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Abstract

In this paper, we establish a new third order iterative method for
solving nonlinear equations. The efficiency index of the method is
1.442 2 which is the equal to the Halley’s and Householder methods.
By using some examples the efficiency of the method is also discussed.
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1 Introduction

Our problem, to recall, is solving equations in one variable. We are given a
function f , and would like to find at least one solution to the equation f(x) = 0.
Note that, a prior, we do not put any restrictions on the function f ; we do
need to be able to evaluate the function: otherwise, we cannot even check that
a given solution x = α is true, that is, that f(r) = 0.. In reality, the mere
ability to be able to evaluate the function does not suffice. We need to assume
some kind of “good behavior”. The more we assume, the more potential we
have, on the one hand, to develop fast algorithms for finding the root. At the
same time, the more we assume, the fewer functions are going to satisfy our
assumptions! This is a fundamental paradigm in Numerical Analysis.

We know that one of the fundamental algorithm for solving nonlinear equa-
tions is so-called fixed point iteration method [4].

In the fixed point iteration method for solving the nonlinear equation
f(x) = 0, the equation is usually rewritten as

x = g(x), (1.1)

where
(i) there exists [a, b] such that g(x) ∈ [a, b] for all x ∈ [a, b],
(ii) there exists [a, b] such that |g′(x)| ≤ L < 1 for all x ∈ [a, b].
Considering the following iteration scheme:

xn+1 = g(xn), n = 0, 1, 2, · · · (1.2)

and start with a suitable initial approximation x0, we build up a sequence of
approximations, say {xn}, for the solution of the nonlinear equation, say α.
The scheme will converge to the root α, provided that

(i) the initial approximation x0 is chosen in the interval [a, b],
(ii) g has a continuous derivative on (a, b),
(iii) |g′(x)| < 1 for all x ∈ [a, b],
(iv) a ≤ g(x) ≤ b for all x ∈ [a, b] (see [4]).
The order of convergence for the sequence of approximations derived from

an iteration method is defined in the literature, as

Definition 1.1. Let {xn} converge to α .If there exist an integer constant
p, and real positive constant C such that

lim
n→∞

∣∣∣∣ xn+1 − α
(xn − α)p

∣∣∣∣ = C,

then p is called the order and C the constant of convergence.
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To determine the order of convergence of the sequence {xn}, let us consider
the Taylor expansion of g(xn)

g(xn) = g(x) +
g′(x)

1!
(xn − x) +

g′′(x)

2!
(xn − x)2 + · · ·

+
g(k)(x)

k!
(xn − x)k + · · · .

(1.3)

Using (1.1) and (1.2) in (1.3) we have

xn+1 − x = g′(x)(xn − x) +
g′′(x)

2!
(xn − x)2 + · · ·

+
g(k)(x)

k!
(xn − x)k + · · · ,

and we can state the following result [4].

Theorem 1.2. ([2]) Suppose that g ∈ Cp[a, b]. If g(k)(x) = 0 for k =
1, 2, . . . , p− 1 and g(p)(x) 6= 0, then the sequence {xn} is of order p.

It is well known that the fixed point method has first order convergence.
During the last many years, the numerical techniques for solving nonlinear

equations has been successfully applied (see for example [1], [2], [3] and the
references there in).

In [3], Babolian and Biazar modified the standard Adomian decomposition
method for solving nonlinear equation f(x) = 0 to derive a sequence of approx-
imations to the solution, with nearly superlinear convergence. However their
method requires the computation of higher-order derivatives of the nonlinear
operator involved in the functional equation.

In [5] we have

Algorithm 1.1. For a given x0, we can calculate the approximation solution
xn+1 by the iteration scheme

xn+1 =
−g′(xn)xn + g(xn)

1− g′(xn)
, g′(xn) 6= 1. (1.4)

This method has second order convergence and then applied to solve some
problems in order to assess its validity and accuracy.

Theorem 1.3. ([6]) Let xk+1 = φr+1(xk) (k = 0, 1, 2, . . .) be an iterative
method of order r fpr finding a simple or multiple root of a given function f
(sufficiently many times differentiable). Then the iterative method defined by

xk+1 = φr+1(xk) = xk −
xk − φr(xk)
1− 1

r
φ′r(xk)

, r ≥ 2, k = 0, 1, 2, ... (1.5)
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Theorem 1.4. ([7]) Let ψ be an iterative function such that ψ and its
derivatives ψ, ψ′, ψ′′, · · · , ψ(r) are continuous in the neighborhood oa a root α
of a given function f . Then ψ defines an iterative method od order r if and
only if

ψ(α) = α, ψ′(α) = ψ′′(α) = · · · = ψ(r−1)(α) = 0, ψ(r)(α) 6= 0.

In this paper, we establish a new third order iterative method for solving
nonlinear equations. The efficiency index of the method is 1. 442 2 which is the
equal to the Halley’s and Householder methods. By using some examples the
efficiency of the method is also discussed

2 New Modified Iteration Method

Consider the nonlinear equation

f(x) = 0, x ∈ R. (2.1)

We assume that α is simple zero of f(x) and x0 is an initial guess sufficiently
close to α. The equation (2.1) is usually rewritten as

x = g(x). (2.2)

We have in [5] new iterative method (1.4) having secend order convergence.

Following the approach of [6], in (1.5) taking φ2(xk) = −g′(xk)xk+g(xk)
1−g′(xk)

, we get

xk+1 = φ3(xk) = xk −
xk − −g

′(xk)xk+g(xk)
1−g′(xk)

1− 1
2
(−g

′(xk)xk+g(xk)
1−g′(xk)

)′
, k = 0, 1, 2, ...

After simplification above equation takes the form

xk+1 = xk −
2(xk − g(xk))(1− g′(xk))

2(1− g′(xk))2 + (xk − g(xk))g
′′(xk)

. (2.3)

This formulation allows us to suggest the following iteration method for
solving nonlinear equation (2.1).

Algorithm 2.1. For a given x0, calculate the approximation solution xn+1

by the iteration scheme

xn+1 = xn −
2(xn − g(xn))(1− g′(xn))

2(1− g′(xn))2 + (xn − g(xn))g′′(xn)
, g′(xn) 6= 1.
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3 Convergence Analysis

Now we discuss the convergence analysis of Algorithm 2.1.

Theorem 3.1. Let f : D ⊂ R → R for an open interval D and consider
the nonlinear equation f(x) = 0 (or x = g(x)) has a simple root α ∈ D, where
g(x) : D ⊂ R → R be sufficiently smooth in the neighborhood of the root α,
then the order of convergence of the Algorithm 2.1 is at least 3.

Proof. For

G(x) = x− 2(x− g(x))(1− g′(x))

2(1− g′(x))2 + (x− g(x))g′′(x)
,

and using the software Mathematica, we can easily deduce that

G′(x) = 1− 2(1− g′(x))2

2(1− g′(x))2 + (x− g(x))g′′(x)
+

2(x− g(x))g′′(x)

2(1− g′(x))2 + (x− g(x))g′′(x)

+
2(x− g(x))(1− g′(x))(−3(1− g′(x))g′′(x) + (x− g(x))g(3)(x)

(2(1− g′(x))2 + (x− g(x))g′′(x))2
,

G′′(x) =
2(1− g′(x))g′′(x)

2(1− g′(x))2 + (x− g(x))g′′(x)

− 4(1− g′(x))

(
−g′′(x)

2(1− g′(x))2 + (x− g(x))g′′(x)

− (1− g′(x))(−3(1− g′(x))g′′(x) + (x− g(x))g(3)(x))

(2(1− g′(x))2 + (x− g(x))g′′(x))2

)
− 2(x− g(x))

(
− g(3)(x)

2(1− g′(x))2 + (x− g(x))g′′(x)

+
2g′′(x)(−3(1− g′(x))g′′(x) + (x− g(x))g(3)(x))

(2(1− g′(x))2 + (x− g(x))g′′(x))2

)
+ (1− g′(x))

(
2(−3(1− g′(x))g′′(x) + (x− g(x))g(3)(x))2

(2(1− g′(x))2 + (x− g(x))g′′(x))3

− 3g′′(x)2 − 2(1− g′(x))g(3)(x) + (x− g(x))g(4)(x)

(2(1− g′(x))2 + (x− g(x))g′′(x))2

)
and

G′′′(x) =
2(1− g′(x))g(3)(x)

2(1− g′(x))2 + (x− g(x))g′′(x)

+ 6g′′(x)

(
− g′′(x)

2(1− g′(x))2 + (x− g(x))g′′(x)

− 3(1− g′(x))(−3(1− g′(x))g′′(x) + (x− g(x))g
(3)

(x))

(2(1− g′(x))2 + (x− g(x))g′′(x))2

)
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− 6(1− g′(x))

[(
− g(3)(x)

2(1− g′(x))2 + (x− g(x))g′′(x)

+
2g′′(x)(−3(1− g′(x))g′′(x) + (x− g(x))g(3)(x))

(2(1− g′(x))2 + (x− g(x))g′′(x))2

)
+ (1− g′(x))

(
2(−3(1− g′(x))g′′(x) + (x− g(x))g(3)(x))2

(2(1− g′(x))2 + (x− g(x))g′′(x))3

− 3g′′(x)2 − 2(1− g′(x))g(3)(x) + (x− g(x))g(4)(x)

(2(1− g′(x))2 + (x− g(x))g′′(x))2

)]
− 2(x− g(x))

[(
3g(3)(x)(−3(1− g′(x))g′′(x) + (x− g(x))g(3)(x))

(2(1− g′(x))2 + (x− g(x))g′′(x))2

− g(4)(x)

2(1− g′(x))2 + (x− g(x))g′′(x)

)
− 3g′′(x)

(
2(−3(1− g′(x))g′′(x) + (x− g(x))g(3)(x))2

(2(1− g′(x))2 + (x− g(x))g′′(x))3

− 3g′′(x)2 − 2(1− g′(x))g(3)(x) + (x− g(x))g(4)(x)

(2(1− g′(x))2 + (x− g(x))g′′(x))2

)
+ (1− g′(x))

(
− 6(−3(1− g′(x))g

′′
(x) + (x− g(x))g(3)(x))3

(2(1− g′(x))2 + (x− g(x))g′′(x))4

+ 6(−3(1− g′(x))g′′(x) + (x− g(x))g(3)(x))

× (3g′′(x)2 − 2(1− g′(x))g(3)(x) + (x− g(x))g(4)(x))

(2(1− g′(x))2 + (x− g(x))g′′(x))3

− 8g′′(x)g(3)(x)− (1− g′(x))g(4)(x) + (x− g(x))g(5)(x)

(2(1− g′(x))2 + (x− g(x))g′′(x))2

)]
.

Now it can be easily seen that, that G(α) = α, G′(α) = 0, G′′(α) = 0, and

G′′′(α) = − = 3g′′(α)2−(−1+g′(α))g(3)(α)
2(−1+g′(α))2 6= 0. Hence according to Theorem 1.3, the

Algorithm 2.1 has third order convergence.

4 Applications

Now we present some examples [3] to illustrate the efficiency of the developed
method namely Algorithm 2.1. We compare the Fixed Point Method (FPM)
and New Iterative Method (NIM) with Algorithm 2.1.

Example 4.1. Consider the equation x + ln(x − 2) = 0.We have g(x) =
2+e−x, g′(x) = −e−x and g′′(x) = e−x. The graphical solution of this equation
is 2.1200(4D). Take x0 = 1.1. Then the comparison of the three methods is
given in the following table upto four decimal places.
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n FPM NIM Algorithm 2.1

1 2.332 9 2.025 0 2.145 8
2 2.097 2.119 5 2.12
3 2.122 8 2.12
4 2.119 7
5 2.120 1
6 2.12

Example 4.2. Consider the equation lnx + x = 0. We have g(x) = e−x,
g′(x) = −e−x and g′′(x) = e−x. Take x0 = 0.2. Then the comparison of the
fixed point method and new iterative m ethod and Algorithm 2.1 is shown in
the following table correct upto five decimal places.

n FPM NIM Algorithm 2.1 n FPM NIM Algorithm 2.1

1 0.818 73 0.540 20 0.568 41 12 0.566 69
2 0.440 99 0.567 01 0.567 14 13 0.567 4
3 0.643 40 0.567 14 14 0.567 00
4 0.525 5 15 0.567 22
5 0.591 26 16 0.567 10
6 0.553 63 17 0.567 17
7 0.574 86 18 0.567 13
8 0.562 78 19 0.567 15
9 0.569 62 20 0.567 14
10 0.565 74 21 0.567 15
11 0.567 94

Example 4.3. Consider the equation ex − 3x2 = 0. We have g(x) =
√

ex

3
,

g(x) = 1
2
√
3
e

x
2 and g′′(x) = 1

4
√
3
e

x
2 . The graphical solution of this equation is

0.92 (2D). Take x0 = 0.8. Then the comparison of the three methods is shown
in the following table upto five decimal places.

n FPM NIM Algorithm 2.1 n FPM NIM Algorithm 2.1

1 0.861 31 0.907 68 0.909 91 8 0.909 82
2 0.888 12 0.910 01 0.910 01 9 0.909 92
3 0.900 1 10 0.909 97
4 0.905 51 11 0.909 99
5 0.907 96 12 0.910 00
6 0.909 08 13 0.91
7 0.909 59

Example 4.4. Consider the equation ln x−cosx = 0. We have g(x) = ecosx,
g′(x) = − sinxecosx and g′′(x) = sin2 xecosx−cosxecosx. The graphical solution
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of this equation is 1. 303 0 (4D). Take x0 = 0. Then the comparison of the
fixed point method, new iterative method and Algorithm 2.1 is shown in the
following table correct upto five decimal places.

n FPM NIM Algorithm 2.1 n FPM NIM Algorithm 2.1

1 2.718 3 2.718 3 0.579 03 12 0.464 15
2 0.401 82 0.73 1.211 0 13 2.445 4
3 2.510 2 1.302 5 1.302 9 14 0.464 27
4 0.446 1 1.303 0 1.303 0 15 2.445 3
5 2.464 9 16 0.464 30
6 0.458 57 17 2.445 2
7 2.451 5 18 0.464 33
8 0.462 46 19 2.445 2
9 2.447 2 20 0.464 33
10 0.463 73 21 2.445 2
11 2.445 8

Example 4.5. Consider the eqution x3 + 4x2 + 8x+ 8 = 0. We have g(x) =
−(1 + 1

2
x2 + 1

8
x3), g′(x) = −x− 3

8
x2 and g′′(x) = −1− 3

4
x.

The exact solution of this equation is −2. Take x0 = −1.6. Then the com-
parison of the three methods is shown in the following table.

n FPM NIM Algorithm 2.1 n FPM NIM Algorithm 2.1

1 -1.768 -2.066 7 -2.013 1 9 -1.998 8
2 -1.872 1 -2.002 2 -2.0 10 -1.999 4
3 -1.932 2 -2.0 11 -1.999 7
4 -1.965 0 12 -1.999 8
5 -1.982 2 13 -1.999 9
6 -1.991 14 -1.999 9
7 -1.995 5 15 -1.999 9
8 -1.997 7

Example 4.6. Consider the equation x3 − (1 − x)2 = 0. We have g(x) =

(1−x)
2
3 , g′(x) = −2

3
(1−x)−

1
2 and g′′(x) = 1

3
(1−x)

−3
2 . The graphical solution

of this equation is 2.960 6 (2D). Take x0 = 1. Then the comparison of the two
methods is shown in the following table correct upto five decimal places.
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n FPM NIM Algorithm 2.1 n FPM NIM Algorithm 2.1

0 0.215 44 0.679 76 0.682 76 15 0.628 32
1 0.850 65 0.582 57 0.584 43 16 0.516 95
2 0.281 49 0.570 74 0.570 92 17 0.615 64
3 0.802 21 0.569 9 0.569 91 18 0.528 64
4 0.339 47 0.569 84 0.569 84 19 0.605 67
5 0.758 45 20 0.537 74
6 0.387 86 21 0.597 85
7 0.720 94 · · · ·
8 0.427 04 · · · ·
9 0.689 84 · · · ·
10 0.458 2 75 0.569 81
11 0.664 60 76 0.569 87
12 0.482 73 77 0.569 81
13 0.644 38 78 0.569 87
14 0.501 95

5 Conclusions

A new modified iteration method for solving nonlinear equations is established.
By using some examples the performance of the method is also discussed. The
method is performing very well in comparison to the fixed point method and
new iterative method [5]. The method can be studied for functional equations,
and can be extended to a system of nonlinear equations.

References

[1] S. Abbasbandy, Improving Newton-Raphson method for nonlinear equa-
tions by modified Adomian decomposition method, Appl. Math. Comput.,
145 (2003), 887–893. http://dx.doi.org/10.1016/S0096-3003(03)00282-0

[2] E. Babolian and J. Biazar, On the order of convergence of Adomian
method, Appl. Math. Comput., 130 (2002), 383–387.
http://dx.doi.org/10.1016/S0096-3003(01)00103-5

[3] E. Babolian and J. Biazar, Solution of nonlinear equations by modified
Adomian decomposition method, Appl. Math. Comput., 132 (2002), 167–
172. http://dx.doi.org/10.1016/S0096-3003(01)00184-9

[4] E. Isaacson and H. B. Keller, Analysis of Numerical Methods, John Wiley
& Sons, Inc., New York, USA, 1966.



2150 S. M. Kang, W. Nazeer, A. Rafiq and C. Y. Jung

[5] S. M. Kang, A. Rafiq and Y. C. Kwun, A new secend-order iterative method
for solving nonelinear equation, Abstr. Appl. Anal., 2013 (2013), Artical
ID 487062, 4 pages. http://dx.doi.org/10.1155/2013/487062
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