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Abstract

In this paper, we investigate some symmetric properties of p-adic g-integral on
Zp. A question was asked in [10] as to finding formulae of symmetries for the
generalized Carlitz g-Bernoulli polynomials. From our investigation, we derive some
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new identities of symmetry for the generalized Carlitz ¢-Bernoulli polynomials which
are a partial answer to that question.

Mathematics Subject Classification: 11B68; 11580

Keywords: Generalized Carlitz’s ¢-Bernoulli polynomial; p-adic g-integral

1. INTRODUCTION

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C,
will, respectively, denote the ring of p-adic rational integers, the field of p-adic
rational numbers and the completion of algebraic closure of Q,. The p-adic
absolute value in C, is normalized so that |p| p = p~t. Let ¢ be variously
considered as an indeterminate, a complex number ¢ € C, or a p-adic number

q € C,. If ¢ € C,, we assume that |1 — q|p < p_z?_il. Let d be a fixed positive
integer. We set

X =lim (z/dp"z), X*= ] a+dpZ,
N 0<a<dp
(a,p)=1

a+dpVZ,={z € X|z=a (mod dp")}, (N€N),

where a € Z lies in 0 < a < dp™, (see [1-19]).
Let UD (Z,) be the space of uniformly differentiable functions on Z,. For
f € UD (Z,), the p-adic g-integral is defined by Kim to be

R =
L= [ F@)du () = Jm oo Z:; f@) g, (1.1)
where [z], = %,
From (1.1), we note that
1
L) =L (D) +a= 1) F0)+ 1 f (0), (1.2)
where fi () = f(z +1).
By (1.2), we easily get
n—1 1
I (f2) =1, (H) + (a—= D) F (1) ?qu Zf (1.3)

where n € N and f, (z) = f (z +n).
It is not difficult to show that

/ (&) dptg (z / f () dig (2),  (see [9]),
where f € UD (Z
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The Bernoulli polynomials are defined by the generating function to be

t
et —1

oo n

t
et = e =N "B, (x) =, (see [14, 15, 16, 17, 18]). (1.4)
—~ n!
When z =0, B, = B, (0) is called the n-th Bernoulli number.
By (1.4), we easily get

1 ifn=1

By—=1land (B+1)" — B, =
o=1land (B+1) {0 ifn>1,

with the usual convention about replacing B’ by B; (see [18, 19]).
In [3], Carlitz considered the g-extensions of Bernoulli numbers as follows :

1, ifn=1

1.5
0, ifn>1, (15)

ﬁO,q - 17 q (ng + 1)71 - ﬁn,q = {

with the usual convention about replacing ﬁé by Biq-
He also defined g-Bernoulli polynomials as follows :

o) = 3 () e e (e 1230, (16)

1=0
Recently, Kim gave the Witt’s formula for the Carlitz’s g-Bernoulli polyno-
mials which are given by

/Z [z +yly dpg (y) = Bng (2), (n20),  (see [9]). (1.7)

When z = 0, B4 = Bnq (0) is called the n-th Carlitz ¢-Bernoulli number.
From (1.2) and (1.7), we note that

g—1 ifn=0
0 ifn>1.

By (1.7), we get

Brg (x) = /Z ,, [z + y]l dpg () = no (7)61” /Z ,, Wl dpg () 2270 (1.9)

=

—Z()%q "= (g8, + 1)

Let x be a primitive Dirichlet character with conductor d € Zso, with
(d,p) = 1. Then the generalized Bernoulli polynomials attached to x are
defined by the generating funciton to be

! . (ZX (a) e“t> et = Z B, (2) ;—n' (1.10)

n=0
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When z =0, B,,,, = B, (0) is called the n-th generalized Bernoulli number
attached to y (see [9, 17, 18]). By (1.10), we get

d—1
Biy (2) =d* Y x(a) By (a;x) . (k>0). (1.11)

In [9], the g-extension of (1.11) is given by

n ld . a a+l‘
ﬁnxq = q ZX ﬁnq ( d )7 (112>

a=

where 3, 4 () are called the generalized g-Bernoulli polynomials attached to

X-
From (1.1) and (1.12), we note that

B (2) = /X oty W) g (), (n>0), (see[10).  (L13)

When z = 0, Buyg = Bnxg(0) is called the n-th generalized Carlitz ¢-

Bernoulli number attached to y.
Indeed, by (1.13), we get

/X[ery] X (1) dpq (y :d—l]q;X a/pr+&+dy] dpiga (y)
lix /lxzaw};duqd(y)
= [d);~" j: X (@) ¢“ B ga (g%_a) .

In this paper, we investigate some symmetric properties of p-adic g-integral
on Z,. A question was asked in [10] as to finding formulae of symmetries for
the generalized Carlitz g-Bernoulli polynomials. From our investigation, we
derive some new identities of symmetry for the generalized Carlitz ¢-Bernoulli
polynomials which are a partial answer to that question.

2. SYMMETRIC IDENTITIES OF GENERALIZED ¢-BERNOULLI POLYNOMIALS

From (1.13), we note that

Z Prxa (%) Z_nl - /XX (y) el atdpuy (y) . (2.1)
n=0 '

Let wy, ws be natural numbers.
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Then, by (2.1), we get
1 wiw2T+wszj+w
[wn] /XX(y) elnae bl ety (y) (2:2)
q
dwa—1 pN-1
= lim ————— Z X(Z) qwli Z e[uuwzx+w2j+w1(Hdwzy)}qtqdwlwgy'
N=oo [dw wop™], o
Thus, from (2.2), we have
1 dwi—1
= 3 )™ [ )i, ) (23
7 =0

pN =1 dwi—1 dwa—1

f\{moo dw1w2p Z Z Z

9 y=0 j=0 =0
% qw1i+w2j+dw1w2ye[wlwzx-I—ng+w1(z—i—dwgy)]qt'

By the same method as (2.3), we get

dws—1
> X0 [ ey ()
X

[wQ]q 5=0

(2.4)

p *1d’lU2 1 dwi—1

R - dwlwﬂg > 2 DX

4 y=0 j=0 =0
% qw2i+w1j+dw1wgye[w1w2x+w1]+w2(z+dw1y)]qt'

Therefore, by (2.3) and (2.4), we obtain the following theorem.

Theorem 2.1. For wy, wy € N, we have

=T 30 X )a™ [ el )
7 j=0 X
1 dwo—1
o Y )0 [ el g ),
9 5=0 X
Note that
. Wa .
[wiwox + wej + wly]q = [wl]q {ng + w_?j + y] (2.5)
qu’l
and
. w1y .
[wiwax + wyj + wgy]q = [wg]q [wlx + w—;j + y] (2.6)
q*2

Therefore, by Theorem 2.1, (2.5) and (2.6), we obtain the following corollary.
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Corollary 2.2. Forn > 0, we have

dwi—1 n

wily ™ > x () ¢ /X X () {wzxﬂLZ—jj +y] dpiger (y)

=0 g
dwa—1 n

= [wal; ™ Y X () ¢ /X X () lw1x+z—;j+y} dptqez (y) -

=0 q
Therefore, by (1.13) and Corollary 2.2, we obtain the following theorem.
Theorem 2.3. Forn >0, wy, we € N, we have

dwi—1
n—1 N wed Wa .
[wl]q Z X (]) a4 B x.qm (ng + w_])

j=0 !
dwa—1 w
Sl ) (i + 5.
: 2
7=0

Remark. We note that Theorem 2.3 is a partial answer to Question 1 in [10].

From (1.13), we can derive the following equation (2.7) :

n

[xw [w2x+j—jj+y] diges () 27

qu)l

() Bl [ sl 0 0

fwol,\ o o
( ! [J]qwzq 2( )Jﬁn—i,x,qwl (wa) .

n— N wod Way . "
wl; Y e [ fuw+ Ziea| dne ) 28)
=0 qw1

n n . . dwy—1 .
=5 () bl ( i g0 <j>) Bnigqes (132)

i=0 =0

n n dwi—1

i—1 n—i an—1i _waj(i .

:Z (Z) [wl]q [wQ]q ( [j]q“’Q q i€ +1)X (])) ﬁiaquwl (U}Ql')

=0 7=0

~ (n i n—i w
- () [wr ]y fwa]y ™ T (dwr, ¢ 1X) Biqer (ws)
1=0
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where

w—1

Tnz ’U} q,X :Z l+1) (]) (29>

Jj=0

By the same method as (2.8), we get

n

[wolg ™ > x ()¢ /X X (y) {w1w+ Z—;j +y} dpgez (y) — (2.10)

q*2

- n i— n—i w1
=0

Therefore, by (2.8), (2.9) and (2.10), we obtain the following theorem.

Theorem 2.4. Forn >0, wy, we € N, we have

> (1) bl g T i, 00 B (020

- 1
=0
- n i—1 n—i w1
=) fewaly ]y Do (duws, 4 3) Bien (wi2)
=0

where T, (w, qlx) = Y77 [i17 " ¢ (4) -
Remark. (1) Let x be the trivial character. Then we have 3, , — (waz) =

/Bn7qw1 (wa), (TL 2 O)
(2) For x = Xtyijy» we have

:i: (ﬁ) [wi]; 7" [wa]) ™ T (w1, q2) Bigon (wor)

= (n) [w2]fl_l [wl]g_i Tn,i (w27 quu) Bi,qu (’U}ll') )
0

1

where T, ; (w,q) = Z;U;ol []o " giHD.

(3) We note that Theorem 2.4 is another partial answer to Question 1 in
[10].
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