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Abstract

In this paper, we study the positive realization problem for generalized
continuous linear state space systems. A necessary and sufficient condi-
tion for existence of a positive realization for a generalized continuous
linear state space system is proposed.
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1 Introduction

The problem of determining a state space equation for given transfer matrix
is a classical problem, called realization problem, which has been addressed in
many papers and books, see [1], [3] and [4]. In the case of linear state space
systems, such problem has a complete solution. However, when constraints
on the realization, i.e. on positivity, are imposed, the problem becomes much
more difficult. An overview on the positive realization problem of linear state
space systems is given in [2], [3], whereas the stability of positive linear state
space systems is discussed in [8].
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The positive realization problem of the more general linear systems, i.e.
generalized state space systems, is also already discussed in [5] for the case of
discrete time and in [6] for the case of continuous time. In this paper, a suffi-
cient and necessary condition that is an alternative procedure for determining
the positive realizations of generalized state space continuous linear systems
will be proposed.

In this paper we will use the following notation: R denotes the set of real
numbers, Rn×m- the set of n ×m real matrices, Rn×m

+ - the set of n ×m real
matrices with nonnegative entries, Rn×m

− - the set of n×m real matrices with
nonpositive entries, Rn = Rn×1, Mn - the set of n× n Metzler matrices, In -
the n× n identity matrix and O stands for the zero matrix.

2 Statement of the Problem

Let us consider the generalized continuous linear state space system

Eẋ(t) = Ax(t) + Bu(t), x(0) = x0

y(t) = Cx(t),
(1)

where x(t) ∈ Rn, u(t) ∈ Rm, y(t) ∈ Rp denote state, control and output vec-
tor, respectively, and E,A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n. If E is nonsingular,
then the system (1) is written as a state space system

ẋ(t) = Āx(t) + B̄u(t), x(0) = x0

y(t) = Cx(t),
(2)

where
Ā = E−1A and B̄ = E−1B.

Definition 1 [4] The generalized state space system (1) is called positive if for
any initial state x(0) = x0 ∈ Rn

+ and all control u(t) ∈ Rm
+ with t ≥ 0, then

x(t) ∈ Rn
+ and y(t) ∈ Rp

+.

The positivity of state space system (2) is defined in similarly, see [6]. Some
of the following informations is adopted from [6].

Theorem 1 The state space system (2) is positive if and only if

Ā ∈Mn, B̄ ∈ Rn×m
+ , and C ∈ Rp×n

+ . (3)

The transfer matrix of the state space system (2) is given by

F (s) = C
(
sIn − Ā

)−1
B̄ ∈ Rp×m(s). (4)
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It is now assumed that the matrix E is singular and there exists a complex
number s such that

det (sE − A) 6= 0, (5)

then the transfer matrix of the generalized state space system (1) is given by

T (s) = C (sE − A)−1B ∈ Rp×m(s). (6)

Definition 2 The matrices (3) are called a positive realization of transfer
matrix F (s) if they satisfy (4).

Using the Singular Value Decomposition (SVD) Theorem [7], the system
(1) can be decomposed into the following system:[

In1 O
O O

] [
ẋ1(t)
ẋ2(t)

]
=

[
A11 A12

A21 A22

] [
x1(t)
x2(t)

]
+

[
B1

B2

]
u(t)

y(t) =
[
C1 C2

] [ x1(t)
x2(t)

]
,

(7)

where A11 ∈ Rn1×n1 , A12 ∈ Rn1×n2 , A21 ∈ Rn2×n1 , A22 ∈ Rn2×n2 , B1 ∈
Rn1×m, B2 ∈ Rn2×m, C1 ∈ Rp×n1 , C2 ∈ Rp×n2 , and n = n1 + n2.

The problem under consideration can be stated as follows. Given a transfer
matrix T (s), find the matrices E ,A ∈ Rn×n,B ∈ Rn×m and C ∈ Rp×n such that

T (s) = C (sE − A)−1 B, (8)

and the system

E
[

ẋ1(t)
ẋ2(t)

]
= A

[
x1(t)
x2(t)

]
+ Bu(t), x(0) = x0

y(t) = Cx(t),

(9)

is positive, where

E =

[
In1 O
O O

]
,A =

[
A11 A12

A21 A22

]
,B =

[
B1

B2

]
, C =

[
C1 C2

]
. (10)

3 Main Result

The answer of the problem under consideration be given in the following the-
orem.

Theorem 2 Let be the following matrices
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1. A22 ∈ Rn2×n2 such that A−1
22 ∈ Rn2×n2

−

2. A11 ∈ Rn1×n1 , A12 ∈ Rn1×n2 , A21 ∈ Rn2×n1
+ , B1 ∈ Rn1×m, B2 ∈ Rn2×m

+

3. C1 ∈ Rp×n1
+

exist such that
(
A11 − A12A

−1
22 A21

)
∈ Mn1 ,

(
B1 − A12A

−1
22 B2

)
∈ Rn1×m

+ , C1 be
a positive realization of transfer matrix F (s). Then there exists a positive re-
alization T (s) of the form (10 ) if and only if C2 ∈ Rp×n2

+ .

Proof. Let there exists a positive realization T (s) of the form (10), then the
system (9) is positive for each u(t) ∈ Rm

+ . Since
(
A11 − A12A

−1
22 A21

)
∈ Mn1 ,(

B1 − A12A
−1
22 B2

)
∈ Rn1×m

+ and C1 be a positive realization of transfer matrix
F (s), then the system

ẋ1(t) =
(
A11 − A12A

−1
22 A21

)
x1(t) +

(
B1 − A12A

−1
22 B2

)
u (t)

y1 (t) = C1x1(t)
(11)

is positive, and henceforth x1(t) ∈ Rn1
+ . It is easy to verify that

x2(t) = −A−1
22 (A21x1(t) + B2u (t)) ∈ Rn2

+ . (12)

Furthermore, we will show that C2 ∈ Rp×n2
+ . Suppose that C2 /∈ Rp×n2

+ . Since
y (t) = C1x1(t) + C2x2(t) and x2(t) ∈ Rn2

+ , then for C1x1(t) = 0 will give
y (t) /∈ Rp

+ that contradicts the positivity of the system (9).
Otherwise, suppose that C2 ∈ Rp×n2

+ . From the first part of this proving,
we have already obtain that (11) is positif and x2(t) ∈ Rn2

+ . The system (11)
and the algebraic equation (12) can be written simultaneously as follows:

ẋ1(t) =
(
A11 − A12A

−1
22 A21

)
x1(t) +

(
B1 − A12A

−1
22 B2

)
u (t)

0 = A21x1(t) + A22x2(t) + B2u (t)

y (t) = C1x1(t) + C2x2(t),

that is equivalent to the system (9) in which its the positive realization is
T (s) of the form (10).

4 Conclusion

A necessary and sufficient condition for existence of a positive realization for
generalized continuous linear state space systems has been established. This
condition is a procedure to obtain a positive realization for generalized contin-
uous linear state space systems.
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