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Abstract

We construct a solution of the nonlinear Benjamin-Bona-Mahony
equation using Fourier transform and Neumann series. Also, we use a
Dulac function to prove the nonexistence of limit cycles in the dynamical
system given by its traveling waves.
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1 Introduction

The Benjamin Bona Mahony equation was proposed in [1] which models long
waves in the case of one dimension. It was made an study in zero dissipation
limit in [2]. Large time asymptotics solutions was studied in [3] and [4]. In
paper [5] was obtained exact solutions. In paper [9] was studied the asymptotic
profile. In this paper we study new approximated solutions of the Benjamin-
Bona-Mahony equation for small parameters α > 0 and β > 0

ut + (1 + αu)uξ − βuξξt = 0, ξ ∈ R, t ≥ 0, (1)

subject to the condition
u(ξ, 0) = f(ξ). (2)

Also, using a Dulac function we study its dynamical system given by traveling
wave solutions.

2 Approximated solution

Theorem 2.1. The solution of the problem (1)-(2) is given by (3).

Proof. Considering the equation (1) with the initial condition (2). Applying
the Fourier transform in ξ we have

(1 + βp2)ût(p, t) + ipû(p, t) + αû ∗ iqû = 0,

then

(1 + βp2)ût(p, t) + ipû(p, t)

+ α

∫
û(q, t)i(p− q)û(p− q, t)dq = 0,

û(p, 0) = f̂(p)

with solution

û(p, t) = f̂(p)e
− ip

1+βp2
t

− αe−
ip

1+βp2
t
∫ t

0

∫
û(q, t)i(p− q)û(p− q, t)dqeipτ/(1+βp2)

1 + βp2
dτ.

Writing this equation in the form

û(p, t) = f̂(p)e
− ip

1+βp2
t − αT û

where

T û = e
− ip

1+βp2
t
∫ t

0

∫
û(q, τ)i(p− q)û(p− q, τ)dqeipτ/(1+βp

2)

1 + βp2
dτ
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If we rewrite
(1 + αT )û = f̂(p)e

− ip

1+βp2
t

For shallow water waves of small amplitude we have that α and β are very small
where α is related with nonlinear term and β with respect to the dispersive term
and they are dimensionless parameters. Taking α→ 0 and using the fact that
(1 + αT )−1 there exists, then applying Neumann series we have (1 + αT )−1 =∑∞

n=0 (−1)nαnT n. In consequence

û =
∞∑
n=0

(−1)nαnT nf̂(p)e
− ip

1+βp2
t

Using the inverse Fourier theorem we obtain

u(ξ, t) =
1

2π

∫ ∞
−∞

∞∑
n=0

(−1)nαnT nf̂(p)e
− ip

1+βp2
t
eipξdp (3)

This is an approximation of u as α→ 0.

3 Traveling wave solutions

If u(ξ, t) = φ(ξ − Ct), where C is the velocity of propagation of the travel-
ing wave, is a solution for the equation (1) then φ must satisfy the ordinary
differential equation

−Cφ′(ζ) + (1 + αφ(ζ))φ′(ζ) + Cβφ′′′(ζ) = 0, (4)

where ζ = ξ − Ct.
Integrating

(1− C)φ+
α

2
φ2 + Cβφ′′ = K. (5)

4 Dynamical System

Taking φ′ = y, φ′′ = y′ and x = φ we obtain{
x′ = y;
y′ = µx+ σx2 + ν,

(6)

where µ = − 1
Cβ

(1 − C) > 0, σ = − 1
Cβ

α
2
> 0, ν = K

Cβ
> 0, C < 0, K < 0,

µ2− 4σν < 0. We have the Hamiltonian H(x, y) = −µx2
2
− σ x3

3
− νx+ y2

2
= k,

where k is a constant, when {
x′ = Hy,
y′ = −Hx.
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Theorem 4.1. The dynamical system (6) does not have periodic orbits in
R2.

Proof. Now we consider the differential equation for the Dulac function h (see
[6],[7],[8],[10])

f1
∂h

∂x1
+ f2

∂h

∂x2
= h

[
C(x1, x2)−

(
∂f1
∂x1

+
∂f2
∂x2

)]
(7)

Taking x1 = x, x2 = y, if ∂h
∂x1

= 0 and C(x1, x2) = µx+ σx2 + ν > 0

∂h

∂x2
= h.

Then h(y) = ey > 0.

Theorem 4.2. The system (8) does not have periodic orbits in R2.

Proof. As h(y) = ey and if f1 = y then ∂f1
∂x1

= 0

µx+ σx2 + ν = µx+ σx2 + ν − ∂f2
∂x2

Then f2 = c2(x). We have the generalization{
x′ = y;
y′ = c2(x),

(8)

with c2(x) > 0. We see that the identity (7) holds for this new system, then
this new system does not have periodic orbits.
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