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Abstract
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1 Introduction

We provide approximation property of operator algebras associated with dis-
crete groups. There are various notions of finite dimensional approximation
properties for C∗− algebras and more generally operator algebras. Some of
these (approximation properties) notations will be defined in this paper, the
reader is referred to [2], [11], [12], [6] and [16]: Haagerup discovered that the
reduced C∗− algebra Fn has the metric approximation property, Higson and
Kasparov’s resolution of the Baum-connes conjecture for the Haagerup groups.
We study analytic techniques from operator theory that encapsulate geometric
properties of a group. On approximation properties of group C∗− algebras is
everywhere; it is powerful, important, backbone of countless breakthroughs.
Weak amenability is strictly weaker than amenability and passes to closed
subgroups. It is proved by De Canni‘ere - Haagerup, Cowling and Cowling
- Haagerup [5], [4] that real simple Lie groups of real rank one are weakly
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amenable (see also [15]), and by Haagerup [9] that real simple Lie groups of
real rank at least two are not weakly amenable. For the latter fact, Haagerup
proves that SL(2, Z) � Z2 is not weakly amenable. (See also [10]) The notion
of weak amenability for groups was introduced by Cowling and Haagerup [4].
Haagerup proved that all connected simple Lie groups with finite center and
real rank greater than or equal to two are not weakly amenable [9]. Later,
Dorofaeff proved that this result also holds for such Lie groups with infinite
center [7]. A weaker approximation property defined in terms of completely
bounded Fourier multipliers was introduced by the Haagerup and Kraus [8]
Haagerup and Kraus have provided in [8] a detailed characterisation of AP.

This paper is organized as follows. In section 2 we recall some results about
Approximation Property(AP), Weakly amenable and Herz- Schur multipliers.

Section 3 provides some detail of Discrete Heisenberg group and this group
need not be weak amenability.

Our main result in this direction is the following.

Theorem 1.1. The discrete Heisenberg Group need not be weak amenability.

2 Preliminary

An important class of C∗− algebras arises in the study of groups. If we assume
that the G is a discrete group then the functions δg form a basis for the Hilbert
space �2(G) of square summable functions on G.

Definition 2.1. [6] The left regular representation λ : C[G] → B(�2(G)) is
defined by λ(s)δt(r) = δt(s

−1r) = δst(r) for s, r ∈ G. The right regular repre-
sentation is given by ρ(s)δt(r) = δt(rs) = δts−1(r) for s, r ∈ G.

Definition 2.2. [6] The reduced group C∗− algebra G, denoted by C∗
r (G) is

the completion of C[G] in the norm given, for c ∈ C[G], by ‖c‖λ = ‖λ(c)‖
We begin with some definition of Haagerup and Kraus [10]. We recall the

Fourier algebra A(G) := {f : f(t) = 〈λ(t)ξ , η〉 for some ξ, η ∈ L2(G)} is
the space of all coefficients function of the left regular representation λ. Given
f ∈ A(G), its norm is given by ‖f‖ = inf {‖ξ‖ ‖η‖ : f(t) = 〈λ(t)ξ , η〉} . With
this norm, A(G) is a Banach algebra with the pointwise multiplication [10].
A complex-valued function φ on G is a multiplier [1] for A(G) if the linear
map mφ(f) = φf sends A(G) to A(G). A multiplier φ is called completely
bounded [1] if the operator mφ : L(G) −→ L(G) induced by mφ is completely
bounded. For a function φ on G and C ≥ 0. We define the multiplier [10],[1]
mφ : λ(f) −→ λ(φf) is completely bounded on C∗

λ(G) and ‖mφ‖cb ≤ C.

Definition 2.3. [2] The discrete group G is amenable if and only if there is
an approximate identity consisting of positive definite functions.
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Definition 2.4. [1] An approximate identity on G is a sequence (φn) of finitely
supported functions such that φn uniformly converge to the constant function
1. We say that discrete G is weakly amenable if there is an approximate identity
(φn) such that C := sup ‖Mφn‖cb < ∞.

Definition 2.5. [8] The discrete group G has the approximation property
(AP) if there is a net {φα} in A(G) such that Mφα −→ idA(G) in the sta-
ble point-norm topology on A(G).

We have the following important result by Haagerup and Kraus [10].

Theorem 2.6. G is a locally compact group and Γ is a lattice in G, then G
has the AP if and only if G has the AP.

The AP has some nice stability properties that weak amenability does not
have, e.g.,

Theorem 2.7. [10] If H is a closed normal subgroup of a locally compact
group G such that both H and G/H have the AP, then G has the AP.

This implies that the group Z2 � SL(2, Z) has the AP, but it was proven
in [8] that this group is not weakly amenable, so the AP is strictly weaker
than weak amenability. A natural question to ask is which groups do have
the AP. When this property was introduced, it was not clear that there even
exist groups without it, but it was conjectured by the Haagerup and Kraus
that SL(3, Z) would be such a group. This conjecture was recently proved by
Lafforgue and de la Salle [14].

We say that the uniform Roe algebra [13], C∗
u(G), is the C∗− algebra com-

pletion of the algebra of bounded operators on �2(X) which have finite prop-
agation. According to Roe [16] G has the invariant approximation property
(IAP) if

C∗
λ(G) = C∗

u(G)G.

Next, we define the set of fixed points of C∗
u(G, S)G:

Definition 2.8. We define

C∗
u(G, S)G = {T ∈ C∗

u(G, S) ; Ad(ρt ⊗ id)T = T for all t ∈ G} .

We now define Joachim Zacharias’s IAP with coefficients (SIAP):

Definition 2.9. We say that a discrete group G has the strong invariant trans-
lation approximation property (SIAP) if for any closed subspace S of the com-
pact operators K (on �2(N)). We have an isomorphism

C∗
u(G, S)G = C∗

λ(G) ⊗ S holds.
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Author shows that the stability properties of the strong invariant approxi-
mation property [12]and Strong invariant approximation property for discrete
groups[11].

Proposition 2.10. [8] The semi direct product of two discrete groups with the
AP has the AP.

Remark 2.11. For discrete groups we have the following implications:

Amenability =⇒ weak amenability =⇒ AP =⇒ exactness.

The first implication is not an equivalence: the non-abelian free groups are
weakly amenable, but they are not amenable. The second implication is proved
by Haagerup and Kraus showed in [8] and also this implication is not an
equivalence: a counter-example is given by Z2 � SL(2, Z); this group has the
AP [8]. But it was proved in [8] that it is not weakly amenable. The third
implication is not an equivalence: Haagerup and Kraus showed in [8] that
SL(2, Z) is an exact group without AP.

3 The Discrete Heisenberg Group

The discrete Heisenberg group [6] H3 can be defined abstractly as the group
generated by elements a and b such that the commutator c = aba−1b−1 is
central. And also H3 is the multiplicative group of all matrices of the form

H3 =

⎧⎨
⎩

⎛
⎝

1 a c
0 1 b
0 0 1

⎞
⎠ : a, b, c ∈ Z

⎫⎬
⎭

This group is generated by

U =

⎛
⎝

1 1 0
0 1 0
0 0 1

⎞
⎠ , V =

⎛
⎝

1 0 0
0 1 1
0 0 1

⎞
⎠ , and W =

⎛
⎝

1 0 1
0 1 0
0 0 1

⎞
⎠ .

Lemma 3.1. The mapping

⎛
⎝

1 a c
0 1 b
0 0 1

⎞
⎠ −→ (c, b, a) ,

is isomorphism .
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Proof. Let a, b, c, x, y, z ∈ Z. We define a mapping by

φ : H3 −→ R
3

by

φ

⎛
⎝

1 a c
0 1 b
0 0 1

⎞
⎠ = (c, b, a)

Let

A =

⎛
⎝

1 a c
0 1 b
0 0 1

⎞
⎠ ∈ H3, and B =

⎛
⎝

1 x z
0 1 y
0 0 1

⎞
⎠ ∈ H3,

Consider

φ(A)φ(B) = (c, b, a) (z, y, x)

= (cz, by, ax)

= φ(AB) ∀ A, B ∈ H3

Therefore φ is homomorphism from H3 into R3.

A more convenient way then matrices to denote elements in this group is
by three-triples of numbers. Using this notations [6]

H3 = {(x, y, z) : x, y, z ∈ Z} ,

and the multiplicative operation of elements can be written:

(x, y, z)(x
′
, y

′
, z

′
) = (x + x

′
, y + y

′
, z + z

′
+ xy

′
).

This notation makes computations in the Heisenberg group much more effi-
cient. The following are computational facts about H3.

Proposition 3.2. Let a, b, c, x, y, z ∈ Z. Then the multiplication in H3 sat-
isfies the following equations:

1. (x, y, z)−1 = (−x,−y,−z + xy);

2. (x, y, z) (a, b, c) (x, y, z)−1 = (a, b, c + xb − ay);

3. [(x, y, z) , (a, b, c)] = (0, 0,−ay + xb);

4. In particular [(0, 1, 0) , (0, 0, 1)] = (1, 0, 0);

5. [(1, 0, 0) , (0, 1, 0)] = (0, 0, 1);
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Proof. Consider

(x, y, z) (−x,−y,−z + xy) = (0, 0, 0).

Thus

(x, y, z)−1 = (−x,−y,−z + xy) .

Consider

(x, y, z) (a, b, c) (x, y, z)−1 = (x + a, y + b, z + c + xb) (−x,−y,−z + xy)

= (a, b, c + xb − ay) .

Consider

[(x, y, z) , (a, b, c)] = (x, y, z) (a, b, c) (x, y, z)−1 (a, b, c)−1

= (a, b, c + xb − ay) (−a,−b,−c + ab)

= (0, 0,−ay + xb) .

In particular, [(0, 1, 0) , (0, 0, 1)] = (1, 0, 0) and [(1, 0, 0) , (0, 1, 0)] = (0, 0, 1).
By using Lemma 3.1:

[U, V ] = W.

Lemma 3.3. With the usual notation:

1. W := UV U−1V −1;

2. WU = UW ;

3. WV = V W .

Proof. Equations (2) and (3) are obvious from equation (1).

For example A = (1, 0, 0), B = (0, 1, 0), and AB = (1, 1, 1). It is important to
note that (x, y, z)−1 = (−x,−y,−z+xy), and the identity of H3, I3 = (0, 0, 0).
Since elements of H3 can be written in three-tuples of numbers, (x, y, z), it is
natural to think of its Cayley graph embedded in Z3 ⊆ R3.

By using Lemma 3.3, we have the following Proposition:

Proposition 3.4.

H3 =
{
U, V, W : W := UV U−1V −1, U3 = 1, V 3 = 1, and W 3 = 1

}

Proposition 3.5. The center of H3 is isomorphic to the additive group Z.
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Proof. By using Proposition 3.2(2), we have center Z(H3) coincides with
Z × 0 × 0 ⊆ H3 and from Proposition 3.2(3) Z(H3) = [H3, H3] = Z.

Remark 3.6. Let H3 be a discrete group such that Z is abelian and H3 is a
central extension of Z by Z2. That is to say, we have a short exact sequence

1 −→ Z
i−→ H3

π−→ Z
2 −→ 1,

where Z2 is normal subgroup of H3 and Z(H3) = Z. We also assume that H3

admits a continuous section over Z. We define H3 = Z2 × Z as set. The
group law on H3 is given by (α, a)(β, b) = (αβφ(a, b), a + b) where
φ : Z × Z −→ Z2 is a 2− cocycle, i.e φ(a, b)φ(a + b, c) = φ(a, b + c)φ(b, c). It
is a simple computation to see that this determines a group law on H3.

1.

((α, a)(β, b)) (γ, c) = (αβφ(a, b), a + b) (γ, c)

= (αβγφ(a, b)φ(a + b, c), a + b) .

(α, a) ((β, b)(γ, c)) = (α, a) (βγφ(b, c), b + c))

= (αβγφ(a, b)φ(a + b, c), a + b) .

Therefore

((α, a)(β, b)) (γ, c) = (α, a) ((β, b)(γ, c)) .

2. Given a, φ, the identity (β, y) of the group must satisfy

(α, 0)(β, y) = (αβφ(0, y), y) = (α, 0).

So y = 0 and βφ(0, y) = 1.Then (φ(0, 0)−1, 0) is the identity.

3. So if (α, x)−1 = (β, y), we have (αβφ(x, y), x + y) = (φ(0, 0)−1, 0). Thus
y = −x and β−1 = αφ(x, y)φ(0, 0).

Remark 3.7. Now points a and b in Z2, and choose m and n in H3. Then
mnm−1n−1 in Z. Since i(mnm−1n−1) = a + b− a− b = 0. Let m = (α, a) and
n = (β, b). We have a map λ : Z × Z −→ Z

2 define by λ(a, b) = mnm−1n−1.

Proposition 3.8. We have the following:

1. λ(a + b, c) = λ(a, c)λ(b, c),

2. λ(a, b + c) = λ(a, b)λ(a, c),

3. λ(a, a) = 1,
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4. λ(a, b) = λ(b, a)−1,

5. λ(a, b) = φ(a,b)
φ(b,a)

.

Proof. First we show the last part. Let m = (1, a) and n = (1, y), so

m−1n−1 = (nm)−1

= (φ(b, a), a + b)−1

=
{
φ(b, a)−1φ(a + b,−a − b)−1φ(0, 0)−1,−a − b

}
.

Then

mnm−1n−1 =
{
φ(a, b)φ(b, a)−1φ(0, 0)−1, 0

}
.

However, we have

λ(a, a) = 1 =
φ(a, a)

φ(a, a)
φ(0, 0)−1

So the identity of the group is actually (1, 0) and

λ(a, b) =
φ(a, b)

φ(b, a)
.

Next we consider the identies (by using Remark 3.6)

φ(a, b)φ(a + b, c) = φ(a, b + c)φ(b, c),

φ(b, c)φ(a + c, b) = φ(c, a + b)φ(a, b),

and

φ(a, c)φ(a + c, b) = φ(a, b + c)φ(c, b).

It follows:

λ(a + b, c) =
φ(a + b, c)

φ(c, a + b)

=
φ(a, b + c)φ(b, c)

φ(c, a)φ(a + c, b)

=
φ(a, c)φ(b, c)

φ(c, a)φ(c, b)

= λ(a, b)λ(b, c).
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Thus

λ(a + b, c) = λ(a, b)λ(b, c).

It follows:

λ(a, b + c) =
φ(a, b + c)

φ(b + c, a)

=
φ(a, b)φ(a + b, c)

φ(b, c + a)φ(c, a)

=
φ(a, b)φ(a, c)

φ(b, a)φ(c, a)

= λ(a, b)λ(b, c).

Thus

λ(a, b + c) = λ(a, b)λ(a, c).

Theorem 3.9. A discrete Heisenberg Group need not be weak amenable.

Proof. It follow that from Proposition 3.5 that the center Z(H3) = Z × 0 ×
0 = Z and from Proposition 3.2 that [H3, H3] = Z(H3) = Z. The center H3

is an extension of Z by Z2. We have mentioned that H3 can be viewed as the
semi direct product of Z2 by Z. We have H3 = Z2 � Z. We have

1 −→ Z
i−→ H3

π−→ Z
2 −→ 1,

Since Z and Z2 are finitely generated and they have AP and also weakly
amenable. Since semi direct product of weakly amenable group have not
weakly amenable group. Therefore H3 is not a weak amenability.
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[3] M. Bożejko and M. A.Picardello, Weakly amenable groups and amalga-
mated products. Proc, Amer. Math. Soc. 117 (1993), 1039-1046.

[4] Cowling, M. and Haagerup, U., Completely bounded multipliers of the
Fourier algebra of a simple Lie group of real rank one, Invent. Math., 96
(1989), 507-549.

[5] Cowling, Canni‘ere, J. de and Haagerup, U., Multipliers of the Fourier
algebras of some simple Lie groups and their discrete subgroups, Amer.
J. Math., 107 (1985), 455500.

[6] K. R. Davidson, C∗ - algebra by Example, Field Institute Mono-graphs,
American Mathematical Soc, Providence, RI, 6 (1986).

[7] Dorofaeff, B., Weak amenability and semidirect products in simple Lie
groups, Math. Ann., 306 (1996), nu 4, 737-742.

[8] U. Haagerup, An example of a non nuclear C∗-algebra, which has the
metric approximation property, Inventiones Mathematicae, 50 (1978), nu
3, 279-293.

[9] U. Haagerup, Group C∗− algebras without the completely bounded ap-
proximation property, Preprint (1988).

[10] U. Haagerup and J. Kraus, approximation properties for group C∗- alge-
bras and group Von Neumann algebras, Inventiones Mathematicae, 344
(1994), nu 2, 667–699.

[11] K. Kannan, Strong invariant approximation property for Discrete groups,
International Journal of Pure and Applied Mathematics, 85 (2013),

[12] K. Kannan, The stability properties of strong invariant approximation
property, International Journal of Pure and Applied Mathematics, 88
(2013), 1075-1086.

[13] K. Kannan, On the invariant uniform Roe algebras as crossed product ,
International Science Index, 7 (2013), 1458 - 1464.

[14] Lafforgue, V. and Mikael, D., Non commutative Lp spaces without the
completely bounded approximation property , Duke. Math . J, 160(2011),
71-116.

[15] Ozawa, N., Weak amenability of hyperbolic groups, Groups Geom. Dyn.,
2(2008), 271-280.

[16] J. Roe, Lectures on coarse geometry, American Mathematical Society, 31
(2003).



A discrete Heisenberg group which is not a weakly amenable 327

[17] J. Zacharias, On the invariant translation approximation property for
Discrete groups, Proc. Amer. Math. Soc., 134 (2006), nu 7, 1909–1916.

Received: January 15, 2014


