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Abstract

In this paper, we observe the distribution of complex roots of the
generalized Euler polynomials Ẽ(α)

n (x) of the second kind, using numer-
ical investigation. By means of numerical experiments, we give a table
for the solutions of the generalized Euler polynomials Ẽ(α)

n (x) of the
second kind.
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1 Introduction

In [1], we introduced the the generalized Euler polynomials Ẽ (α)
n (x) of the

second kind. It is the aim of this paper to observe an interesting phenomenon
of ‘scattering’ of the zeros of the generalized Euler polynomials Ẽ (α)

n (x) of the
second kind in complex plane. The outline of this paper is as follows. In
Section 2, introduce the generalized Euler polynomials Ẽ (α)

n (x) of the second
kind. In Section 3, we describe the beautiful zeros of the generalized Euler
polynomials Ẽ (α)

n (x) of the second kind using a numerical investigation. Finally,

we investigate the roots of the generalized Euler polynomials Ẽ (α)
n (x) of the

second kind. Also we carried out computer experiments for doing demonstrate
a remarkably regular structure of the complex roots of the generalized Euler
polynomials Ẽ (α)

n (x) of the second kind.

2 Generalized Euler polynomials Ẽ (α)
n (x)

In [1], we introduced the second kind Euler polynomals Ẽ (α)
n (x) and investigate

their properties. For a real and complex parameter α, the generalized Euler
polynomials Ẽ (α)

n (x) of the second kind, each of degree n in x as well as in α,
are defined by means of the generating function.

Definition 2.1 Let α be a real or complex parameter. Then we define(
2et

e2t + 1

)α

ext =
∞∑

n=0

Ẽ (α)
n (x)

tn

n!
(| t |< π

2
). (2.1)

Setting α = 1 in (2.1), we can obtain the corresponding definition for the
second kind Euler polynomials(see [1, 2, 3, 4 ]).

The following elementary properties of the generalized Euler polynomials
Ẽ (α)

n (x) of the second kind are readily derived form (2.1). We, therefore, choose

to omit details involved(see [1]). Thus, we know that Ẽ (α)
n (x) is a polynomial

of x. Setting n = 1, 2, 3, 4, 5 in Definition 2.1, we get to

Ẽ (α)
0 (x) = 1, Ẽ (α)

1 (x) = x, Ẽ (α)
2 (x) = x2 − α, Ẽ (α)

3 (x) = x3 − 3αx,

Ẽ (α)
4 (x) = x4 − 6αx2 + 3α2 + 2α, Ẽ (α)

5 (x) = x5 − 10αx3 + (15α2 + 10α)x.

Since ∞∑
n=0

Ẽ (α)
n (−x)

(−t)n

n!
=

(
2et

e2t + 1

)α

ext =
∞∑

n=0

Ẽ (α)
n (x)

tn

n!

we have the following theorem.

Theorem 2.2 For n ∈ N, we have

Ẽ (α)
n (x) = (−1)nẼ (α)

n (−x).
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3 Distribution and Structure of the zeros

In this section, we investigate the reflection symmetry of the zeros of the
generalized Euler polynomials Ẽ (α)

n (x) of the second kind. Throughout the

numerical experiments, we can finally conclude that Ẽ (α)
n (x), x ∈ C has not

Re(x) = 0 and Im(x) = 0 reflection symmetry analytic complex functions.

However, for α ∈ N, we observe that Ẽ (α)
n (x), x ∈ C has Im(x) = 0 reflection

symmetry(see Figure 1). The obvious corollary is that the zeros of Ẽ (α)
n (x) will

also inherit these symmetries.

If Ẽ (α)
n (x0) = 0, then Ẽ (α)

n (x∗
0) = 0,

where ∗ denotes complex conjugation. We investigate the beautiful zeros of the
generalized Euler polynomials Ẽn(x) by using a computer. We plot the zeros

of the generalized Euler polynomials Ẽ (α)
n (x) for n = 50 and x ∈ C(Figure 1).
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Figure 1: Zeros of Ẽ (α)
n (x) for n = 50, α = 2, i,−i, 2 + i
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In Figure 1(top-left), we choose n = 50 and α = 2. In Figure 1(top-right),
we choose n = 50 and α = i. In Figure 1(bottom-left), we choose n = 50 and
α = −i. In Figure 1(bottom-right), we choose n = 50 and α = 2 + i.

Plots of real zeros of Ẽ (α)
n (x) for 1 ≤ n ≤ 30 structure are presented(Figure

2).
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Figure 2: Real zeros of Ẽ (α)
n (x) for 1 ≤ n ≤ 30, α = 2

Stacks of zeros of Ẽ (α)
n (x) for α = 2 + i, 1 ≤ n ≤ 50 from a 3-D structure

are presented(Figure 3).
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Figure 3: Stacks of zeros of Ẽ (α)
n (x), α = 2 + i

Our numerical results for approximate solutions of real zeros of the gener-
alized Ẽ (α)

n (x), α = 2 + i are displayed(Tables 1, 2).
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Table 1. Numbers of real and complex zeros of Ẽ (α)
n (x), α = 2 + i

n real zeros complex zeros

1 1 0
2 0 2
3 1 2
4 0 4
5 1 4
6 0 6
7 1 6
8 0 8
9 1 8
10 0 10

We observe a remarkably regular structure of the complex roots of the general-
ized Euler polynomials Ẽ (α)

n (x). We hope to verify a remarkably regular struc-

ture of the complex roots of the generalized Euler polynomials Ẽ (α)
n (x)(Table

1). Next, we calculated an approximate solution satisfying Ẽ (α)
n (x), x ∈ R. The

results are given in Table 2.

Table 2. Approximate solutions of Ẽ (2)
n (x) = 0, x ∈ R

n x

1 0

2 −1.4142, 1.4142

3 −2.4495, 0, 2.4495

4 −3.2361, −1.2361, 1.2361, 3.2361

5 −3.8042, −2.3511, 0, 2.3511, 3.8042

6 −4.0372, −3.5142, −1.1625, 1.1625, 3.5142, 4.0372

7 −2.2665, 0, 2.2665

8 −3.3326, −1.1232, 1.1232, 3.3326

9 −4.3023, −2.2130, 0, 2.2130, 4.3023

10 −5.0125, −3.2789, −1.0991, 1.0991, 3.2789, 5.0125
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Figure 4: Zero contour of Ẽ (α)
n (x)

The plot above shows Ẽ (α)
n (x) for real −9/10 ≤ α ≤ 9/10 and −2 ≤ x ≤ 2,

with the zero contour indicated in black (Figure 4). In Figure 4(left), we choose
n = 2. In Figure 4(right), we choose n = 3.

Finally, we shall consider the more general problems.
By Theorem 2.2, we have

Ẽ (α)
2n+1(0) = 0(n ∈ N).

For n ∈ N, Ẽ (α)
n (x) = 0 has n distinct solutions. Find the numbers of complex

zeros C
�E(α)
n (x)

of Ẽ (α)
n (x), Im(x) �= 0. Since n is the degree of the polynomial

Ẽ (α)
n (x), the number of real zeros R

�E(α)
n (x)

lying on the real plane Im(x) = 0 is

then R
�E(α)
n (x)

= n−C
�E(α)
n (x)

, where C
�E(α)
n (x)

denotes complex zeros. See Table 1

for tabulated values of R
�E(α)
n (x)

and C
�E(α)
n (x)

.
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