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Abstract 

 

In this paper, the theory of fuzzy soft rings based on fuzzy spaces in Dib’s sense is 

established. The concept of fuzzy soft rings and fuzzy soft subrings based on 

fuzzy space is introduced.  
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1. Introduction 
 

A classical algebraic system is a universal set with one or more binary operations. 

However, fuzzy algebraic systems are not the same. Rosenfeld ([1]) found an 

adequate outlet, although partial, to overcome the absence of the fuzzy universal 

set and fuzzy binary operation. He introduced the notion of fuzzy subgroup of a 

group as a generalization to the notion of fuzzy subset of a set introduced by 

Zadeh ([4]). Based on these concepts, Liu ([7]) introduced the notions of fuzzy 

subrings and fuzzy ideals. In the absence of the concept of fuzzy universal set, 

formulation of the intrinsic definition for fuzzy algebraic systems cannot be done 

in an accurate manner. This problem was solved by K. A. Dib ([3]) who 

introduced the concept of a fuzzy space. It plays the part of universal set in the 

ordinary case. Fuzzy binary operations, fuzzy group and fuzzy subgroups were 

subsequently introduced based on the concept of a fuzzy space. To improve the 

notion of fuzzy subrings introduced by [7], in this paper, we apply the theory of 

soft sets introduced by Molodtsov ([2]) to fuzzy subrings to establish the notion of 

fuzzy soft rings and fuzzy soft subrings based on the concept of fuzzy space.  
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2. Preliminaries 
 

In this section, we recall some basic definitions and results pertaining to the 

theory of soft sets, fuzzy sets and fuzzy spaces. 

 

Definition 2.1 ([2]). Let 𝑈  be an initial universe set and let 𝐴  be the set of 

parameters. Let 𝑃(𝑈) denote the power set of 𝑈. A pair (𝐹, 𝐴) is called a soft set 

over  𝑈, where 𝐹 is a mapping given by 𝐹: 𝐴 → 𝑃(𝑈). In other words, a soft set 

over  𝑈  is a parameterized family of subsets of the universe  𝑈. 
 

Definition 2.2 ([5]). Let 𝑈 be an initial universe set and 𝐸 be a set of parameters. 

Let 𝐹(𝑈) denote the fuzzy power set of 𝑈. Let 𝐴 ⊂ 𝐸. A pair (𝐹, 𝐴) is called a 

fuzzy soft set over 𝑈, where 𝐹 is a mapping given by 𝐹: 𝐴 → 𝐹(𝑈). 

 

Definition 2.3 ([5]). For two fuzzy soft sets (𝐹, 𝐴) and (𝐺, 𝐵) over a common 

universe 𝑈, we say that (𝐹, 𝐴) is a  fuzzy soft subset of (𝐺, 𝐵) if: 

(i) 𝐴 ⊂ 𝐵, and 

(ii) ∀𝜖 𝜖 𝐴, 𝐹(𝜀) is a fuzzy subset of  𝐺(𝜀). 

 

Definition 2.4 ([3]). A  fuzzy space, denoted by 𝑋𝐿 , is the set of all ordered pairs 

(𝑥, 𝐿), 𝑥  𝜖   𝑋 , that is  𝑋𝐿 = {(𝑥, 𝐿): 𝑥  𝜖  𝑋},  where (𝑥, 𝐿) = {(𝑥, 𝑟): 𝑟  𝜖  𝐿}  is 

called a fuzzy element of the fuzzy space 𝑋𝐿 . 
 

Definition 2.5 ([3]).   A fuzzy subspace 𝑈 of the fuzzy space 𝑋𝐿 is a collection of 

ordered pairs (𝑦, 𝐿𝑦), where 𝑦  𝜖  𝑈0 for a given subset 𝑈0 of  𝑋  and 𝐿𝑦  is an 𝑀-

sublattice of 𝐿 and is denoted by  𝑈 = {(𝑦, 𝐿𝑦): 𝑦  𝜖  𝑈0}, where  (𝑦, 𝐿𝑦)  is called 

a fuzzy element of the fuzzy subspace  𝑈.  For an 𝐿-fuzzy subset 𝐴 of 𝑋 ,  𝐴 

induces the following fuzzy subspace  𝐻(𝐴), called the induced fuzzy subspace by  

𝐴  of  𝑋𝐿: 

𝐻(𝐴) = {(𝑥, [0, 𝐴(𝑥)]): 𝑥  𝜖  𝐴0} 

where  𝐴0 = {𝑥  𝜖  𝑋 ∶ 𝐴(𝑥) ≠ 0}  is the support of  𝐴. 

 

Definition 2.6 ([3]).  A fuzzy binary operation  𝐹 = (𝐹, 𝑓𝑥𝑦)  on the fuzzy space 

𝑋𝐿  is a fuzzy function 𝐹  from 𝑋 × 𝑋  to 𝑋  with comembership functions               

𝑓𝑥𝑦 ∶ 𝐿 ∗ 𝐿 → 𝐿  that satisfies the following conditions: 

(i) 𝑓𝑥𝑦(𝑟, 𝑠) = 0  if and only if   𝑟 = 0  or  𝑠 = 0, 

(ii) 𝑓𝑥𝑦  are onto, that is  𝑓𝑥𝑦(𝐿 ∗ 𝐿) = 𝐿  for all  (𝑥, 𝑦)  𝜖  𝑋 × 𝑋. 

 

3. Fuzzy soft rings over fuzzy spaces   
 

In this section, the concepts of fuzzy soft rings are established by adding two 

fuzzy binary operations to a given fuzzy space. 
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Definition 3.1  A fuzzy soft ring, denoted by ((𝑅, 𝐼), 𝐹+, 𝐹∗) is a fuzzy space 

(𝑅, 𝐼)  together with two fuzzy binary operations, namely 𝐹+ and 𝐹∗, satisfying 

the following conditions: 

(i) ((𝑅, 𝐼), 𝐹+) is an abelian fuzzy soft group. 

(ii) ((𝑅, 𝐼), 𝐹∗) is a fuzzy soft semi-group. 

(iii) 𝐹∗  is distributive over 𝐹+ . That is, for any three fuzzy soft elements, 

(〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼), (〈𝑦, 𝜇𝐹(𝑒)(𝑦)〉, 𝐼), (〈𝑧, 𝜇𝐹(𝑒)(𝑧)〉, 𝐼), the left and right distributive 

properties are satisfied. 

 

Definition 3.2  A uniform (left uniform, right uniform) fuzzy soft ring is a fuzzy 

soft ring with uniform (left uniform, right uniform) fuzzy binary operations.  

 

Definition 3.3  A commutative fuzzy soft ring is a fuzzy soft ring whose elements 

commute with respect to the fuzzy binary operation, 𝐹∗. 

 

Definition 3.4  The order of a fuzzy soft ring is the number of elements in the 

fuzzy soft ring. A fuzzy soft ring of infinite order is an infinite fuzzy soft ring. 

 

Definition 3.5   Let ((𝑅, 𝐼), 𝐹+, 𝐹∗) be a fuzzy soft ring.  

(i) A fuzzy soft element in ((𝑅, 𝐼), 𝐹+, 𝐹∗) is called a fuzzy soft unity, denoted 

by (1𝑅 , 𝐼) if it is the identity element of the multiplicative fuzzy binary operation, 

𝐹∗ in 𝑅. That is, the following holds true: 

 

(1𝑅 , 𝐼)𝐹∗(〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼) =  (〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼)𝐹∗(1𝑅 , 𝐼) 

       for all (〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼) 𝜖  ((𝑅, 𝐼), 𝐹+, 𝐹∗). A fuzzy soft ring which has   

       a unity is called a fuzzy soft ring with unity.  

 

(ii) A fuzzy soft element (〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼)  in a fuzzy soft ring with unity, 

((𝑅, 𝐼), 𝐹+, 𝐹∗)  is called a unit if there exists an inverse element for 

(〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼) with respect to the multiplicative fuzzy binary operation, 𝐹∗ in 

𝑅 i.e. there exists a fuzzy soft element (〈𝑦, 𝜇𝐹(𝑒)(𝑦)〉, 𝐼)  𝜖  ((𝑅, 𝐼), 𝐹+, 𝐹∗)  such 

that the following holds true: 

 

(〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼)𝐹∗(〈𝑦, 𝜇𝐹(𝑒)(𝑦)〉, 𝐼) = (〈𝑦, 𝜇𝐹(𝑒)(𝑦)〉, 𝐼)𝐹∗(〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼) 

= (1𝑅 , 𝐼) 

                   where (1𝑅 , 𝐼) is the unity of the fuzzy soft ring ((𝑅, 𝐼), 𝐹+, 𝐹∗). 

(iii) The zero element in the fuzzy soft ring ((𝑅, 𝐼), 𝐹+, 𝐹∗)   is denoted by 

(0𝑅 , 𝐼) and it is the identity element of the fuzzy soft ring with respect to the 

additive fuzzy binary operation, 𝐹+  in  𝑅. That is, for any fuzzy soft element 

(〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼)  𝜖  ((𝑅, 𝐼), 𝐹+, 𝐹∗), the following holds true: 

      (〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼) 𝐹+ (0𝑅 , 𝐼) = (0𝑅 , 𝐼)𝐹+(〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼) = (〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼).  
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(iv) The inverse element of an element in the fuzzy soft ring, ((𝑅, 𝐼), 𝐹+, 𝐹∗), 

denoted by  (〈−𝑥, 𝜇𝐹(𝑒)(−𝑥)〉, 𝐼)  is the inverse element with respect to the  

additive fuzzy binary operation, 𝐹+.  For any fuzzy soft element  

(〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼)  𝜖  ((𝑅, 𝐼), 𝐹+, 𝐹∗), the following holds true: 

 

            (〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼)𝐹+(〈−𝑥, 𝜇𝐹(𝑒)(−𝑥)〉, 𝐼) 

        = (〈−𝑥, 𝜇𝐹(𝑒)(−𝑥)〉, 𝐼)𝐹+(〈𝑥, 𝜇𝐹(𝑒)(𝑥)〉, 𝐼) = (0𝑅 , 𝐼)    

          

where  (0𝑅 , 𝐼)  is the identity element in 𝑅  with respect to the additive fuzzy 

binary operation, 𝐹+. 
 

Theorem 3.6   To each fuzzy soft ring ((𝑅, 𝐼), 𝐹+, 𝐹∗), where 𝐹+ = (𝐹+, 𝑓𝑥𝑦
+ )  and  

𝐹∗ = (𝐹∗, 𝑓𝑥𝑦
∗ ),  there is an associated ordinary ring (𝑅, 𝐹+, 𝐹∗)  and they are 

isomorphic to each other by the correspondence  (𝑥, 𝐼) ↔ 𝑥 ∶ 𝑥  𝜖  𝑅. Therefore, 

the ring  (𝑅, 𝐹+, 𝐹∗)  is also isomorphic to every fuzzy soft ring ((𝑅, 𝐼), 𝐹+, 𝐹∗). 

Also, if the fuzzy soft ring  ((𝑅, 𝐼), 𝐹+, 𝐹∗)  is commutative, then so is the ordinary 

ring (𝑅, 𝐹+, 𝐹∗) . If the fuzzy soft ring, ((𝑅, 𝐼), 𝐹+, 𝐹∗) has a unity denoted by  
(𝑒𝑅 , 𝐼),  then 𝑒 is also the unity of the ordinary ring (𝑅, 𝐹+, 𝐹∗). 

 

Proof.   The proof can be obtained by Definition 3.1 and is therefore omitted.     ∎ 

 

Theorem 3.6 proves that there exists an isomorphic correspondence relation 

between fuzzy soft rings and soft rings.  

 

4. Fuzzy soft subrings over fuzzy spaces 
 

Throughout this section, ((𝑹, 𝑰), 𝑭+, 𝑭∗)  denotes a fuzzy soft ring, where       

𝑭+ = (𝑭+, 𝒇𝒙𝒚
+ )  and  𝑭∗ = (𝑭∗, 𝒇𝒙𝒚

∗ )  and  𝑼 = {(𝒙, 𝑳𝒙) ∶ 𝒙  𝝐  𝑼𝟎}   denotes a 

fuzzy subspace of the fuzzy space  𝑿𝑳 = {(𝒙, 𝑳) ∶ 𝒙  𝝐  𝑿}. 
 

Definition 4.1 The triple ((𝑈, 𝐼), 𝐹+, 𝐹∗)  is called a fuzzy soft subring of 

((𝑅, 𝐼), 𝐹+, 𝐹∗)  if and only if the following holds true: 

(i) 𝑈   is closed under both the additive and multiplicative fuzzy binary 

operations, 𝐹+ & 𝐹∗, 
(ii) ((𝑈, 𝐼), 𝐹+, 𝐹∗)  satisfies the all the axioms of an ordinary ring. 

 

Theorem 4.2   A fuzzy subspace  (𝑈, 𝐼) of ((𝑅, 𝐼), 𝐹+, 𝐹∗) is a fuzzy soft subring if 

and only if the following is true: 

(i)  (𝑈0, 𝐹+, 𝐹∗) is an (ordinary) soft subring of the ordinary ring (𝑅, 𝐹+, 𝐹∗) 

and  

(ii) For all 𝑥, 𝑦  𝜖  𝑈0, we have: 

𝑓𝑥𝑦
+ (𝑢𝑥𝑓𝑥𝑦

+ 𝑢𝑦) = 𝑢𝑥𝐹+𝑦  and  𝑓𝑥𝑦
∗ (𝑢𝑥𝑓𝑥𝑦

∗ 𝑢𝑦) = 𝑢𝑥𝐹∗𝑦. 
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Proof.   Suppose conditions (i) and (ii) are satisfied. The fuzzy subspace (𝑈, 𝐼) is 

closed under the additive and multiplicative fuzzy binary operations, 𝐹+ and 𝐹∗.  
 

Also, let (𝑥, 𝑢𝑥), (𝑦, 𝑢𝑦) 𝜖  ((𝑈, 𝐼), 𝐹+, 𝐹∗).  Then it follows that: 

(𝑥, 𝑢𝑥)𝐹+(𝑦, 𝑢𝑦) = 𝐹+ ((𝑥, 𝑢𝑥), (𝑦, 𝑢𝑦)) 

                                                              = (𝐹+(𝑥, 𝑦), 𝑓𝑥𝑦
+ (𝑢𝑥, 𝑢𝑦)) 

                                                              = ((𝑥𝐹+𝑦), 𝑢𝑥𝐹+𝑦)   𝜖  𝑈. 

 

Similarly for the multiplicative fuzzy binary operation, it follows that: 

                                  (𝑥, 𝑢𝑥)𝐹∗(𝑦, 𝑢𝑦) = 𝐹∗ ((𝑥, 𝑢𝑥), (𝑦, 𝑢𝑦)) 

                                                               = (𝐹∗(𝑥, 𝑦), 𝑓𝑥𝑦
∗ (𝑢𝑥, 𝑢𝑦)) 

                                                               = ((𝑥𝐹∗𝑦), 𝑢𝑥𝐹∗𝑦)   𝜖  𝑈. 

 

From condition (i) and since (𝑈0, 𝐹+, 𝐹∗)  is an (ordinary) soft subring of the 

ordinary ring (𝑅, 𝐹+, 𝐹∗), it is easy to check that ((𝑈, 𝐼), 𝐹+, 𝐹∗) is a fuzzy soft 

subring of the fuzzy soft ring ((𝑅, 𝐼), 𝐹+, 𝐹∗).  Conversely, if ((𝑈, 𝐼), 𝐹+, 𝐹∗) is a 

fuzzy soft subring of the fuzzy soft ring ((𝑅, 𝐼), 𝐹+, 𝐹∗), then condition (i) holds 

by the associativity axiom. The following also holds true: 

 

𝑢𝑥𝑓𝑥𝑦
+ 𝑢𝑦 = 𝑓𝑥𝑦

+ (𝑢𝑥, 𝑢𝑦) = 𝑢𝑥𝐹+𝑦   and   𝑢𝑥𝑓𝑥𝑦
∗ 𝑢𝑦 = 𝑓𝑥𝑦

∗ (𝑢𝑥, 𝑢𝑦) = 𝑢𝑥𝐹∗𝑦 

 

where  𝑢𝑥 and 𝑢𝑦 are the onto comembership functions over the partial ordered 

sublattices 𝑢𝑥  ×  𝑢𝑦 respectively of the vector lattice 𝐼 × 𝐼.                                 ∎ 

 

Proposition 4.3   The following results hold true: 

(i) If ((𝑈, 𝐼), 𝐹+, 𝐹∗)  is a fuzzy soft subring of ((𝑅, 𝐼), 𝐹+, 𝐹∗)  and 
((𝑇, 𝐼), 𝐹+, 𝐹∗) is a fuzzy soft subring of ((𝑈, 𝐼), 𝐹+, 𝐹∗), then ((𝑇, 𝐼), 𝐹+, 𝐹∗) is a 

fuzzy soft subring of ((𝑅, 𝐼), 𝐹+, 𝐹∗). 
(ii) If ((𝑅, 𝐼), 𝐹+, 𝐹∗)  is a fuzzy soft ring with identity, (𝑒𝑅 , 𝐼) , then both 
((𝑒𝑅, 𝐼), 𝐹+, 𝐹∗)  and ((𝑅, 𝐼), 𝐹+, 𝐹∗)  are the trivial fuzzy soft subrings of 

((𝑅, 𝐼), 𝐹+, 𝐹∗). 
 

Theorem 4.4  Let (𝐻0(𝐴), 𝐼) be an induced fuzzy subspace of the fuzzy soft subset, 

𝐴  of 𝑅. The fuzzy structure ((𝐻0(𝐴), 𝐼), 𝐹+, 𝐹∗) defines a fuzzy soft subring of 
((𝑅, 𝐼), 𝐹+, 𝐹∗)  if and only if the following conditions hold true: 

(i) ((𝐴0, 𝐼), 𝐹+, 𝐹∗)  is an ordinary subring. 

(ii) 𝑓𝑥𝑦
+ (𝐴(𝑥), 𝐴(𝑦)) =  𝐴(𝑥𝐹+𝑦)  for all 𝑥, 𝑦  𝜖  𝐴0. 

Proof.   The proof can be obtained using Definition 4.1 and is thus omitted.        ∎                               

 

Theorem 4.5  (i)   Every fuzzy soft subset 𝐴 of 𝑅 which induces fuzzy soft subrings 
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is a classical fuzzy soft subring of the ordinary ring (𝑅, 𝐹+, 𝐹∗). 

(ii)  If (𝑈, 𝐹+, 𝐹∗) is an ordinary subring of the ordinary ring (𝑅, 𝐹+, 𝐹∗), then 

every fuzzy soft subset 𝐴 of 𝑅, for which 𝐴0 = 𝑈, induces a fuzzy soft subring of 

((𝑅, 𝐼), 𝑃+, 𝑃∗) , where 𝑃+ = {𝑃+, 𝑝𝑥𝑦
+ }  with 𝑃+ = 𝐹+  and 𝑃∗ = {𝑃∗, 𝑝𝑥𝑦

∗ }  with 

𝑃∗ = 𝐹∗ such that 𝑝𝑥𝑦
+  and 𝑝𝑥𝑦

∗  are suitable comembership and cononmembership 

functions respectively. 

 

Proof.   The proof can be obtained using Theorem 4.4 and is thus omitted.          ∎                                                                                                        

 

Corollary 4.6  Every classical fuzzy subring 𝐴 of the ordinary ring (𝑅, 𝐹+, 𝐹∗) 

induces fuzzy soft subrings relative to some fuzzy soft ring ((𝑅, 𝐼), 𝑃+, 𝑃∗).                     
 

5. Conclusion   
 

In this paper, the initial theory of fuzzy soft rings based on fuzzy spaces is 

introduced through the notion of fuzzy soft rings in Dib’s sense. The relationship 

between fuzzy soft rings and fuzzy soft subrings based on fuzzy spaces and the 

classical soft rings and soft subrings are also studied and investigated.  

 

Acknowledgements. The author would like to gratefully acknowledge the 

financial assistance received from the Ministry of Education, Malaysia and UCSI 

University, Malaysia under Grant no. FRGS/1/2014/ST06/UCSI/03/1. 

 

 

References 
 

[1] A. Rosenfeld. Fuzzy Groups. Journal of Mathematical Analysis and 

Applications 35 (1971), pp. 512-517.  

http://dx.doi.org/10.1016/0022-247x(71)90199-5  

 

[2] D. Molodtsov, Soft Set Theory-First Results, Comp. Math. Appl. 37 (1999), 

pp. 19-31. http://dx.doi.org/10.1016/s0898-1221(99)00056-5  

 

[3] K. A. Dib, The Fuzzy Topological Spaces on a Fuzzy Space. Fuzzy Sets 

and Systems 108 (1994), pp. 103-110.  

http://dx.doi.org/10.1016/s0165-0114(97)00308-4  

 

[4] L. A. Zadeh, Fuzzy Sets, Information and Control 8 (1965), pp. 338-353.  

http://dx.doi.org/10.1016/s0019-9958(65)90241-x   

 

[5] P. K. Maji, R. Bismas & A.R. Roy, Fuzzy Soft Sets, J. Fuzzy Math. 3(9) 

(2001), pp. 589-602. 

 

 

http://dx.doi.org/10.1016/0022-247x%2871%2990199-5
http://dx.doi.org/10.1016/s0898-1221%2899%2900056-5
http://dx.doi.org/10.1016/s0165-0114%2897%2900308-4
http://dx.doi.org/10.1016/s0019-9958%2865%2990241-x


 

Fuzzy soft rings based on fuzzy spaces                                                              2787 

 

 

[6] U. Acar, F. Koyuncu & B. Tanay, Soft sets and soft rings, Comp. Math. 

Appl. 59(11) (2010), pp. 3458-3463. 

http://dx.doi.org/10.1016/j.camwa.2010.03.034  

 

[7] W.J. Liu, Fuzzy invariant subgroups and fuzzy ideals, Fuzzy Sets and 

Systems 8 (1982), pp. 133-139.  

http://dx.doi.org/10.1016/0165-0114(82)90003-3  

 
 

Received: November 3, 2014; Published: December 5, 2014 

http://dx.doi.org/10.1016/j.camwa.2010.03.034
http://dx.doi.org/10.1016/0165-0114%2882%2990003-3

