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Abstract

The purpose of this paper is to obtain some identities for the s-
Generalized Fibonacci sequence as a consequence of its Binet’s formula.
We also give the generating function for this sequence, as well as another
expression for its general term using the ordinary generating function.
Moreover, we find the connection between s-Generalized Fibonacci num-
bers and Pythagorean numbers triples.
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1 Introduction

We are familiar with the Fibonacci numbers {Fn}n, and we know how can
we be surprised with their applications in what is around us in the world.
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This sequence is an example of a sequence defined by a recurrence relation of
second order. Such type of sequences denoted by wn(a, b; c, d) (where a, b are
non-negative integers and c, d are arbitrary integers) were studied by Horadam,
in [4] and [3]. These type of sequences are defined by the recurrence relation
of second order

wn = cwn−1 − dwn−2, (n ≥ 2) (1)

with initial conditions w0 = a, w1 = b. The characteristic equation of these
type of sequences is given by x2 = cx − d, which has two distinct roots when
c2− 4d 6= 0. Note that the Fibonacci sequence is a particular case of this type
of sequence, where c = 1, d = −1, a = 0 and b = 1.

The Binet’s formula is also well known for several types of sequences.
Claude Levesque, in [7], finds the Binet’s formula for a general mth order
linear recurrence. Sometimes, some basic properties follow from this formula.
Many papers are dedicated to the Fibonacci sequence, such as the work of Hog-
gatt [13], Vorobiov [9], Horadam [2], [1], and also, more recently, [6], [10], [12]
and [11], among others. Horadam in [1], obtained several results related
to a Generalized Fibonacci sequence denoted by {Hp,q} (where p is a non-
negative integer and q a positive integer) with the first six terms given by
p, p + q, 2p + q, 3p + 2q, 5p + 3q, 8p + 5q, . . ., for which the nth Generalized
Fibonacci number is denoted by Hn. Note that the familiar Fibonacci sequence
is a particular case of this sequence, where p = 0 and q = 1 and Hn satisfies
the following recurrence relation:

Hn = Hn−1 + Hn−2, (n ≥ 2), (2)

with initial conditions H0 = p and H1 = p + q. Note that this sequence can
also be recognized as a sequence of the type wn(p, p+q; 1,−1) and the relation
(2) is equal to (1) for c = 1 and d = −1.

In what follows the Pythagorean number triples are often involved. We re-
call that a Pythagorean number triple is a set of three mutually prime integers
x, y and z for which x2 + y2 = z2. Horadam in [2] find a connection between
Hp,q numbers and Pythagorean number triples.

In this paper we give a new generalization of the sequence {Hn}, we estab-
lish some identities involving this new sequence, we give its ordinary generat-
ing function and we find the connection between this new generalization and
Pythagorean numbers triples, following closely the paper of Horadam [2].

2 s-Generalized Fibonacci sequence and some

identities

Let p and q be a nonnegative integer and a positive integer, respectively. For
any positive real number s, the s-Generalized Fibonacci sequence, say hsp,q, is
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given by

p, sp + q, (s + 1)p + q, (2s + 1)p + 2q, (3s + 2)p + 3q, . . . , (3)

satisfying a recurrence relation similar to the usual Fibonacci sequence. If we
denote the nth s-Generalized Fibonacci number by hn, the recurrence relation
can be written as follows:

hn = hn−1 + hn−2, (n ≥ 2) (4)

with initial conditions given by, h0 = p, h1 = sp+q. Note that the Generalized
Fibonacci sequence {Hn} is a particular case of this sequence, with s = 1. We
can also identify the sequence {hn} as a sequence of type wn(p, sp + q; 1,−1).
Next we find the explicit formula for the term of order n of the s-Generalized
Fibonacci sequence, using the well-known results involving recursive relations.
Consider the following characteristic equation, associated to the recurrence
relation (2) and (4),

x2 − x− 1 = 0 (5)

with two roots r1 = 1+
√
5

2
(the golden number) and r2 = 1−

√
5

2
. The well-known

identity that allows us to obtain the nth s-Generalized Fibonacci term of this
sequence without knowing any other terms is the Binet’s formula. In this case
that formula is given in the following result:

Theorem 2.1 (Binet’s formula) The nth s-Generalized Fibonacci num-
ber is given by

hn =
1

2
√

5
(lrn1 −mrn2 ) (6)

where l = 2(sp + q − pr2), m = 2(sp + q − pr1) and r1 and r2 are the roots of
the characteristic equation (5).

Proof. The sequence hn = c1(r1)
n + c2(r2)

n is the solution of the equation
(4), since the equation (5) has two distinct roots. By considering n = 0 and
n = 1 and solving this system of linear equations, we obtain a unique value for
c1 and c2. So, we get the following distinct values, c1 = q+sp−pr2√

5
, c2 = pr1−sp−q√

5
and the result follows. �

Theorem 2.2 (Catalan’s identity)

hn−rhn+r − h2
n = lm(−1)n−r+1

(
rr1 − rr2

lrr1 −mrr2

)2

h2
r. (7)
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Proof. Using the Binet’s formula (6) and the fact that r1r2 = −1, we
obtain

hn−rhn+r − h2
n =

(
1

2
√
5

)2 [
(lrn−r1 −mrn−r2 )(lrn+r

1 −mrn+r
2 )− (lrn1 −mrn2 )2

]
=
(

1
2
√
5

)2
(−lm)(r1r2)

n−r(rr1 − rr2)
2

=
(

1
2
√
5

)2
lm(−1)n−r+1(rr1 − rr2)

2.

Using again the Binet’s formula, the result follows. �
Note that taking r = 1 in Catalan’s identity, we get the Cassini’s identity

for the s-Generalized Fibonacci sequence. In fact, the equation (7), for r = 1,
yields

hn−1hn+1 − h2
n = lm(−1)n

(
r1 − r2

lr1 −mr2

)2

h2
1

and using the fact that r1 − r2 =
√

5, we obtain that

hn−1hn+1 − h2
n = 5 lm(−1)n

(
h1

lr1 −mr2

)2

.

Now using the Binet’s formula (6) for n = 1, we proved the following result:

Theorem 2.3 (Cassini’s identity): hn−1hn+1 − h2
n = lm(−1)n

4
. �

The application of the Catalan’s identity allows us to obtain the following
formula that generalizes the Gelin-Cesàro’s identity:

Theorem 2.4 hn−2hn−1hn+1hn+2 − h4
n = − lm

4
.

Proof. Using the Catalan’s identity (7) with r = 1 and also with r = 2,
we obtain

hn−1hn+1 − h2
n =

lm(−1)n

4
and

hn−2hn+2 − h2
n =

lm(−1)n−1

4
,

respectively. Multiplying both members of these identities and doing some
calculations, we obtain the required equality. �

The d’Ocagne’s identity can also be obtained using the Binet’s formula. In
this case we have:

Theorem 2.5 (d’Ocagne’s identity) If k > n then

hkhn+1 − hk+1hn =
1

2
(−1)nlm

(
rk−n1 − rk−n2

lrk−n1 −mrk−n2

)
hk−n.
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Proof. Using the Binet’s formula (6), the fact that r1r2 = −1, r1−r2 =
√

5
and k > n, we get

hkhn+1 − hk+1hn =

(
1

2
√

5

)2

(r1r2)
nlm(r1 − r2)(r

k−n
1 − rk−n2 )

=

(
1

2
√

5

)2

(−1)nlm
√

5(rk−n1 − rk−n2 )

=

(
1

2
√

5

)2

(−1)nlm
√

5

(
rk−n1 − rk−n2

lrk−n1 −mrk−n2

)
(lrk−n1 −mrk−n2 ).

and the result follows. �
The limit of the ratio between two consecutive terms of the s-Generalized

Fibonacci sequence can also be calculated using the Binet’s formula (6) and
some tools of calculus of limits.In this case we obtain that:

Theorem 2.6

lim
n→∞

hn

hn−1
= r1. (8)

Proof. We have that

lim
n→∞

hn

hn−1
= lim

n→∞

(
lrn1 −mrn2

lrn−11 −mrn−12

)
. (9)

Since | r2
r1
| < 1, limn→∞( r2

r1
)n = 0. Writing (9) in an equivalent form as follows

lim
n→∞

hn

hn−1
= lim

n→∞

(
l −m( r2

r1
)n

l 1
r1
−m( r2

r1
)n 1

r2

)

we easily obtain the desired result. �
Using again some basic tools of the calculus of limits and (8) we can easily

show the following result.

Corollary 2.7

lim
n→∞

hn−1

hn

=
1

r1
= −r2. � (10)

3 s-Generalized Fibonacci sequence and ordi-

nary generating function

Next we shall give a generating function for the s-Generalized Fibonacci se-
quence. We will show that the terms of this sequence can be considered as the
coefficients of the power series of the corresponding generating function. Let
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us consider the s-Generalized Fibonacci sequences (hn)n for any nonnegative
integer n. By definition of ordinary generating function of any sequence, the
ordinary generating function associated to this sequence is defined by

G(hn;x) =
∞∑
n=0

hnx
n = h0 + h1x + h2x

2 + · · ·+ hnx
n + · · · (11)

Using the initial conditions, we get

G(hn;x) = p + (sp + q)x +
∞∑
n=2

hnx
n. (12)

Now from (4) we can write (12) as follows

G(hn;x) = p + (sp + q)x +
∞∑
n=2

(hn−1 + hn−2)x
n. (13)

By considering the right side of the equation (13) and doing some calculations,
we obtain

G(hn;x) = p + (sp + q)x + x
∞∑
n=2

hn−1x
n−1 + x2

∞∑
n=2

hn−2x
n−2. (14)

Let be k = n− 1 and j = n− 2. Then the right side of the equation (14) can
be written by

p + (sp + q)x + x

[
∞∑
k=0

(hkx
k)− p

]
+ x2

∞∑
j=0

hjx
j

which is equal to

p + (sp + q)x− px + x
∞∑
k=0

hkx
k + x2

∞∑
j=0

hjx
j.

Therefore,

∞∑
n=0

hnx
n = p + (sp + q)x− px + x

∞∑
n=0

hnx
n + x2

∞∑
n=0

hnx
n,

which is equivalent to
∑∞

n=0 hnx
n(1−x−x2) = p+(sp+q)x−px, and then the

ordinary generating function of the s-Generalized Fibonacci sequence can be
written as

∑∞
n=0 hnx

n = p+(sp+q)x−px
1−x−x2 . As a particular case, for s = 1, we get

the ordinary generating function of the Generalized Fibonacci sequence {Hn}n
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studied by Horadam in [2] and [1], i. e.,
∑∞

n=0Hnx
n = p+qx

1−x−x2 .
Recall that for a sequence (an)n, if limn→∞

an+1

an
= L, where L is a positive

real number, then, considering the power series
∑∞

n=0 anx
n, its radius of con-

vergence R is equal to 1
L

. So, for the s-Generalized Fibonacci sequence, using
(8) we know that it can be written as a power series with radius of conver-
gence equal to 1

r1
. Next we give another expression for the general term of the

s-Generalized Fibonacci sequence using the ordinary generating function.

Theorem 3.1 Let us consider f(x) =
∑∞

n=0 hnx
n, for x ∈

]
− 1

r1
, 1
r1

[
. Then

we have that hn = f (n)(0)
n!

, where f (n)(x) denotes the nth order derivative of the
function f .

Proof. We have from (11) that f(0) = h0 = p and

f
′
(x) =

∞∑
n=1

nhnx
n−1 = sp + q +

∞∑
n=2

nhnx
n−1.

Also,

f (2)(x) =
∞∑
n=2

n(n− 1)hnx
n−2

= 2 · 1 · h2 +
∞∑
n=3

n(n− 1)hnx
n−2 . . . f (l)(x)

=
∞∑
n=l

n(n− 1) · · · (n− (l − 1))hnx
n−l.

So,

f (l)(x) = l(l − 1) · · · (l − (l − 1))hl +
∞∑

n=l+1

n(n− 1) · · · (n− (l − 1))hnx
n−l

and then we get

f (l)(x) = l! hl +
∞∑

n=l+1

n(n− 1) · · · (n− (l − 1))hnx
n−l.

Therefore, f (l)(0) = l! hl which is equivalent to hl = f (l)(0)
l!

. Hence, for all

n ≥ 1, we have that hn = f (n)(0)
n!

, as required. �
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4 s-Generalized Fibonacci number triples

As we have mentioned before, the s-Generalized Fibonacci sequence is a case
of the sequence studied by Horadam, in [4] and [3], namely hn = wn(p, sp +
q; 1,−1). Using Lemmas (2.1) and (2.2) established in [5] applied to this
sequence we get respectively the following identities:

2hn+2 − hn+3 = hn, 2hn+2 + hn+3 = 4hn+2 − hn. (15)

Also the Theorem (3.1) in [5], for this case, give us the following identity

(hnhn+3)
2 + (2hn+2(hn+2 − hn))2 = (h2

n + 2hn+2(hn+2 − hn))2 (16)

that, using (4), can be simplified as follows

(hnhn+3)
2 + (2hn+2hn+1)

2 = (h2
n + 2hn+2hn+1)

2. (17)

The triple consisting of the three numbers involving s-Generalized Fibonacci
numbers stated in (16) and (17) are called a s-Generalized Fibonacci number
triple. In [1], Horadam stated without proof the ”Pythagorean Theorem” (see
(16) in [1]) concerning the sequence {Hn}n and in ?? he gives its proof. It is
well known that all Pythagorean triples are given by (x2 − y2, 2xy, x2 + y2)
where x > y and x and y are mutually prime but not simultaneously odd,
so that x + y is always odd. Let us consider, in this case, x = hn+2 and
y = hn+2−hn = hn+1, n ≥ 0. Then x2−y2 = hnhn+3, 2xy = 2hn+2(hn+2−hn)
and x2+y2 = h2

n+2hn+2(hn+2−hn). Then we have the following result involving
this type of triples:

Theorem 4.1 All Pythagorean triples are s-Generalized Fibonacci number
triples.

Proof. Put p = s(x− y), sp + q = sy and then (3) gives us the following
sequence

s(x− y), sy, sx, s(x + y), s(2x + y), . . . (18)

For n = 0, using (17) and (18) and doing some calculations we have

(h0h3)
2+(2h2h1)

2 = (h2
0+2h2h1)

2 ⇔ (s2(x2−y2))2+(2s2xy)2 = (s2(x2+y2))2,
(19)

which proves the Theorem. �
Note that if s = 1 we have p = x − y, q = 2y − x and the equation (19)

gives (x2 − y2)2 + (2xy)2 = (x2 + y2)2 that proves the Theorem 2 in [2], a
particular case of Theorem 4.1.

In [5], Shannon and Horadam showed the possibility to relate the results of
Teigen and Hadwin [4] to the generalized sequence wn(a, b; c, d). In particular,
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in this paper, the authors conclude that (17) is valid for the sequence {Hn}n
and the method of Teigen and Hadwin are related. Now we generalize this
result by showing also how (17) and this method are related as well. In fact,
Teigen and Hadwin, proved that a Pythagorean triple (u, v, w) can be repre-
sented by u = x+z, v = y+z, w = x+y+z, where x, y and z are all positive,
2xy = z2 and z is even. For the s-Generalized Fibonacci sequence, consider
x = h2

n, z = 2hnhn+1, then z2 = 2h2
n(2h2

n+1), so that y = 2h2
n+1. Using (4) and

(15) we get

u = h2
n + 2hnhn+1 = hn(hn + 2hn+1) = hn(2hn+2 − hn+3 + 2hn+1) = hnhn+3,

v = 2h2
n+1 + 2hnhn+1 = 2hn+1(hn+1 + hn) = 2hn+1hn+2

and

w = h2
n + 2h2

n+1 + 2hnhn+1 = h2
n + 2hn+1(hn+1 + hn) = h2

n + 2hn+1hn+2.

Hence (u, v, w) = (hnhn+3, 2hn+1hn+2, h
2
n + 2hn+1hn+2) is related to the

s-Generalized Fibonacci number triple (17).
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