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Abstract

In this paper, we present the sectional curvature of nearly quasi-
Einstein manifolds whose associated tensor E of type (0, 2) is given by

E(X,Y ) = A(X)B(Y ) + A(Y )B(X).
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1 Introduction

A Riemannian manifold M = (Mn, g), n = dimM ≥ 2, with a Ricci tensor S
satisfying

S(X, Y ) =
r

n
g(X, Y )

for all smooth vector fields X, Y on M is called an Einstein manifold. Einstein
manifolds play a vital role in Riemannian geometry, general theory of relativity,
and cosmology. To have a deeper understanding of the global characteristics
of the universe including its topology, a generalization of Einstein spaces is
needed. The first generalization of Einstein manifolds are quasi-Einstein man-
ifolds.

Let (Mn, g), n > 2, be a Riemannian manifold. Let US = {x ∈ M : S �= r
n
g

at x}. Then the manifold (Mn, g) is said to be quasi-Einstein manifold ([2] -
[11],[17] - [19]) if on US ⊂ M , we have

S − αg = βA ⊗ A,

where A is an 1-form on US and α, β are some (smooth) functions on US.
It is clear that the 1-form A as well as the function β are non-zero at every
point on US. From the above definition it follows that every Einstein manifold
is quasi-Einstein. In particular, every Ricci-flat manifold (e.g. Schwarzschild
spacetime) is quasi-Einstein. The scalars α, β are known as the associated
scalars of the manifold. Also the 1-form A is called the associated 1-form of
the manifold defined by g(X, ρ) = A(X) for any vector field X; ρ being a
unit vector field, called the generator of the manifold. Such an n-dimensional
quasi-Einstein manifold is denoted by (QE)n. The quasi-Einstein manifolds
have also been studied by De and Ghosh [13], De and De [14], Lemence ([20]),
Shaikh et. al. ([26] - [28]). In [21], the sectional curvatures of quasi-Einstein
manifolds was thoroughly studied.

In [12], De and Gazi defined a new type of non-flat Riemannian manifold.
Let M = (Mn, g), n > 2, be a Riemannian manifold whose Ricci tensor S of
type (0, 2) is not identically zero and satisfies the condition

S(X, Y ) = αg(X, Y ) + βE(X, Y ) (1)

where α and β are nonzero scalars and E is a symmetric nonzero (0, 2) ten-
sor. Then M is called a nearly quasi-Einstein manifold, denoted by N(QE)n.
An example of an N(QE)n was presented in [12]. They showed an N(QE)n
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is Ricci-symmetric if and only if its associated tensor E is semi-symmetric.
They also proved that an N(QE)n with constant associated scalars satisfies
Codazzi type Ricci tensor if and only if its associated tensor is if Codazzi
type. Finally, they established that a Ricci-recurrent N(QE)n with constant
associated scalars is a generalized E-recurrent manifold. Finally, it is worth
mentioning that they have constructed the following concrete example of an
N(QE)4:

Let M = (R4, g) be a Riemannian manifold with the metric

ds2 = gijdxidxj = (x4)
4
3 [(dx1)2 + (dx2)2 + (dx3)2] + (dx4)2,

i, j = 1, 2, 3, 4. Then M is an N(QE)4 with non-zero and non-constant scalar
curvature which is not a quasi-Einstein manifold.

Gazi and De continued studying N(QE)n in [16]. In the paper, they proved
the existence N(QE)n. They also studied manifolds of nearly quasi-constant
curvature and its relationship with N(QE)n.

Since in the definition of N(QE)n in [12], the associated tensor E is arbi-
trary, Singh et. al. in [29] considered a type of nearly quasi-Einstein manifolds
whose associated tensor E of type (0, 2) is given by

E(X, Y ) = A(X)B(Y ) + A(Y )B(X), (2)

where A and B are non-zero 1-forms such that g(X, ρ) = A(X), g(X, μ) =
B(X) for all X. Hence, the defining condition of such type of N(QE)n is

S(X, Y ) = αg(X, Y ) + β{A(X)B(Y ) + A(Y )B(X)}. (3)

They established an existence theorem for such type of N(QE)n and also pre-
sented some interesting results on N(QE)n whose generators are parallel vector
fields and N(QE)n with constant associated scalars. However, the sectional
curvature of such type of N(QE)n was not considered.

In this paper, we consider such type of N(QE)n and determine the sectional
curvatures of conformally flat N(QE)n and W2-flat N(QE)n. Moreover, we
construct a non-trivial example of N(QE)n.

2 Sectional curvatures and r−distribution

The Riemannian curvature tensor R of a Riemannian manifold plays a basic
role in differential geometry but is fairly complicated. One needs a simpler real-
valued function which completely determines R. One of the many possible ways
to describe R is called the sectional curvature of a two-dimensional subspace
(commonly known as tangent plane of M at p) of the tangent space TpM .
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Let τ be a nondegenerate tangent plane to M at the point p. The sectional
curvature of τ is given by

κ =
g(R(X, Y )Y, X)

g(X, X)g(Y, Y ) − {g(X, Y )}2
(4)

for tangent vectors X and Y . The following are known relations between R
and κ (see [15], [22]).

Theorem 2.1. If κ = 0, then the Riemannian curvature tensor R = 0 at p.

A Riemannian manifold M = (Mn, g) with R = 0 at every point is said to
be flat.

Corollary 1. M is flat if and only if the sectional curvature function κ is
identically zero.

A Riemannian manifold M = (Mn, g) has a constant curvature if its sec-
tional curvature function κ is constant.

Corollary 2. If M has constant curvature c, then

R(X, Y )Z = c[g(Z, X)Y − g(Z, Y )X].

Let M be a manifold of dimension n. The r−dimensional distribution of M
(or simply r−distribution) is a function F such that Fp is an r−dimensional
subspace of TpM , where 0 < r ≤ n, and which satisfies the following condition
for differentiability: Each point p in the domain of F has a neighborhood
V on which the vector fields X1, ..., Xr are defined so that Fq is spanned by
X1q, ..., Xrq if q ∈ V . Such a set of vector fields is a basis for F at p. For
a manifold M , there is just one n−distribution and it is given by p → TpM .
Every nowhere zero vector field determines a 1-distribution but not every 1-
distribution on M arises from a vector field. For a more detailed discussion on
r−distribution, please see [1].

3 Conformally flat N(QE)n

Consider a conformally flat manifold (Mn, g), n > 3, which is nearly quasi-
Einstein. From [15], the curvature tensor R of type (0, 4) of a conformally flat
Riemannian manifold (Mn, g), n > 3 is given by

R(X, Y, Z, T ) =
1

n − 2
[S(Y, Z)g(X, T )− S(X, Z)g(Y, T )

+ S(X, T )g(Y, Z) − S(Y, T )g(X, Z)] (5)

+
r

(n − 1)(n − 2)
[g(X, Z)g(Y, T )− g(Y, Z)g(X, T )].
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Then, using (3) in (5), we obtain

R(X, Y, Z, T ) =
2α(n − 1) − r

(n − 1)(n − 2)
[g(Y, Z)g(X, T )− g(X, Z)g(Y, T )]

+
β

n − 2

[
g(X, T ){A(Y )B(Z) − A(Z)B(Y )}

− g(Y, T ){A(X)B(Z) + A(Z)B(X)} (6)

+ g(Y, Z){A(X)B(T ) + A(T )B(X)}
− g(X, Z){A(Y )B(T ) + A(T )B(Y )}].

Lemma 3.1. In a conformally flat N(QE)n, n > 2, the Riemannian curva-
ture tensor R of type (1, 3) satisfies the following properties:

R(X, Y )Z =
2α(n − 1) − r

(n − 1)(n − 2)
[g(Y, Z)X − g(X, Z)Y ]; (7)

R(X, ρ)Z = − 2α(n − 1) − r

(n − 1)(n − 2)
g(X, Z)ρ; (8)

R(X, ρ)ρ =
2α(n − 1) − r

(n − 1)(n − 2)
X, (9)

for all X, Y, Z ∈ ρ⊥, the (n − 1)-dimensional distribution orthogonal to the
generator ρ.

Proof. Assume that Mn is a conformally flat N(QE)n (n > 2). Then we have
the relation (6). Note that ρ⊥ is the (n−1)-dimensional distribution orthogonal
to the generator ρ, then g(X, ρ) = 0 if and only if X ∈ ρ⊥. Therefore, (6)
yields the relations (7)–(9) for all X, Y , Z ∈ ρ⊥.

Theorem 3.1. Let Mn be a conformally flat N(QE)n (n > 2). Then the
sectional curvature of all planes determined by X, Y ∈ ρ⊥ is

2α(n − 1) − r

(n − 1)(n − 2)
.

Proof. Let κ1 be the sectional curvature of the plane determined by X and Y ,
where X, Y ∈ ρ⊥. Then, by using (7) of Lemma 3.1 in (4), we have

κ1 =

g

(
2α(n − 1) − r

(n − 1)(n − 2)
[g(Y, Y )X − g(X, Y )Y ], X

)

g(X, X)g(Y, Y ) − {g(X, Y )}2
=

2α(n − 1) − r

(n − 1)(n − 2)
.

This proves the theorem.
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The following are direct consequences of Theorem 3.1.

Corollary 3. In a conformally flat N(QE)n, n > 2, the sectional curvature
of all planes determined by X and Y is zero if and only if the scalar curvature
r = 2α(n − 1).

Corollary 4. In a conformally flat N(QE)n, n > 2, the sectional curvature
of all planes determined by X and Y is constant if and only if 2α(n − 1) − r
is constant.

Theorem 3.2. Let Mn be a conformally flat N(QE)n, n > 2. Then the
sectional curvature of all planes determined by X and ρ is

2α(n − 1) − r

(n − 1)(n − 2)
,

for all X ∈ ρ⊥.

Proof. Let κ2 be the sectional curvature of the plane determined by X and
ρ, where X ∈ ρ⊥. Then, substituting (9) of Lemma 3.1 in the formula for
sectional curvature [(4)], we have

κ2 =

g

(
2α(n − 1) − r

(n − 1)(n − 2)
X, X

)

g(X, X)g(ρ, ρ) − {g(X, ρ)}2
=

2α(n − 1) − r

(n − 1)(n − 2)
.

This proves the theorem.

The following statements follow from Theorem 3.2.

Corollary 5. In a conformally flat N(QE)n, n > 2, the sectional curvature
of all planes determined by X and ρ is zero if and only if the scalar curvature
r = 2α(n − 1).

Corollary 6. In a a conformally flat N(QE)n, n > 2, the sectional curvature
of all planes determined by X and ρ is constant if and only if 2α(n− 1)− r is
constant.

4 W2-flat N(QE)n

In 1970, Pokhariyal and Mishra [25] introduced new tensor fields, called W2

and E tensor fields, in a Riemannian manifold and studied their properties.
They defined a W2-curvature tensor on a manifold (Mn, g), n > 2, as

W2(X, Y, Z, T ) = R(X, Y, Z, T ) (10)

+
1

n − 2
[g(X, Z)S(Y, T )− g(Y, Z)S(X, T )]
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where R and S are the Riemannian curvature tensor and the Ricci tensor,
respectively.

The W2-curvature tensor was introduced on the line of Weyl projective cur-
vature tensor and by breaking W2 into skew-symmetric parts the tensor E has
been defined. Rainich conditions for the existence of the non-null electrovari-
ance can be obtained from W2 and E, if we replace the matter tensor by the
contracted part of these tensors. The tensor E enables to extend Pirani for-
mulation of gravitational waves to Einstein space ([23], [24]). It is shown that
[25] except the vanishing of complexion vector and property of being identical
in two spaces which are in geodesic correspondence, the W2-curvature tensor
possesses the properties almost similar to the Weyl projective curvature ten-
sor. Thus we can very well use W2-curvature tensor in various physical and
geometrical spheres in place of the Weyl projective curvature tensor.

Suppose Mn is a W2-flat N(QE)n, n > 2. Then, from (3) and (10), we
have

R(X, Y, Z, T ) =
α

n − 2
[g(Y, Z)g(X, T )− g(Y, T )g(X, Z)]

+
β

n − 2
[g(Y, Z){A(X)B(T ) + A(T )B(X)} (11)

− g(X, Z){A(Y )B(T ) + g(X, Z)A(T )B(Y )}].
Lemma 4.1. The Riemannian curvature tensor R of type (1, 3) in a W2-flat
N(QE)n, n > 2, satisfies the following properties:

R(X, Y )Z =
α

n − 2

[
g(Y, Z)X − g(X, Z)Y

]
; (12)

R(X, ρ)Z = − α

n − 2
g(X, Z)ρ; (13)

R(X, ρ)ρ =
α

n − 2
X, (14)

for all X, Y , Z ∈ ρ⊥, the (n − 1)-dimensional distribution orthogonal to the
generator ρ.

Proof. In a W2-flat N(QE)n, n > 2, we have the relation (11). Now, observe
that ρ⊥ is the (n − 1)-dimensional distribution orthogonal to the generator ρ,
then g(X, ρ) = 0 if and only if X ∈ ρ⊥. Therefore, (11) yields the relations
(12)–(14) for all X, Y , Z ∈ ρ⊥.

Theorem 4.1. Let Mn be a W2-flat N(QE)n, n > 2. Then the sectional

curvature of all planes determined by X, Y ∈ ρ⊥ is
α

n − 2
.
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Proof. Let κ1 be the sectional curvature of the plane determined by X and Y ,
where X, Y ∈ ρ⊥. Then, by virtue of (12) of Lemma 4.1 and (4), we have

κ1 =

g

(
α

n − 1
[g(Y, Y )X − g(X, Y )Y ], X

)

g(X, X)g(Y, Y ) − {g(X, Y )}2
=

α

n − 2
.

This proves the theorem.

The following statements follow from Theorem 4.1.

Corollary 7. In a W2-flat N(QE)n, n > 2, the sectional curvature of all
planes determined by X and Y can never be zero.

Corollary 8. If Mn is a W2-flat N(QE)n, n > 2, then the manifold can never
be flat.

Corollary 9. In a W2-flat N(QE)n, n > 2, the sectional curvature of all
planes determined by X and Y is constant if and only if α is constant.

Theorem 4.2. Let Mn be a W2-flat N(QE)n, n > 2. Then the sectional

curvature of all planes determined by X and ρ is
α

n − 2
, for all X ∈ ρ⊥.

Proof. Let κ2 be the sectional curvature of the plane determined by X and ρ,
where X ∈ ρ⊥. Then, by virtue of (14) of Lemma 3.1, we have

κ2 =

g

(
α

n − 2
X, X

)

g(X, X)g(ρ, ρ) − {g(X, ρ)}2
=

α

n − 2
.

This proves the theorem.

As consequences of Theorem 4.2, we have the following:

Corollary 10. In a W2-flat N(QE)n, n > 2, the sectional curvature of all
planes determined by X and ρ can never be zero.

Corollary 11. In a W2-flat LN(QE)n, n > 2, the sectional curvature of all
planes determined by X and ρ is constant if and only if α is constant.

5 Example of N(QE)n

We define a Riemannian metric g on the n-dimensional real number space R
n

by the formula

ds2 = ekx1

[(dx1)2 + sin2 x3(dx2)2 + (dx3)2] + f(x4)(dx4)2 +
n∑

l=5

(dxl)2, (15)
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where x1 is non-zero finite, 0 < x3 < π
2
, k is a non-zero finite real number

except ±2 and f is a positive smooth function of x4 only. Then the only non-
vanishing components of the Christoffel symbols, the curvature tensor, the
Ricci tensors are given by

Γ1
11 =

k

2
= Γ2

12 = Γ3
13 = −Γ1

33, Γ
1
22 = −k

2
sin2 x3,

Γ3
22 = − sin x3 cosx3, Γ2

23 = cot x3, Γ4
44 =

1

2

f ′(x4)

f(x4)

R2332 =
(k2

4
− 1

)
ekx1

sin2 x3, S22 =
(k2

4
− 1

)
sin2 x3, S33 =

(k2

4
− 1

)
.

Here, the scalar curvature of the manifold is r = 2(k2

4
− 1)e−kx1 �= 0. There-

fore R
n with the considered metric is a Rimennian manifold (Mn, g) of non-

vanishing scalar curvature. We shall now show that this Mn is a nearly quasi-
Einstein manifold, i.e., it satisfies (3).

Let us now consider the associated scalars and the components of the 1-
forms A and B are as follows:

α =
1

2

(k2

4
− 1

)
e−kx1

, β =
1

2

(k2

4
− 1

)
, (16)

Ai(x) =
1

2
sinx3 for i = 2, (17)

=
1

4
for i = 3,

= 0 otherwise

and

Bi(x) = sinx3 for i = 2, (18)

= 2 for i = 3,

= 0 otherwise

at any point x ∈ M .
Then it can be easily shown that the manifold under consideration is nearly
quasi-Einstein manifold. Hence we can state the following:

Theorem 5.1. Let (Mn, g) be a Riemannian manifold endowed with the met-
ric given in (15). Then (Mn, g) is a nearly quasi-Einstein manifold with non-
vanishing scalar curvature, which is not quasi-Einstein.
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