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Abstract

We have researched the validity checking on the exchange of integral
and limit in the solving process of PDEs by Laplace transform. The
used tool is Lebesgue’s dominated convergence theorem, and it is well
employed to check it. This idea should be applied to another integral
transforms, and the exchange of integral and infinite series.
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1 Introduction

It is well known fact that the partial differential equations(PDEs) underlie
the modeling process of various important engineering application. Laplace
transform can be used for solving PDEs if one of the independent variables
ranges over the positive axis. If given function is two variables, we can change
it to an ODE by taking Laplace transform with respect to one variable. In
solving process of PDEs, the exchange of

∫
and lim frequently appears[2-3], and
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it is based upon the premise of exchangeability of two marks(
∫

and lim). We
would like to clarify this point by Lebesgue’s dominated convergence theorem.

In this article, we have researched an validity checking on the exchange
of integral and limit in the solving process of PDEs by employing Lebesgue’s
dominated convergence theorem(secondary, monotone convergence theorem) in
measure theory. Although the proposed idea is very simple, it has a meaning
in that it is the first report for validity on the exchange of

∫
and lim in the

solving process of PDEs.

2 The exchange of integral and limit in PDEs

The Borel σ-algebra on Rd is the σ-algebra on Rd generated by the collection
of open subsets of Rd, and is denoted by ß(Rd). The Borel subsets of Rd are
those that belong to ß(Rd). A function is measurable with respect to ß(Rd) is
called Borel measurable or a Borel function.

Lemma 2.1 The σ-algebra ß(Rd) of Borel subsets of R is generated by each
of the following collections of sets[1]:

a) the collection of all closed subsets of R;
b) the collection of all subintervals of R of the form (−∞, b];
c) the collection of all subintervals of R of the form (a, b].

The next two theorems are well accounting for strong points of Lebesgue inte-
gral.

Lemma 2.2 (The monotone convergence theorem) Let (X, A, μ) be a mea-
sure space, and let f and f1, f2, · · · be [0,∞]-valued A-measurable functions on
X. Suppose that the relations

f1(x) ≤ f2(x) ≤ · · ·
and

f(x) = lim
n

fn(x)

holds at almost every x in X. Then
∫

f dμ = lim
n

∫
fn dμ [1].

Consequently, the monotone convergence theorem states that
∫

lim
n

fn(x) dμ = lim
n

∫
fn dμ

is valid if (fn) are an increasing [0,∞]-valued measurable functions.
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Lemma 2.3 (Lebesgue’s dominated convergence theorem) Let (X, A, μ) be
a measure space, let g be a [0, +∞]-valued integrable function on X, and let
f and f1, f2, · · · be [0,∞]-valued A-measurable functions on X such that the
relations Suppose that the relations

f(x) = lim
n

fn(x)

and
|fn(x)| ≤ g(x), n = 1, 2, · · ·

holds at almost every x in X. Then f and f1, f2, · · · are integrable, and

∫
f dμ = lim

n

∫
fn dμ [1].

Implies, ∫
lim

n
fn(x) dμ = lim

n

∫
fn dμ

holds.

Theorem 2.4 If the displacement w(x, t) of an elastics string satisfies

w(0, t) = f(t) = sin t (0 ≤ t ≤ 2π),

otherwise 0 and
lim

x→∞ w(x, t) = 0

for t ≥ 0, then

lim
x→∞

∫ ∞

0
e−stw(x, t) dt =

∫ ∞

0
e−st lim

x→∞ w(x, t) dt.

Proof. (Case 1) 0 ≤ t ≤ π
2

or π ≤ t ≤ 3
2
π;

The given displacement w(x, t) is an increasing Borel measurable functions,
and satisfies

lim
x→∞ w(x, t) = 0.

Hence, by the monotone convergence theorem,

∫
lim

x
w(x, t)dt = lim

x

∫
w(x, t)dt

has been established. Of course, the above statement means that limx

∫
w(x, t)dt =

0.

(Case 2) general case;
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Let us check by Lebesgue’s dominated convergence theorem. The set of
displacements {w(x, t)} are Borel measurable, and let us take g(x) = C for C
is a constant satisfying C ≥ 1. Then g(x) is [0, +∞]-valued integrable function,

lim
x→∞ w(x, t) = 0

and
|w(xn, t)| ≤ C

for all n natural number. Hence, by Lebesgue’s dominated convergence theo-
rem, we have ∫

lim
x

w(x, t)dt = lim
x

∫
w(x, t)dt.

Similarly, under the condition of measurablity,
∫

and
∑∞

k=1 are exchange-
able.
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