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Abstract

Here we study quadratic systems using certain Dulac functions and
a geometric method.
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1 Introduction

It is interesting to study periodic solutions in planar systems of differential
equations. Considering the following planar system of differential equations
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{
ẋ1 = f1(x1, x2),
ẋ2 = f2(x1, x2),

(1)

where fi : Ω→ R, fi ∈ C1(Ω), i = 1, 2, and Ω ⊆ R2 is a simply connected open
set, so the standard existence and uniqueness theorems hold.

Following the methods discussed in [4] about criteria for nonexistence of pe-
riodic orbits of the system (1), we will consider the following partial differential
equation for a function h ∈ C1(Ω)

f1(x1, x2)
∂h

∂x1
+ f2(x1, x2)

∂h

∂x2
= h(x1, x2)

[
c(x1, x2)−

(
∂f1
∂x1

+
∂f2
∂x2

)]
(2)

where c : Ω → R, is such that (c · h)(x1, x2) is continuously differentiable,
does not change sign and only vanishes on a set of measure zero. This equation
is associated with the system (1) on Ω. If there exist, such functions h are Dulac
functions for the system (1) and this one has no periodic orbits (Bendixson–
Dulac criterion, see [3]).

2 Theory

In this work we study the quadratic systems by means of the use of particular
form of the Dulac functions satisfying (2).

Definition 2.1. A quadratic planar system of differential equations is given
by (1), with

f1(x1, x2) =
2∑

j,k=0

ajkxjxk, (3)

f2(x1, x2) =
2∑

j,k=0

bjkxjxk,

where ajk ∈ R, a21 = b21 = 0 and x0 ≡ 1.

3 Result

We have the following

Theorem 3.1. If ∆ = 0, (a212 − 4a11a22) = 0, (b212 − 4b11b22) < 0, and
b11 + b22 6= 0 then the system (3) has no periodic orbits.
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Proof. Assuming that the function h is in the form of the composition

h = h̃ ◦ z (4)

for a pair of C1− functions z : R2 → R and h̃ : D → R, with D open,
{ζ ∈ R : ∃x ∈ R2|ζ = z(x)} ⊆ D ⊆ R, from (2) we get[

f1(x1, x2)
∂z

∂x1
+ f2(x1, x2)

∂z

∂x2

]
dh̃

dz
= h̃

[
c(x1, x2)−

(
∂f1
∂x1

+
∂f2
∂x2

)]
(5)

If we take c(x1, x2) such that

f1(x1, x2)
∂z

∂x1
+ f2(x1, x2)

∂z

∂x2
= c(x1, x2)−

(
∂f1
∂x1

+
∂f2
∂x2

)
, (6)

then the equation (5) can be written as dh̃
dz

= h̃, with solution

h̃ = exp(z). (7)

We take z in (4) as
z(x1, x2) ≡ αx1 + βx2, (8)

linear in x1, x2, with real parameters α and β. From (8), we have ∂z
∂x1

= α, ∂z
∂x2

=
β, and we choose the function c in the form

c(x1, x2) =
2∑

j,k=0

Cjkxjxk. (9)

with C21 = 0, x0 ≡ 1. Using f1 and f2 from (3) and substituting in equation
(6) we obtain

α
2∑

j,k=0

aj,kxjxk+β
2∑

j,k=0

bjkxjxk (10)

=
2∑

j,k=0

Cjkxjxk −

(
∂

∂x1

2∑
j,k=0

aj,kxjxk +
∂

∂x2

2∑
j,k=0

bjkxjxk

)

with a21 = b21 = C21 = 0, x0 ≡ 1. This implies those expressions given by (11).
We introduce the following functions that will be used for next calculations.

The affine functions Cjk : R2 → R, with j, k ∈ {0, 1, 2}, C21 = 0, of the real
parameters α, β, for the system (3), are given by

C00(α, β) = a00α + b00β + a01 + a10 + b02 + b20, C11(α, β) = a11α + b11β,

C01(α, β) = a01α + b01β, C12(α, β) = a12α + b12β,

C10(α, β) = a10α + b10β + 2a11 + b12, C22(α, β) = a22α + b22β. (11)
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In order to satisfy the non–change of sign of the chosen quadratic function
c(x1, x2), except on a set of measure zero, the corresponding surface in R3

given by x3 = c(x1, x2) must be an elliptic paraboloid whose 0−level curves on
the cartesian plane x1x2 are imaginary or degenerated to a point ellipses (see
[1]). The sets R1, R2 are given by

R1 = {(α, β) ∈ R2|[C2
12 − 4C11C22](α, β) < 0}, (12)

R2 = {(α, β) ∈ R2|[(C11 + C22) ·D](α, β) ≥ 0}, (13)

where

D = det

 2C11 C12 C10

C12 2C22 C01

C10 C01 2C00


We denote with ∆ to the discriminant of the quadratic polynomial in α, β in
the left hand side of the inequality defining R1 in (12), given by

∆ = [a12b12 − 2(a11b22 + a22b11)]
2 − (a212 − 4a11a22)(b

2
12 − 4b11b22). (14)

By the hypothesis of the theorem we have ∆ = 0, (a212 − 4a11a22) = 0 and
(b212 − 4b11b22) < 0, then [a12b12 − 2(a11b22 + a22b11)]

2 = (a212 − 4a11a22)(b
2
12 −

4b11b22) = 0 then [a12b12 − 2(a11b22 + a22b11)] = 0. Then if (a212 − 4a11a22) =
0, [a12b12 − 2(a11b22 + a22b11)] = 0 and (b212 − 4b11b22) < 0, we have [C2

12 −
4C11C22](α, β) = (a212 − 4a11a22)α

2 + 2(a12b12 − 2(a11b22 + a22b11))αβ + (b212 −
4b11b22)β

2 < 0, for all β 6= 0 and for all α ∈ R. By the definition of R2 we have

[(C11 + C22) ·D](α, β)

= 2(C11 + C22)(4C00C11C22 − C00C
2
12 − C2

10C22 + C10C01C12 − C2
01C11).

Since b11 + b22 6= 0 it is always possible to choose infinitely many α ∈ R and
β 6= 0 such that x3 = [C11+C22](α, β) = (a11+a22)α+(b11+b22)β 6= 0 because
its domain is R2 and its range is R and it is always possible to choose several
α ∈ R and β ∈ R such that [(C11 + C22) ·D](α, β) ≥ 0 because its domain is
R2 and its range is R then there exists (α, β) ∈ R2. Hence, (α, β) ∈ R1 ∩ R2.
Thus this system does not have periodic orbits in R2.

EXAMPLE We consider {
ẋ1 = x2,
ẋ2 = 1 + x21 + x22

(15)

In this case we have α(x2)+β(1+x21+x
2
2) = c−(2x2). If we take α+2 = 0, β = 1,

we have c = (1 + x21 + x22). Then 2C00 = 1, C12 = 0, 2C11 = 1, 2C22 = 1,
C2

12 − 4C11C22 = −1 < 0. As (2C11 + 2C22) = 2 and D = 1, then (2C11 +
2C22)D = 2 > 0. Hence this system does not have periodic orbits.
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