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Abstract

In this paper, we show that if a continuous linear operator on a
separabl F -space admits a syndetic hypercyclicity sequence, then the
operator is weakly mixing.
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1 Introduction

Let X be a separable F -space and denote by L(X) the space of all continuous
linear operators on X. An operator T ∈ L(X) is said to be hypercyclic if there
is a vector x ∈ X such that the orbit O(x, T ) = {T nx | n ∈ N} is dense in X.
The density of the orbit implies that there is an increasing sequence (bn)n∈N
such that lim

n→∞
T bnx = x. Based on this property, a hypercyclicity sequence

for operator T is defined as in [2]. In this paper, we focus on the properties
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of a hypercyclicity sequence for a hypercyclic operator. More precisely, we
will show that if the sequence is syndetic (that is, sup

n
(bn − bn−1) < ∞), then

the corresponding operator is weakly mixing. This kind of property has been
proved in [5]. Even though our result is basically the same as the one in [5],
we mainly focus on the properties of hypercyclicity sequence and we interprete
the linear dynimacis of T ∈ L(X) in terms of the hypercyclicity sequences.

2 Hypercyclicity Sequences

Let T be a hypercyclic operator on a separable F -space X. Then there is a
vector x ∈ X such that the T -orbit

O(x, T ) = {T nx | n ∈ N}

is dense in X. Thus, for each non-empty open subset U of X,the set

N(x, U) = {m ∈ N | Tmx ∈ U}

is non-empty. Since O(x, T ) is dense in X, there is an increasing sequence
(bn)n∈N of natural numbers such that

lim
n→∞

T bnx = x.

Since T is continuous, for m ∈ N(x, U), we have

lim
n→∞

Tm+bnx = Tmx ∈ U

In other words, there is a sufficiently large integer N ≥ 0 such that for all
k ≥ 1

m + bk+N ∈ N(x, U) and (1)

T bk+NTmx ∈ U (2)

Since Tmx ∈ U , T bk+NU ∩ U 6= ∅. Thus

bk+N ∈ N(U,U) = {l ∈ N | T lU ∩ U 6= ∅}

Consider the difference set, defined by

N(x, U)−N(x, U) = {l1 − l2 | l1 ≥ l2 and l1, l2 ∈ N(x, U)}

Since m ∈ N(x, U), for all k ≥ 1

bk+N ∈ N(x, U)−N(x, U)
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In fact, it is easy to see that if x ∈ X is a hypercyclic vector for T , then

N(U,U) = N(x, U)−N(x, U)

By (1), for all k ≥ 1,

bk+1+N − bk+N ∈ N(x, U)−N(x, U) = N(U,U) (3)

From this analogy and the definition given in [2] and [3], we define a notion of
hypercyclic operators as follows:

Definition 2.1. Let T ∈ L(X). An increasing sequence (bn)n∈N of natural
numbers is said to be hypercyclicity sequence for T if there is a vector x ∈ X
and integers m, N such that for each non-empty open subset U of X

m + bk+N ∈ N(x, U) for all k ≥ 1.

Remark 2.2. It is clear from the definition that if an operator T ∈ L(X)
admits a hypercyclicity sequence then T is hypercyclic.

Remark 2.3. Let (bn)n∈N be a hypercyclicity sequence for an operator
T ∈ L(X). If the sequence is of order mk, in other words bk ≤ mk for all
integers k ≥ 1, then the operator T is mk-hypercyclic. In particular, if mk = k,
then T is frequently hypercyclic. See [1, 4, 3, 7] and [2] for definitions of
frequently hypercyclic operators and mk-hypercyclic operators.

3 Weak Mixing and Hypercyclicity Squences

As we have seen in Section 2, the notion of a hypercyclicity sequence is closely
related with the known hypercyclic operators such as frequently hypercyclic
operators. In this section, we study the relationship between weakly mixing
operators and hypercyclicity sequences following the ideas of [5].

By definition, an operator T ∈ L(X) is said to be weakly mixing if the
operator T ⊕ T is hypercyclic. Thus by applying the properties of hypercyclic
operators we have the followings:

1. There is a vector x⊕ y ∈ X ⊕X such that the orbit

O(x⊕ y, T ⊕ T ) = {(T ⊕ T )n(x⊕ y) | n ∈ N}

is dense in X ⊕X
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2. There is an increasing sequence (bn)n∈N such that

lim
n→∞

(T ⊕ T )bn(x⊕ y) = x⊕ y

lim
n→∞

T bnx = x lim
n→∞

T bny = y

3. For any pair U , V of non-empty open subsets of X, there is an integer
l ∈ N such that

(T ⊕ T )l(x⊕ y) ∈ U ⊕ V

In other words,
l ∈ N(x, U) ∩N(y, V ).

Thus, T is a weakly mixing operator on X if and only if there exist
vectors x, y in X such that for each pair U , V of non-empty open subsets
of X

N(x, U) ∩N(y, V ) 6= ∅.

As we obtain the relation (3), we have the following property.

Proposion 3.1. Let (bn)n∈N be a hypercyclicity sequence for a weakly mixing
operator T on X. Then for any pair of non-empty open subsets U and V , there
is an positive integer N such that for all k ≥ N

bk+1 − bk ∈ N(U,U) ∩N(V, V )

Conversely, we find a condition for a hypercyclicity sequence for some op-
erator to be weakly mixing. For this, we will use the following equivalent form
of weakly mixing operators and the proof can be found in [6, 7].

Proposion 3.2. T is weakly mixing if and only if for any pair of non-empty
open subsets U and V of X

N(U,U) ∩N(U, V ) 6= ∅

An increasing sequence (nk)k∈N is said to be syndetic if

sup
k

(nk+1 − nk) <∞

and it is easy to see that if a sequence (nk)k∈N is syndetic, then there is a
number M such that

(nk)k∈N ∩ [n, n + M ] 6= ∅ for all n ∈ N

We now have come to the main result
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Theorem 3.3. Let (bk)k∈N be a hypercyclicity squence for a hypercyclic
operator T ∈ L(X). If the sequence (bk)k∈N is syndetic, then T is weakly
mixing.

Proof. Let mk = bk− bk−1. Since the sequence (bk)k∈N is syndetic, there is
a number M such that for each k, 1 ≤ mk ≤ M . Also, mk ∈ N(U,U) implies
that TmkU ∩ U 6= ∅. For each l ∈ [1,M ], let

Ul = U ∩ T−lU

Each set Ul is non-empty open set and there is an element ul ∈ Ul such that
T lul ∈ U . By the topological transitivity for open sets Ul and V , there is an
integer kl such that T klUk ∩ V 6= ∅. Thus for some ul ∈ Ul, T

klul ∈ V . Now,

T klT−lT lul ∈ V

and thus
kl − l ∈ N(U, V ), 1 ≤ l ≤M.

Since the sequence (bk)k∈N is syndetic,

(bk)k∈N ∩ [kl −M,kl] 6= ∅.

Thus there is some k ∈ N with bk = kl − j ∈ [kl −M,kl] which implies that

N(U,U) ∩N(U, V ) 6= ∅

By Proposition 3.2, T is weakly mixing.

References

[1] F. Bayart and S. Grivaux, Frequently hypercyclic operators, Trans. Amer.
Math. Soc., 358 (2006), 5083-5117. http://dx.doi.org/10.1090/s0002-
9947-06-04019-0
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