
Int. Journal of Math. Analysis, Vol. 8, 2014, no. 7, 307 - 315
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/ijma.2014.4116

Some Results about Completion of the

Space of Henstock-Kurzweil Integrable Functions
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Abstract
Continuing with our study begun in [6] and making use of some

results of that article, in this paper we establish new properties for the
completion of the space of Henstock-Kurzweil integrable functions with
Alexiewicz norm.
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1 Introduction

It is well known that the Henstock-Kurzweil integral is more general than the
Lebesgue integral over the real line. However, in the vector space

HK[a, b] = {f : [a, b] → R | f is Henstock− Kurzweil integrable}
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is impossible to define a similar norm like in L1[a, b], since the Henstock-
Kurzweil integral is not an absolute integral.

Arguably the “nicest” known seminorm on HK[a, b] is the Alexiewicz semi-
norm which is defined as

||f ||A = sup
a≤r≤b

∣∣∣∣
∫ r

a
f

∣∣∣∣ .

The corresponding normed space is built using the quotient space deter-
mined by the relation f ∼ g if and only if f = g except in a set of Lebesgue
measure zero. This normed space will be denoted by (HK[a, b], || · ||A).

Since (HK[a, b], || · ||A) is not a Banach space, it is natural to study its

completion, which will be denoted by ̂HK[a, b]. In particular, Bongiorno and

Panchapagesan in [3] and Talvila in [10] make an analysis on ̂HK[a, b] by means
of the same isometrically isomorphic space. Following this same line of work,

we in [6] make an analysis on ̂HK[a, b], but throughout another isometrically
isomorphic space.

In this paper, we will prove that ̂HK[a, b] has a copy not complemented of l1;
it has a Schauder basis which is not unconditional, neither boundedly complete
nor shrinking and, as a consequence of this, it has the bounded approximation

property. Then, as an application from fact that ̂HK[a, b] has the bounded
approximation property as well as of some results that we have proved in [6],
we will prove that the space of all bounded, compact, operators from E (where

E is any Banach space) into ̂HK[a, b], it is not a complemented subspace in
the space of all bounded operators, and it is neither isomorphic to a dual space
nor is isomorphic to a complemented subspace of a dual space. In addition,

we will show that ̂HK[a, b] has the reciprocal Dunford-Pettis property and, as
a consequence of this, it has neither a complemented copy of L1[a, b] nor of
some space lp, where 1 < p < ∞.

2 Preliminaries

In this section we restate the conventions, notations and concepts that will be
used throughout this paper.

Hereafter E and F will denote Banach spaces and T will denote a linear
operator from E into F . Moreover, the symbol E∗ will denote the topological
dual of E.
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Definition 2.1 Let B ⊆ E be a bounded subset and K ⊆ E be a weakly
compact subset. It said that T is

• bounded if T (B) is a bounded subset,

• compact if T (B) is a relatively compact subset,

• weakly compact if T (B) is a relatively weakly compact subset,

• completely continuous if T (K) is a compact subset.

The symbols L(E, F ), K(E, F ), W (E, F ) and DP (E, F ) will denote the
space of all linear operators from E into F that hold the items of the above
definition, respectively.

The symbols c0, l∞, and lp, where p ≥ 1, represent the classical vector
spaces endowed with their usual norm.

Let BV [a, b] be the space of all bounded variation functions on [a, b].
The symbol NBV [a, b] will denote the space {g ∈ BV [a, b] : g(a) = 0 and
limx→x+

0
g(x) = g(x0), for all x0 ∈ (a, b)} endowed with the norm ||g|| =

V ar(g; [a, b]).

Let C[a, b] be the space of all continuous functions on [a, b]. The symbol
Bc[a, b] will denote the space {F ∈ C[a, b] : F (a) = 0 } endowed with the
supreme norm.

Definition 2.2 It is said that

• T is an isomorphism if it is injective, continuous, and its inverse map-
ping T−1 is continuous on the range of T . Moreover, if ||Tx|| = ||x||, for
all x ∈ E, it is said that T is an isometric isomorphism.

• F has a copy of E if there exists an isomorphism T from E into F .
Moreover, if T is an isometric isomorphism it is said that F has an
isometric copy of E.

• E and F are isometrically isomorphic, which is denoted by E ≈ F ,
if there exists an isometric isomorphism from E onto F .

Theorem 2.3 [1] Let f ∈ HK[a, b]. Then |f | is integrable if and only if the
indefinite integral F (x) =

∫ x
a f has bounded variation on [a, b]. In this case,∫ b

a |f | = V ar(F ; [a, b]).

Interpreting Theorem 2.3 in terms of isometric isomorphisms, we have the
following result.
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Theorem 2.4 The space NBV [a, b] has an isometric copy of L1[a, b].

Theorem 2.5 [3] The space Bc[a, b] is isometrically isomorphic to ̂HK[a, b].

Of similar way like we did it in [6], we will make use of Theorem 2.5 to

prove that ̂HK[a, b] has the reciprocal Dunford-Pettis property and a Schauder
basis.

Definition 2.6 It said that E has the reciprocal Dunford-Pettis pro-
perty if every space F , every completely continuous operator T is weakly com-
pact.

Theorem 2.7 [5] Every space of type C(K) has the reciprocal Dunford-
Pettis property.

Theorem 2.8 [2] The reciprocal Dunford-Pettis property is preserved under
isomorphisms, finite products, complemented subspaces, and quotients.

Definition 2.9 A sequence (xn) in E is a Schauder basis for E if for
each x in E there is a unique sequence (αn) of scalars such that x =

∑
n αnxn.

Note. Henceforth, whenever reference is made to a basis for a Banach
space, the reference is to a Schauder basis.

Theorem 2.10 [8] Let T be an isomorphism from E onto F . If (xn) is a
basis for E, then (Txn) is a basis for F .

Definition 2.11 Let X be a subspace of E. It is said that X is comple-
mented in E if it is closed in E and there exists a closed subspace Y in E
such that E = X ⊕ Y .

From fact that ̂HK[a, b] has a complemented copy of c0, see [6], and a
copy not complemented of l1, see Proposition 3.1, we will prove that the spacêHK[a, b] has not unconditional, neither boundedly complete nor shrinking ba-
sis.

Definition 2.12 Let (xn) be a basis for E. It said that (xn) is

• unconditional if, for every x ∈ E, the expansion
∑

n αnxn for x in
terms of (xn) is unconditionally convergent. The basis (xn) is condi-
tional if it is not unconditional.

• boundedly complete if, whenever a sequence (αn) of scalars is such
that supm ||∑m

n=1 αnxn| | is finite, the series
∑

n αnxn converges.
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• shrinking if for each x∗ in E∗ and each positive integer m, it holds that
limm ||x∗||(m) = 0; where ||x∗||(m) is the norm of the restriction of x∗ to
[{ xn : n > m}].

It is a known fact that every Banach space with a basis has not just the
approximation property, but in fact the bounded approximation property.

Definition 2.13 It said that E has the approximation property if, for
every compact subset K of E and every ε > 0, there is a finite rank operator
λ : E → E such that ||λx − x|| < ε whenever x ∈ K. Moreover, if there is a
positive constant t having the property that ||λ|| ≤ t, then it said that E has
the bounded approximation property.

Theorem 2.14 [7] If F has the bounded approximation property and K(E, F )
is not complemented in L(E, F ), then K(E, F ) is not isomorphic to a dual
space. In fact, it is not isomorphic to a complemented subspace of a dual
space.

In particular, a way to obtain information about a Banach space is knowing
if it has a (complemented) copy of c0 and/or l1. The following theorems are
examples of this fact.

Theorem 2.15 [8] If E has a copy of c0, then no basis for the space is
boundedly complete.

Theorem 2.16 [8] If E has a copy of l1, then no basis for the space is
shrinking.

Theorem 2.17 [7] If F contains a complemented copy of c0 and E is any
Banach space, then K(E, F ) is not complemented in L(E, F ).

By this reason, there exists theorems give conditions to determine when
a Banach space has a (complemented) copy of c0 and/or l1. The following
theorems are examples of this fact.

Theorem 2.18 [4] If E∗ contains a copy of L1[0, 1], then E contains a copy
of l1.

Theorem 2.19 [4] E∗ contains a copy of c0 if and only if E contains a
complemented copy of l1.
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3 Main Results

Proposition 3.1 The space ̂HK[a, b] has a copy not complemented of l1.

Proof. Since the space NBV [a, b] is isometrically isomorphic to dual of

(HK[a, b], || · ||A), see [9], it follows that ̂HK[a, b]
∗ ≈ NBV [a, b]. Then, by

Theorem 2.4 it holds that ̂HK[a, b]
∗

has an isometric copy of L1[a, b]; thus,̂HK[a, b] contains a copy of l1 by Theorem 2.18.

Suppose that l1 is complemented in ̂HK[a, b]. Then, by Theorem 2.19

it holds that ̂HK[a, b]
∗

has a copy of c0, i.e., the space NBV [a, b] has an
isomorphic subspace to c0 which is a contradiction.

Proposition 3.2 The space ̂HK[a, b] has a basis.

Proof. Define the sequence (sn)∞n=1 of members of Bc[0, 1] as follows. Let
s1(t) = t, for all t ∈ [0, 1]. When n ≥ 2, define sn by letting m be the positive
integer such that 2m−1 < n ≤ 2m, then let

sn(t) =

⎧⎪⎪⎨
⎪⎪⎩

2m
[
t −

(
2n−2
2m − 1

)]
, if 2n−2

2m
− 1 ≤ t < 2n−1

2m
− 1;

1 − 2m
[
t −

(
2n−1
2m − 1

)]
, if 2n−1

2m
− 1 ≤ t < 2n

2m
− 1;

0, otherwise.

(1)

Note that the elements of the sequence (sn) are all the elements of the
classical basis, without its first element, of C[0, 1]. Therefore, it is easy to
prove that the sequence (sn) is a basis for Bc[0, 1].

Thus, we obtain the desired conclusion from fact that ̂HK[a, b] ≈ Bc[a, b],
see Theorem 2.5, and of Theorem 2.10.

The following result is an immediate consequence from Proposition 3.2.

Corollary 3.3 The space ̂HK[a, b] has the bounded approximation property.

Proposition 3.4 The space ̂HK[a, b]

1. has not a unconditional basis,

2. has not a boundedly complete basis,

3. has not a shrinking basis.
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Proof. We have just proved in Proposition 16 of [6] and in Proposition 3.1

that ̂HK[a, b] has a copy of c0 and l1, respectively. Thus, the thesis it follows
from Theorems 2.15 and 2.16.

Note. On the basis of above Proposition, it holds, in particular, that the

basis for ̂HK[a, b] that ensure Proposition 3.2 is not unconditional, neither
boundedly complete nor shrinking.

Proposition 3.5 The space ̂HK[a, b] has the reciprocal Dunford-Pettis prop-
erty.

Proof. On the basis of the proof of Lemma 12 of [6], we can see that Bc[a, b]
is a complemented subspace in C[a, b]. Then, as C[a, b] has the reciprocal
Dunford-Pettis property (see Theorem 2.7) and according to Theorem 2.8, it
holds that Bc[a, b] also has such property. Thus, by Theorems 2.5 and 2.8, we
obtain the desired conclusion.

As a consequence of Proposition 3.5, we obtain the following result.

Corollary 3.6 The space ̂HK[a, b] has not a complemented copy of L1[a, b].

Proof. Suppose the contrary. By Proposition 3.5 it holds that ̂HK[a, b] has
the reciprocal Dunford-Pettis property. Then, by Theorem 2.8 it follows that
L1[a, b] also has such property, which is a contradiction.

Note. Although ̂HK[a, b] has not a complemented copy of L1[a, b], it is
well known that L1[a, b] is a subspace of it; in addition, ||f ||A ≤ ||f ||1, for all
f ∈ L1[a, b].

Proposition 3.7 Let E be any Banach space. Then K(E, ̂HK[a, b])

1. is not a complemented subspace in L(E, ̂HK[a, b]),

2. is not isomorphic to a dual space; even more, it is not isomorphic to a
complemented subspace of a dual space.

Proof.

1. We know, by Proposition 16 of [6], that the space ̂HK[a, b] has a com-
plemented copy of c0. Thus, by Theorem 2.17, we obtain the desired
conclusion.

2. The space ̂HK[a, b] has the bounded approximation property by Corollary

3.3. On the other hand, by above item, it holds that K(E, ̂HK[a, b]) is

not a complemented subspace in L(E, ̂HK[a, b]). Therefore, the thesis it
follows from Theorem 2.14.
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4 Comments

One of the goals of this paper was to show the importance of to know if a
Banach space has or not a copy, in particular, of c0 and/or l1. However, in
certain contexts, it also is important to know if a Banach space has or not
a (complemented) copy of some lp. By this reason, we give the following
proposition.

Proposition 4.1 The space ̂HK[a, b] has not a complemented copy of lp,
for none 1 < p < ∞.

Proof. Suppose the contrary. We have just proved in Proposition 16 of [6]

that ̂HK[a, b] has the Dunford-Pettis property. Since this property is pre-
served under isomorphisms and complemented subspaces, it follows that lp
has the Dunford-Pettis property which is a contradiction, since none infinite-
dimensional reflexive Banach space has such property.

Observation. In the proof of Proposition 4.1, we used the fact that the
space lp, where 1 < p < ∞, is reflexive. However, for the case l∞ we can say

even more: The space ̂HK[a, b] has not a copy of l∞. In effect, as (HK[a, b], || ·
||A) is separable (see [9]), it follows that ̂HK[a, b] also is separable and, it is
well known that l∞ is not separable.

In general, the following relations it holds for any par of Banach spaces:

K(E, F ) ⊂ W (E, F ); K(E, F ) ⊂ DP (E, F ); and

W (E, F ) = DP (E, F ).

However, on the basis of Proposition 16 of [6] and Proposition 3.5, it holds
that for any Banach space F

K( ̂HK[a, b], F ) ⊂ W ( ̂HK[a, b], F ) = DP ( ̂HK[a, b], F ) ⊂ L( ̂HK[a, b], F ).

This is one reason for which we have studied some topological properties of the

spaces W ( ̂HK[a, b]) and K(E, ̂HK[a, b]), in Proposition 22 of [6] and Proposi-
tion 3.7, respectively.
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