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Abstract

The object of the present paper is to study an N(k)-quasi Einstein
manifold admitting W2-curvature tensor. Also, we study generalized
Ricci recurrent N(k)-quasi Einstein manifolds.
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1 Introduction

A Riemannian manifold (Mn, g)(n > 2) is said to be quasi Einstein manifold
[1] if its Ricci tensor S of type (0, 2) is not identically zero and satisfies the
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following:

S(X, Y ) = ag(X, Y ) + bη(X)η(Y ), (1)

where a and b are smooth functions on the manifold of which b �= 0 and η is a
nowhere vanishing 1-form such that

g(X, ξ) = η(X), g(ξ, ξ) = η(ξ) = 1 (2)

for the associated vector field ξ. The 1-form η is called the associated 1-form
and the unit vector field ξ is called the generator of the manifold. The scalars
a and b are known as the associated scalars.

In cosmology, if the existence of a 4-dimensional Lorentz manifold is estab-
lished whose Ricci tensor is of the form (1.1), then such a space-time represents
a perfect space-time. In [2], a conformally flat perfect fluid space-time has a
geometric structure of a space of quasi-constant curvature, a natural sub-class
of quasi Einstein manifold. The study of quasi Einstein manifolds helps us to
have a deeper understanding of the global character of the universe including
its topology [3]. As a consequence, we can investigate the nature of singulari-
ties defined from a differential geometric standpoint.

Tanno, in [15], gave the k-nullity distribution of a Riemannian manifold.
The k-nullity distribution N(k) of a Riemannian manifold M is defined by

N(k) : p → Np(k) =
{
U ∈ TpM : R(X, Y )U = k[g(Y, U)X − g(X, U)Y ]

}
(3)

for all X, Y ∈ TM , where k is some smooth function and R is the curvature
tensor.

The notion of N(k)-quasi Einstein manifold was introduced by Tripathi
and Kim [16]. If the generator ξ of a quasi Einstein manifold belongs to the k-
nullity distribution N(k) for some smooth function k, then this quasi Einstein
manifold is called N(k)-quasi Einstein manifold [16]. The N(k)-quasi Einstein
manifolds have also been studied by Özgür [8], Özgür and Sular [9], Özgür and
Tripathi [11].

In 1970, Pokhariyal and Mishra [13] introduced new tensor fields, called W2

and E tensor fields, on a Riemannian manifold and studied their properties.
According to them, the W2-curvature tensor on a manifold (Mn, g)(n > 3) is
defined by

W2(X, Y )Z = R(X, Y )Z +
1

n − 1

[
g(X, Z)QY − g(Y, Z)QX

]
, (4)

where Q is the Ricci operator, i.e., g(QX, Y ) = S(X, Y ) for all X, Y .
The paper is organized as follows. Section 2 is concerned with preliminaries.

Section 3 is devoted to the study of the W2-curvature tensor of an N(k)-quasi
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Einstein manifold.
A Riemannian manifold M is locally symmetric if its curvature tensor R

satisfies ∇R = 0, where ∇ is Levi-Civita connection of the Riemannian metric.
The notion of locally symmetric manifold has been weakened by many authors
in several ways. As a proper generalization of locally symmetric manifolds,
the notion of semisymmetric manifolds was defined in [14] by R(X, Y ) · R =
0. In section 3, we study W2-semisymmetric and W2-symmetric N(k)-quasi
Einstein manifolds and it is shown that there exist no W2-semisymmetric N(k)-
quasi Einstein manifold. However, it is proved that there exist W2-symmetric
N(k)-quasi Einstein manifold, provided that the associated scalar b is non-zero
constant. Also it is shown that on an n(> 3)-dimensional W2-conservative
N(k)-quasi Einstein manifold with b is non-zero constant, the associated 1-
form η is closed and the integral curves of the generator ξ are geodesics.

The notion of generalized Ricci recurrent manifolds was introduced by De,
Guha and Kamilya [4]. Section 4 deals with study of generalized Ricci recurrent
N(k)-quasi Einstein manifolds. It is well known that a locally symmetric
manifold is Ricci parallel and the converse holds for dimension three. By the
decomposition of the covariant derivative ∇S of the Ricci tensor S of type (0,
2), Gray [6] introduced two important classes A, B, which lie between the class
of Ricci parallel manifolds and the manifolds of constant curvature; namely,
(i) the class A is the class of manifolds whose Ricci tensor is cyclic parallel
and (ii) the class B is the class of manifolds whose Ricci tensor is of Codazzi
type. In section 4, both the classes of generalized Ricci recurrent N(k)-quasi
Einstein manifolds are classified.

2 Preliminaries

In this section, we will obtain some formulas, which will be required in the
sequel. Let {ei : i = 1, 2, · · · , n} be an orthonormal frame field at any point
of N(k)-quasi Einstein manifold. Then setting X = Y = ei in (1) and taking
summation over i, 1 ≤ i ≤ n, we obtain

r = na + b, (5)

where r is the scalar curvature of the manifold.
Also from (1) and (2), we have

S(X, ξ) = (a + b)η(X), (6)

S(ξ, ξ) = (a + b), i.e., Qξ = (a + b)ξ. (7)

Lemma 2.1. [11] On an n-dimensional N(k)-quasi Einstein manifold, k =
a+b
n−1

.
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On an n-dimensional N(k)-quasi Einstein manifold, the following relations
hold [11]:

R(X, Y )ξ =
a + b

n − 1

[
η(Y )X − η(X)Y

]
, (8)

R(X, ξ)Y =
a + b

n − 1

[
η(Y )X − g(X, Y )ξ

]
= −R(ξ, X)Y, (9)

R(ξ, X)ξ =
a + b

n − 1

[
η(X)ξ − X

]
.

By virtue of (8), (9), it follows from (4) that

W2(X, Y )ξ =
a + b

n − 1

[
η(Y )X − η(X)Y

]
+

1

n − 1

[
η(X)QY − η(Y )QX

]
,

W2(ξ, X)Y =
1

n − 1

[
η(Y )QX − (a + b)η(Y )X

]
.

Consequently, we have

W2(ξ, X)ξ =
1

n − 1

[
QX − (a + b)X

]
, (10)

η(W2(X, Y )ξ) = 0 = η(W2(ξ, X)Y ). (11)

The following are non-trivial examples of N(k)-quasi Einstein manifolds.

Example 2.1. [16] An n-dimensional conformally flat quasi Einstein manifold
is an N( a+b

n−1
)-quasi Einstein manifold.

Example 2.2. [16] Each 3-dimensional quasi Einstein manifold is an N(a+b
2

)-
quasi Einstein manifold.
Example 2.3. [8] A conformally flat perfect fluid spacetime (M4, g) satisfy-

ing Einstein’s equation without cosmological constant is an N
(

μ(3σ+p)
6

)
-quasi

Einstein manifold, where μ, σ, p are the gravitational constant, energy density
and isotropic pressure, respectively.
Example 2.4. [8] A conformally flat perfect fluid spacetime (M4, g) satisfy-

ing Einstein’s equation with cosmological constant is an N
(

λ
3
+ μ(3σ+p)

6

)
-quasi

Einstein manifold, where λ, μ, σ, p are the cosmological constant, gravitational
constant, energy density and isotropic pressure, respectively.
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3 W2-curvature tensor of an N(k)-quasi Ein-

stein manifold

Let M be an n-dimensional N(k)-quasi Einstein manifold. Then from (6) and
(11), we get

S(W2(ξ, X)Y, ξ) = 0. (12)

Similarly from (8) and (10), we obtain

S(W2(ξ, X)ξ, Y ) =
1

n − 1
[S(QX, Y ) − (a + b)S(X, Y )]. (13)

If the manifold M satisfies W2(ξ, X) · S = 0, then

S(W2(ξ, X)Y, ξ) + S(Y, W2(ξ, X)ξ) = 0,

which in view of (12) and (13) gives

S(QX, Y ) = (a + b)S(X, Y ). (14)

Contracting (14) over X and Y , we obtain

‖Q‖2 = (a + b)r.

This leads to the following:

Theorem 3.1. If an N(k)-quasi Einstein manifold satisfies W2(ξ, X) · S = 0
then the length of the Ricci operator is r(a+ b), where r is the scalar curvature
of the manifold.

We now consider an N(k)-quasi Einstein manifold, which is W2-semisymmetric.
Then

R(X, Y ) · W2 = 0, (15)

where R(X, Y ) is to be considered as a derivation of the tensor algebra at
each point of the manifold for tangent vectors X, Y . It can be easily shown
that on an N(k)-quasi Einstein manifold, the W2 curvature tensor satisfies the
condition

W2(X, Y, Z, ξ) = 0. (16)

From (15), we get

R(X, Y )W2(Z, U)V − W2(R(X, Y )Z, U)V

−W2(Z, R(X, Y )U)V − W2(Z, U)R(X, Y )V = 0,
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which implies that

g(R(X, Y )W2(Z, U)V, ξ) − g(W2(R(X, Y )Z, U)V, ξ) (17)

−g(W2(Z, R(X, Y )U)V, ξ) − g(W2(Z, U)R(X, Y )V, ξ) = 0.

Replacing X = ξ in (17), we obtain

R(ξ, Y, W2(Z, U)V, ξ) − W2(R(ξ, Y )Z, U, V, ξ)

−W2(Z, R(ξ, Y )U, V, ξ) − W2(Z, U, R(ξ, Y )V, ξ) = 0.

Using (9) and (16) in the last equation, we obtain

W2(Z, U, V, Y ) = 0, (18)

i.e., the manifold under consideration is W2-flat.
In view of (4), (18) yields

R(Z, U, V, Y ) +
1

n − 1
[g(Z, V )S(U, Y ) − g(U, V )S(Z, Y )] = 0. (19)

Contracting (19) over Z and Y , we get

S(U, V ) =
r

n
g(U, V ),

that is the manifold is Einstein, which is a contradiction. Thus, we can state
the following:

Theorem 3.2. There exists no W2-semisymmetric N(k)-quasi Einstein man-
ifold.

We now consider an N(k)-quasi Einstein manifold, which is W2-symmetric.
Then

(∇XW2)(Y, Z, U, V ) = 0. (20)

By virtue of (4), (20) yields

(∇XR)(Y, Z, U, V ) +
1

n − 1

[
(∇XS)(Z, V )g(Y, U) − (∇XS)(Y, V )g(Z, U)

]
= 0.

(21)

Setting Y = V = ei in (21) and taking summation over i, 1 ≤ i ≤ n, we get

(∇XS)(Z, U) =
dr(X)

n
g(Z, U). (22)
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Using (1) in (22), we obtain

da(X)g(Z, U) + db(X)η(Z)η(U) + b
[
(∇Xη)(Z)η(U) (23)

+η(Z)(∇Xη)(U)
]

=
dr(X)

n
g(Z, U).

Putting Z = U = ξ in (23), we get

dr(X) = n[da(X) + db(X)]. (24)

Also from (5), we get

dr(X) = n da(X) + db(X). (25)

From (24) and (25), we get db(X) = 0, i.e., b is non-zero constant.
This leads to the following:

Theorem 3.3. There exists no W2-symmetric N(k)-quasi Einstein manifold
unless the associated scalar b is non-zero constant.

From (4), we get

(div W2)(X, Y )Z = (div R)(X, Y )Z (26)

+
1

2(n − 1)

[
dr(Y )g(X, Z) − dr(X)g(Y, Z)

]
,

where ‘div’ denotes the divergence.
Again, it is known that on a Riemannian manifold, we have

(div R)(X, Y )Z = (∇XS)(Y, Z) − (∇Y S)(X, Z).

Consequently, by virtue of the above relation, (26) takes the form

(div W2)(X, Y )Z = (∇XS)(Y, Z) − (∇Y S)(X, Z) (27)

− 1

2(n − 1)

{
dr(X)g(Y, Z)− dr(Y )g(X, Z)

}
.

We now suppose that an n(> 3)-dimensional N(k)-quasi Einstein manifold is
W2-conservative. Then we have [7]

(div W2)(X, Y )Z = 0

and hence (27) yields

(∇XS)(Y, Z) − (∇Y S)(X, Z) =
1

2(n − 1)
[dr(X)g(Y, Z)− dr(Y )g(X, Z)].

(28)
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Using (1) in (28), we obtain

da(X)g(Y, Z)− da(Y )g(X, Z) + db(X)η(Y )η(Z) − db(Y )η(X)η(Z) (29)

+b
[
(∇Xη)(Y )η(Z) + η(Y )(∇Xη)(Z) − (∇Y η)(X)η(Z) − η(X)(∇Y η)(Z)

]

=
1

2(n − 1)

[
dr(X)g(Y, Z)− dr(Y )g(X, Z)

]
.

Let us take the associated scalar b is non-zero constant. Then db(X) = 0; and,
hence, from (5), we get dr(X) = n da(X) for all X. Therefore, (29) yields

n − 2

2(n − 1)

[
da(X)g(Y, Z) − da(Y )g(X, Z)

]
+ b

[
(∇Xη)(Y )η(Z) (30)

+η(Y )(∇Xη)(Z) − (∇Y η)(X)η(Z) − η(X)(∇Y η)(Z)
]

= 0.

Setting Y = Z = ξ in (30), we obtain

b(∇ξη)(X) =
n − 2

2(n − 1)
[da(X) − da(ξ)η(X)]. (31)

Contracting (30) over Y , Z, we get

b
{
(∇ξη)(X) + η(X)

n∑
i=1

(∇ei
η)(ei)

} − n − 2

2
da(X) = 0. (32)

Using (31) in (32), we get

bη(X)

n∑
i=1

(∇ei
η)(ei) =

n − 2

2
da(X) − n − 2

2(n − 1)

[
da(X) − da(ξ)η(X)

]
. (33)

Setting X = ξ in (33), we get

b
n∑

i=1

(∇ei
η)(ei) =

n − 2

2
da(ξ). (34)

By virtue of (31) and (34), it follows from (32) that

da(X) = da(ξ)η(X). (35)

Again, plugging Z = ξ in (30) and then using (35), we obtain

b
{
(∇Xη)(Y ) − (∇Y η)(X)

}
= 0,

which implies that

(∇Xη)(Y ) − (∇Y η)(X) = 0, since b �= 0. (36)

The relation (36) implies that the 1-form η is closed.
Setting X = ξ in (36), we get

(∇ξη)(Y ) = 0,

which implies that ∇ξξ = 0 and hence we can state the following:
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Theorem 3.4. On an n(> 3)-dimensional W2-conservative N(k)-quasi Ein-
stein manifold with b is non-zero constant, the associated 1-form η is closed
and the integral curves of the generator ξ are geodesics.

4 Generalized Ricci recurrent N(k)-quasi Ein-

stein manifolds

Definition 4.1. An N(k)-quasi Einstein manifold is said to be generalized
Ricci recurrent [4] if its Ricci tensor S of type (0, 2) satisfies the condition

(∇XS)(Y, Z) = α(X)S(Y, Z) + β(X)g(Y, Z), (37)

where α and β are two nowhere vanishing 1-forms such that α(X) = g(X, ρ)
and β(X) = g(X, μ); ρ and μ being associated vector fields of the 1-forms α
and β, respectively.
If, in particular, the 1-form β vanishes identically, then this manifold turns
into Ricci recurrent N(k)-quasi Einstein manifold [12].

Now, we prove the following:

Theorem 4.1. If M is a generalized Ricci recurrent N(k)-quasi Einstein man-
ifold, then

(a + b)α(X) + β(X) = X(a + b) for all X. (38)

Proof. Setting Y = Z = ξ in (37), we get

(∇XS)(ξ, ξ) = (a + b)α(X) + β(X). (39)

From (7), we have

(∇XS)(ξ, ξ) = X(a + b). (40)

By virtue of (40), (39) yields the relation (38).

Corollary 4.1. [16] If M is a Ricci recurrent N(k)-quasi Einstein manifold,
then

(a + b)α(X) = X(a + b) for all X.

Definition 4.2. A Riemannian manifold is said to admit cyclic parallel Ricci
tensor if

(∇XS)(Y, Z) + (∇Y S)(Z, X) + (∇ZS)(X, Y ) = 0. (41)
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Now, we prove the following:

Theorem 4.2. On a generalized Ricci recurrent N(k)-quasi Einstein manifold
with cyclic parallel Ricci tensor, the Ricci tensor is of the form

α(ξ)S(X, Y ) = −β(ξ)g(X, Y ) − (a + b)[α(X)η(Y ) (42)

+ α(Y )η(X)] − [β(X)η(Y ) + β(Y )η(X)].

Proof. Suppose that M is a generalized Ricci recurrent N(k)-quasi Einstein
manifold admitting cyclic parallel Ricci tensor. Then using (37) in (41), we
get

α(X)S(Y, Z) + α(Y )S(Z, X) + α(Z)S(X, Y ) (43)

+ β(X)g(Y, Z) + β(Y )g(Z, X) + β(Z)g(X, Y ) = 0.

Setting Z = ξ in (43) and using (2), (6), we get the relation (42).
Contracting (42) over X and Y , we get

α(ξ)r = −2(a + b)α(ξ) − (n + 2)β(ξ). (44)

This leads to the following:

Theorem 4.3. On a generalized Ricci recurrent N(k)-quasi Einstein manifold
with cyclic parallel Ricci tensor, the scalar curvature is of the form (44).

We now consider a generalized Ricci recurrent N(k)-quasi Einstein manifold
whose Ricci tensor is of Codazzi type. Then we have ([5], [10])

(∇XS)(Y, Z) = (∇ZS)(X, Y ) for all X, Y, Z. (45)

In view of (37), (45) yields

α(X)S(Y, Z) + β(X)g(Y, Z) = α(Z)S(X, Y ) + β(Z)g(X, Y ). (46)

Setting Z = ξ in (46) and using (2) and (6), we obtain

α(ξ)S(X, Y ) = −β(ξ)g(X, Y ) − {(a + b)α(X) + β(X)}η(Y ). (47)

This leads to the following:

Theorem 4.4. On a generalized Ricci recurrent N(k)-quasi Einstein manifold
whose Ricci tensor is of Codazzi type, the Ricci tensor is of the form (47).

Also from (47), we can state the following:

Theorem 4.5. On a generalized Ricci recurrent N(k)-quasi Einstein manifold
whose Ricci tensor is of Codazzi type, the scalar curvature is given by

α(ξ)r = −(a + b)α(ξ) − (n + 1)β(ξ). (48)
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[8] Özgür, C., N(k)-quasi Einstein manifolds satisfying certain conditions,
Chaos, Solitons and Fractals, 38 (2008), 1373–1377.
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