costs 𝑇𝐶∗  will increase. An increasing value of the 

parameters θ , δ the optimal replenishment cycle time 𝑇∗ , the optimal order 

quantity per cycle 𝑄∗will decrease but, the optimal shortage period T1
∗ , the 

relevant total costs 𝑇𝐶∗ will increase.  

 

5. Conclusion 
 

In this paper an inventory model with stock dependent demand, time 

dependent backlogging rate and partially backlogged shortages for deteriorating 

items are developed. Many of the inventory models are considered that are the  
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demand rate to be either constant or time-dependent but independent of the stock 

status. The developed model is considered for the demand rate that is dependent 

of stock level. The aim of this paper is to minimize the total relevant cost by 

optimizing the total length of the period, ordering quantity and shortage time. 

Numerical examples are also provided to illustrate the proposed model. Sensitivity 

analysis on the parameter changes is also performed. The proposed  model can 

be extended by considering factors like quantity discounts, time value of money, 

inflation, credit periods etc., 
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