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Abstract

Using the conjugate duality concept in the sense of convex anal-
ysis, we give a characterization of the solution of the Multi-objective
optimization problem. This paper is considered as generalization of
the paper [4] in which we use the transformation to the single-criterion
before giving a characterization of the solution.
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1 Introduction

Multi-objective optimization (or Multi-objective programming) [3, 5], also
known as Multi-criteria or Multi-attribute optimization, is the process of si-
multaneously optimizing two or more conflicting objectives subject to certain
constraints. His particularity is to try to optimize several objectives simulta-
neously from the same problem (against one target for classical combinatorial
optimization). It differs from the multidisciplinary optimization by the fact
that the objectives to optimize focus here on only one problem.
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The multi-objective problems of optimization can be met in diverse do-
mains, for example in: the product and the conception of the processes, the
finance, the design of aircrafts, petroleum and gas industry, design of auto-
mobile, etc., Or where the optimal decisions must be taken in the presence of
compromise between two or several of the contradictory objectives. To maxi-
mize the profits and to minimize the cost of a product, it is to maximize the
performance and to minimize the consumption of fuel of a vehicle, and by min-
imizing the weight while maximizing the strength of a particular component,
they are examples of the problems of optimization multi-objective.

The methods of analysis multi-criterion or, more exactly, the methods of
assistant multi-criterion to the decision are rather recent techniques and in
height expansion. By their way, to join every types of criteria, these procedures
seem better to allow to go to a sensible compromise rather than an often old-
fashioned optimum.

At the end, to summarize, one of the most frequent difficulties in the suc-
cess of the techniques of mathematical programming in real problems is the
presence of multiple criteria.

In this work, we will be interested by solving a class of the above problem
in the general form

min
x∈X

F (x) = (f1(x), .., fp(x)), (1)

where ϕ is the set of objective functions and X denotes the set of constraints,
that is, X = {x ∈ Rn/gi(x) ≤ 0, i = 1, .., m}, and F hold the next scheme

F
Rn −→ Rp

x −→ (f1(x), .., fp(x)),

Our fundamental goal here is to explore the conjugate duality concept, in
the sense of convex analysis, in the aim to characterize the solutions of (1) in
a practical form.

The remainder of this paper is organized as follows: After this section,
section 2 is devoted to state some basic notions and results about conjugate
duality concept that will be needed throughout the paper. Section 3 is devoted
to state our main results of the present work (see theorem 3.1), and following,
some deduced corollary characterization of the main theorem.

2 Background Material and Preliminary Re-

sults

This section is devoted to introduce some basic definitions and results that
will be needed throughout this paper. Let Rn be the finite dimensional space of
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real vectors. For Y ∈ Rp×n we set Y x = (〈y1, x〉, ..., 〈yp, x〉)t for yi ∈ Rn; i =
1, .., p, Since Y x = (y1, ..., yp)

tx.
Given a functional F : Rn → Rp, the notation F ∗ : Rp×n −→ Rp refers to

the conjugate of f defined by ∀Y ∈ Rp×n F ∗(Y ) = max
⋃

x∈�n

(
Y x − F (x)

)
.

In particular, the conjugate map F ∗∗ for the conjugate map F ∗ is called

the biconjugate map of F , F ∗∗(x) = max
⋃

x∈�p×n

(
Y x− F ∗(Y )

)
. When, F is a

function from Rn → Rp∪{∞}, let domF = {x ∈ Rn, f(x) �= +∞} and define

the conjugate map F ∗ of F by F ∗(Y ) = max
{
Y x − F (x); x ∈ dom F

}
.

Here +∞ is the imaginary point whose every component is +∞. We
identify the function F as the point-to-set map that is equal to {F (x)} for
x ∈ dom F and is empty otherwise. The biconjugate map F ∗∗ can be defined
as the conjugate map of F ∗.

As important example of functional taking the value +∞ is ΨA, namely
the indicator functional of the set A ⊂ Rn, defined by ΨA(x) = 0 if x ∈ A
and ΨA(x) = +∞ else. Further, Ψ∗

A conjugate of ΨA, is given by

∀y ∈ Rn Ψ∗
A(y) = max

x∈A
Y x

A special interest of the indicator functional is to reduce a minimization prob-
lem with constraints to a problem without constraints as shown by the follow-
ing equivalence(

F (x0) ∈ min
x∈A

F (x), x0 ∈ A

)
⇐⇒

(
F (x0) ∈ min

x∈�n
(F + ΨA)(x), x0 ∈ A

)
.

A p × n matrix Y is said to be a subgradient of F at x0 ∈ dom F if

F (x) � F (x0) + Y (x − x0) for any x ∈ Rn

i.e., if

F (x0)−Y x0 ∈ min {F (x)−Y x ∈ Rp; x ∈ Rn} = min {F (x)−Y x; x ∈ dom F}.
The set of all subgradient of F at x0 is called the subdifferential of F at x0

and is denoted by ∂F (x0), and we have

F (x0) ∈ min {F (x); x ∈ dom F} ⇐⇒ 0 ∈ ∂F (x0)

It is well-known that, for all x ∈ dom f one has

Y ∈ ∂F (x) ⇐⇒ Y x − F (x) ∈ F ∗(Y )

For further details about the above notions and results, we refer the reader
to [5, 6] for instance.
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By consequent, the sub-differential concept stems its importance in the fact
that it characterizes the solution of a minimization problem in the sense(

F (x0) ∈ min
x∈A

F (x), x0 ∈ A

)
⇐⇒ 0 ∈ ∂(F + ΨA)(x0).

With this it is well known that if F is convex and A is a nonempty closed
convex with int(dom F )∩A �= ∅ (or dom f∩int(A) �= ∅) then ∂(F +ΨA)(x0) =
∂F (x0) + ∂ΨA(x0) and thus(

F (x0) ∈ min
x∈A

F (x), x0 ∈ A

)
⇐⇒ 0 ∈ ∂F (x0) + ∂ΨA(x0).

3 Main result

As already pointed out of, this section is devoted to characterize the solu-
tions of the problem (1) via the Conjugate duality approach. We first notice
that if the functional F is G-differentiable, then we have

DF (x) =

⎛
⎜⎜⎜⎜⎝

∂f1(x)

∂x1

∂f1(x)

∂x2
.....

∂f1(x)

∂xn
...

...
...

...
∂fp(x)

∂x1

∂fp(x)

∂x2

.....
∂fp(x)

∂xn

⎞
⎟⎟⎟⎟⎠ .

Now, we are in position to recite our first main result which, under conve-
nient hypothesis, gives a simple characterization of a solution of our problem.
Precisely, we may state the following.

Theorem 3.1 Assume that X is a nonempty closed convex subset of Rn

and F is a convex and G-differentiable function on X. Then, x0 is a solution
of (1) if and only if one of the two following assertions holds:

min
x∈X

DF (x0)
tx = DF (x0)

tx0 (2)

∀x ∈ X DF (x0)
t(x − x0) ≥ 0. (3)

Proof
First, it is easy to see that (2) and (3) are equivalent. Let x0 be a solution of

(1), i.e. F (x0) ∈ minx∈X F (x), or equivalently F (x0) ∈ minx∈�n (F + ΨX)(x).
According to the above, with the fact that F is G-differentiable, this is

equivalent to 0 ∈ ∂(F + ΨX)(x0) = ∂F (x0) + ∂ΨX(x0) = DF (x0) + ∂ΨX(x0),
and so −DF (x0) ∈ ∂ΨX(x0), or again, x0 ∈ X, Ψ∗

X(−DF (x0)) = −DF (x0)
tx0.

This, with the definition of Ψ∗
X , yields maxx∈X −DF (x0)

tx0 = −DF (x0)
tx0,

so proving the desired result.
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Corollary 3.2 Let X be a nonempty convex compact subset of Rn and let
F : X −→ Rp be a convex function. Then, x0 is a solution of (1) if and only
if

min
x∈Ext(X)

DF (x0)
tx = DF (x0)

tx0,

where the notation Ext(X) refers to the set of all extremal points of X.

Proof
According to the above theorem, it is clearly equivalent to say that, x0 is

a solution of (1) if and only if maxx∈X −DF (x0)
tx = −DF (x0)

tx0, Since X is
convex and compact then, by Krein-Milman Theorem [6], X coincides with the
closed convex hull of the set of all its extremal points, namely X = co Ext(X).

Furthermore, the function x �−→ 〈−DF (x0), x〉 is continuous and linear (so
convex). It follows that we can write

max
x∈X

−DF (x0)
tx = max

x∈Ext(X)
−DF (x0)

tx

The desired result follows after a simple reduction, so completes the proof.

Remark 3.3 If X is a convex polyhedron of Rn then the set of its extremal
points is finite and reduced to the set of its vertex points. Let us get Ext(X) =
{a1, a2, ..., ar} with ai ∈ Rn for i = 1, 2, ..., r. By virtue of Corollary 3.2, a
solution x0 of (1) is characterized, in this example, by the simple relationship

min
1≤i≤r

DF (x0)
tai = DF (x0)

tx0

This implies that, there exists an extremal point ai0 of X such that

DF (x0)
tai0 = DF (x0)

tx0,

that is to say, DF (x0) and x0 − ai0 are orthogonal and thus two situations are
possible:
(i) DF (x0) = 0 i.e. x0 is a critical point of F , or, x0 = ai0 i.e. ai0 is a solution
of (1).
(ii) DF (x0) and x0 − ai0 are linearly independent.

Corollary 3.4 Let X = B(a, r) = {x ∈ Rn, ‖x − a‖ ≤ r} be the closed
ball of center a and radius r > 0. Then, x0 is a solution of (1) if and only if
r‖DF (x0)‖∗ = −DF (x0)

t(a − x0), where ‖.‖∗ denotes the dual norm of ‖.‖.
Proof

Theorem 3.1, with a simple manipulation, yields

sup
x∈B(0,1)

−DF (x0)
t(a + rx) = −DF (x0)

tx0,
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or equivalently,

sup
x∈B(0,1)

−r.DF (x0)
tx = DF (x0)

t(a − x0).

Summarizing, x0 is a solution of (1) if and only if

r‖DF (x0)‖∗ = 〈DF (x0), a − x0〉,

which completes the proof.

Remark 3.5 Three classical norms of Rn are well-known

‖A‖1 = max
j

n∑
i=1

|aij |, ‖A‖2 =
√

�(A∗A) =
√

�(AA∗) = ‖A∗‖2, ‖A‖∞ = max
i

n∑
j=1

|aij |.

It is not hard to see that ‖.‖1 and ‖‖∞ are mutually dual, and ‖.‖2 is self-dual.
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[2] P.G. Ciarlet, Introduction à l’analyse numérique matricielle et à
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