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Abstract

In this paper, we apply the notion of pre-I-open sets to present and
study a new class of functions called contra pre-I-continuous functions
in ideal topological spaces. Relationships between this new class and
other classes of functions are investigated and some characterisations of
this new class of functions are studied. Also we introduce the notions
of contra strong β-I-continuous functions and contra δ-I-continuous
functions to obtain decompositions of contra α-I-continuity and contra
semi-I-continuity.
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1 Introduction and Preliminaries

An ideal I on a topological space (X, τ) is a non-empty collection of subsets
of X satisfying the following properties:(1) A ∈ I and B ⊆ A imply B ∈ I
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(heredity); (2) A ∈ I and B ∈ I imply A ∪ B ∈ I (finite additivity). A
topological space (X, τ) with an ideal I on X is called an ideal topological space
and is denoted by (X, τ, I). For a subset A ⊆ X, A∗(I) = {x ∈ X : U ∩A /∈ I
for every U ∈ τ(x)}, is called the local function [13] of A with respect to I and
τ. We simply write A∗ in case there is no chance for confusion. A Kuratowski
closure operator cl∗(.) for a topology τ ∗(I) called the ∗-topology finer than
τ is defined by cl∗(A) = A ∪ A∗ [26]. Let (X, τ) denote a topological space
on which no separation axioms are assumed unless explicitly stated. In a
topological space (X, τ), the closure and the interior of any subset A of X will
be denoted by cl(A) and int(A), respectively. The kernel [14] of A, denoted by
ker(A), is the intersection of all open supersets of A. A subset A of a topological
space (X, τ) is said to be pre-open [15]) if A ⊆ int(cl(A))).

Lemma 1.1.. [11] The following properties hold for subsets A, B of a
topological space (X, τ) :

1. x ∈ ker(A) if and only if A∩F �= φ for any closed set F of X containing
x;

2. A ⊂ ker(A) and A = ker(A) if A is open in X;

3. If A ⊂ B then ker(A) ⊂ ker(B).

Definition 1.2.. A topological space (X, τ) is said to be

1. extremally disconnected [23] if the closure of every open set of X is open
in X,

2. submaximal [19] if every dense set of X is open in X, equivalently if
every preopen set is open.

Definition 1.3.. A function f : (X, τ) → (Y, σ) is said to be

1. almost pre-continuous [17] if for each x ∈ X and each open
neighbourhood V of f(x), there exists U ∈ PO(X) containing x such
that f(U) ⊂ int(cl(V )).

2. contra-continuous [6] (briefly c-c) if f−1(V ) is a closed set in X for every
open set V of Y.

3. contra-pre-continuous [12] (briefly c-pre-c) if f−1(V ) is a preclosed set in
X for every open set V of Y.

4. contra-β-continuous [5] (briefly c-β-c) if f−1(V ) is a β-closed set in X
for every open set V of Y.



Contra pre-I-continuous functions 351

Definition 1.4.. A subset A of an ideal topological space (X, τ, I) is said to
be

1. pre-I-open [7] if A ⊆ int(cl∗(A)).

2. semi-I-open [9] if A ⊆ cl∗(int(A)).

3. α-I-open [9] if A ⊆ int(cl∗(int(A))).

4. β-I-open [9] if A ⊆ cl(int(cl∗(A))).

5. strong β-I-open [10] if A ⊆ cl∗(int(cl∗(A))).

6. δ-I-open [2] if int(cl∗(A)) ⊆ cl∗(int(A)).

Definition 1.5.. A function f : (X, τ, I) → (Y, σ) is said to be pre-
I-continuous [7] (resp. semi-I-continuous [9], α-I-continuous [9], β-I-
continuous[9]) if for each open set V of (Y, σ), f−1(V ) is a pre-I-open (resp.
semi-I-open, α-I-open, β-I-open) set in (X, τ, I).

Definition 1.6.. A function f : (X, τ, I) → (Y, σ) is said to be

1. contra semi-I-continuous [16] (briefly c-semi-I-c) if f−1(V ) is semi-I-
open in (X, τ, I) for every closed set V of (Y, σ).

2. contra α-I-continuous [25] (briefly c-α-I-c) if f−1(V ) is α-I-open in
(X, τ, I) for every closed set V of (Y, σ).

3. contra β-I-continuous [4] (briefly c-β-I-c) if f−1(V ) is β-I-open in
(X, τ, I) for every closed set V of (Y, σ).

2 Contra pre-I-continuous functions

Definition 2.1.. A function f : (X, τ, I) → (Y, σ) is called contra pre-I-
continuous (briefly c-pre-I-c) (resp. contra strong β-I-continuous (briefly c-
strong β-I-c), contra δ-I-continuous) if f−1(V ) is pre-I-open (resp. strong
β-I-open, δ-I-open) in (X, τ, I) for every closed set V of (Y, σ).

Proposition 2.2.. The following statements hold for a function f :
(X, τ, I) → (Y, σ) :

1. Every contra-continuous function is contra α-I-continuous [25].

2. Every contra α-I-continuous function is contra pre-I-continuous.

3. Every contra pre-I-continuous function is contra pre-continuous.
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4. Every contra pre-I-continuous function is contra strong β-I-continuous.

5. Every contra strong β-I-continuous function is contra β-I-continuous.

Proof. This follows from Remark 2.1 of [9].

Remark 2.3.. The notions of pre-I-continuity and contra pre-I-continuity
are independent.

Remark 2.4.. We have the following implications:

c-c
⇓

c-α-I-c ⇒ c-pre-I-c =⇒ c-pre-c
⇓ ⇓ ⇓

c-semi-I-c ⇒ c-strong β-I-c ⇒ c-β-I-c ⇒ c-β-c

Theorem 2.5.. For a function f : (X, τ, I) → (Y, σ), the following are
equivalent:

1. f is contra pre-I-continuous.

2. For every closed subset F of Y, f−1(F ) ∈ PIO(X).

3. For each x ∈ X and each closed set F of Y containing f(x), there exists
U ∈ PIO(X) such that f(U) ⊂ F.

4. f(pIcl(A)) ⊂ ker(f(A)) for every subset A of X.

5. pIcl(f−1(B)) ⊂ f−1(ker(B)) for every subset B of Y.

Proof. The implications (1)⇒(2) and (2)⇒(3) are obvious.
(3)⇒(2): Let F be any closed set of Y and x ∈ f−1(F ). Then f(x) ∈ F and
there exists Ux ∈ PIO(X) containing x such that f(Ux) ⊂ F. Therefore, we
obtain f−1(F ) = ∪{Ux|x ∈ f−1(F )}. Hence f−1(F ) ∈ PIO(X).
(2)⇒(4): Let A be any subset of X. Suppose that y /∈ ker(f(A)). Then
by Lemma 1.1, there exists a closed set F of Y containing y such that
f(A) ∩ F = φ. Thus, we have A ∩ f−1(F ) = φ and pIcl(A) ∩ f−1(F ) = φ.
Therefore, we obtain f(pIcl(A)) ∩ F = φ and y /∈ f(pIcl(A)). This implies
that f(pIcl(A)) ⊂ ker(f(A)).
(4)⇒(5): Let B be any subset of Y. By (4) and Lemma 1.1, we
have f(pIcl(f−1(B))) ⊂ ker(f(f−1(B))) ⊂ ker(B) and pIcl(f−1(B)) ⊂
f−1(ker(B)).
(5)⇒(1): Let V be any open set of Y. Then by Lemma 1.1, we have
pIcl(f−1(V )) ⊂ f−1(ker(V )) = f−1(V ) and pIcl(f−1(V )) = f−1(V ). This
shows that f−1(V ) is pre-I-closed in (X, τ, I).
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Theorem 2.6.. If a function f : (X, τ, I) → (Y, σ) is contra pre-I-continuous
and Y is regular, then f is pre-I-continuous.

Proof. Let x be an arbitrary point of X and V be an open set of Y
containing f(x). Since Y is regular, there exists an open set W in Y containing
f(x) such that cl(W ) ⊂ V. Since f is contra pre-I-continuous, by Theorem
2.5 there exists U ∈ PIO(X) containing x such that f(U) ⊂ cl(W ). Then
f(U) ⊂ cl(W ) ⊂ V. Hence, f is pre-I-continuous.

Corollary 2.7.. [12] If a function f : (X, τ, I) → (Y, σ) is contra pre-
continuous and Y is regular, then f is pre-continuous.

Proof. The proof follows from Theorem 2.5, if I = {∅}.
Theorem 2.8.. 1. A function f : (X, τ, {∅}) → (Y, σ) is contra pre-I-
continuous if and only if it is contra pre-continuous.
2. A function f : (X, τ,P(X)) → (Y, σ) is contra pre-I-continuous if and only
if it is contra pre-continuous.
3. A function f : (X, τ,N ) → (Y, σ) is contra pre-I-continuous if and only if
it is contra continuous (N is the ideal of all nowhere dense sets).

Proof. The proof follows from Proposition 2.7 of [8].

Definition 2.9.. A function f : (X, τ, I) → (Y, σ) is said to be M-pre-I-open
if the image of each pre-I-open set is pre-I-open.

Theorem 2.10.. If a function f : (X, τ, I) → (Y, σ) is M-pre-I-open and
contra pre-I-continuous, then f is almost pre-continuous.

Proof. Let x be any arbitrary point of X and V be an open neighbourhood
of f(x). Since f is contra pre-I-continuous, by Theorem 2.5, there exists
U ∈ PIO(X) containing x such that f(U) ⊂ cl(V ). Since f is M-pre-I-open,
f(U) is pre-I-open in Y.Therefore f(U) ⊂ int(cl∗(f(U)) ⊂ int(cl∗(cl(V ))) ⊂
int(cl(V )). This shows that f is almost pre-continuous.

Definition 2.11.. A function f : (X, τ, I) → (Y, σ) is said to be almost
weakly-I-continuous if f−1(V ) ⊂ int(cl∗(f−1(cl(V )))) for every open set V
of Y.

Theorem 2.12.. If a function f : (X, τ, I) → (Y, σ) is contra pre-I-
continuous, then f is almost weakly-I-continuous.

Proof. Let V be any open set of Y. Since cl(V ) is closed in Y, f−1(cl(V ))
is pre-I-open in X and we have f−1(V ) ⊂ f−1(cl(V )) ⊂ int(cl∗(f−1(cl(V )))).
This shows that f is almost weakly-I-continuous.
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Theorem 2.13.. The following are equivalent for a function f : (X, τ, I) →
(Y, σ) :

1. f is contra α-I-continuous;

2. f is contra pre-I-continuous and contra semi-I-continuous.

Proof. (1)⇒(2): Let f : (X, τ, I) → (Y, σ) be contra α-I-continuous, then
for every closed set V of Y, f−1(V ) is an α-I-open set in (X, τ, I). Now by
Lemma 3.1 of [1], if follows that f−1(V ) is pre-I-open and semi-I-open. Hence
f is contra pre-I-continuous and contra semi-I-continuous.
(2)⇒(1): Let f : (X, τ, I) → (Y, σ) be contra pre-I-continuous and contra
semi-I-continuous, then for every closed set V of Y, f−1(V ) is both pre-I-
open and semi-I-open. Again by Lemma 3.1 of [1], if follows that f−1(V ) is
α-I-open in (X, τ, I). Thus f is contra α-I-continuous.

Theorem 2.14.. The following are equivalent for a function f : (X, τ, I) →
(Y, σ) :

1. f is contra semi-I-continuous;

2. f is contra δ-I-continuous and contra strong β-I-continuous.

Proof. The proof is similar to Theorem 2.13 and this follows by Proposition
2.1 of [2].

Theorem 2.15.. The following are equivalent for a function f : (X, τ, I) →
(Y, σ) :

1. f is contra α-I-continuous;

2. f is contra δ-I-continuous and contra pre -I-continuous.

Proof. The proof is similar to Theorem 2.13 and this follows by Proposition
2.2 of [2].

Definition 2.16.. A space (X, τ, I) is said to be pre-I-T1 if for each pair of
distinct points x and y in X, there exist pre-I-open sets U and V containing
x and y, respectively, such that y /∈ U and x /∈ V.

Definition 2.17.. A space (X, τ, I) is said to be pre-I-T2 if for each pair of
distinct points x and y in X, there exist pre-I-open sets U and V containing
x and y, respectively, such that U ∩ V = φ.

Theorem 2.18.. Let (X, τ, I) be an ideal topological space. Suppose that for
each pair of distinct points x1 and x2 in X, there exists a function f of X
into a Urysohn space Y such that f(x1) �= f(x2). Moreover, let f be contra pre
-I-continuous at x1 and x2. Then X is pre-I-T2.
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Corollary 2.19.. If f is a contra pre-I-continuous injection of an ideal
topological space (X, τ, I) into a Urysohn space (Y, σ), then (X, τ, I) is a pre-
I-T2 space.

Proof. Suppose that f : (X, τ, I) → (Y, σ) is a contra pre-I-continuous
injection and Y is a Urysohn space. Then for each pair of distinct points x1

and x2 in X, f(x1) �= f(x2). Therefore, by Theorem 2.18, X is pre-I-T2.

Definition 2.20.. A space (X, τ, I) is said to be pre-I-connected if X cannot
be expressed as the disjoint union of two non-empty pre-I-open sets.

Theorem 2.21.. Let (X, τ, I) be pre-I-connected and Y be a T1-space. If
f : (X, τ, I) → (Y, σ) is contra pre-I-continuous, then f is a constant function.

Proof. Since Y is a T1-space, C = {f−1({y})|y ∈ Y } is a disjoint partition
of X by pre-I-open sets. If |C| ≥ 2, then X is the union of two non-empty
pre-I-open sets. Since X is pre-I-connected, |C| = 1. Therefore f is constant.

Theorem 2.22.. For a space (X, τ, I), the following are equivalent:

1. X is pre-I-connected.

2. The only subsets of X which are both pre-I-open and pre-I-closed are
the empty set φ and X.

3. Each contra pre-I-continuous function of X into a discrete space Y with
at least two points is a constant function.

Theorem 2.23.. If f is a contra pre -I-continuous function from a pre-I-
connected space (X, τ, I) onto any space Y, then Y is not a discrete space.

Theorem 2.24.. If f : (X, τ, I) → (Y, σ) is a contra pre -I-continuous
surjection and X is pre-I-connected, then Y is connected.

Definition 2.25.. The graph G(f) of a function f : (X, τ, I) → (Y, σ) is said
to be contra pre -I-closed in X × Y if for each (x, y) ∈ (X × Y )\G(f), there
exist a pre-I-open set U in X containing x and a closed set V in Y containing
y such that (U × V ) ∩ G(f) = φ.

Lemma 2.26.. The graph G(f) of a function f : (X, τ, I) → (Y, σ) is contra
pre -I-closed in X × Y if and only if for each (x, y) ∈ (X × Y )\G(f), there
exist a pre-I-open set U in X containing x and a closed set V in Y containing
y such that f(U) ∩ V = φ.

Theorem 2.27.. If f : (X, τ, I) → (Y, σ) is a contra pre -I-continuous
function and Y is a Urysohn space, then G(f) is contra pre-I-closed in X ×Y.
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Theorem 2.28.. Let (X, τ, I) be any ideal topological space and let f :
(X, τ, I) → (Y, σ) be a function and g : X → (X ×Y ) be the graph function of
f, defined by g(x) = (x, f(x)) for every x ∈ X. If g is contra pre -I-continuous,
then f is contra pre -I-continuous.

Definition 2.29.. A space (X, τ) is said to be weakly Hausdroff [21] if each
element of X is an intersection of regular closed sets.

Theorem 2.30.. If f : (X, τ, I) → (Y, σ) is a contra pre -I-continuous
injection and Y is weakly Hausdroff, then X is pre -I-T1.

Proof. Suppose that Y is weakly Hausdroff. For any distinct points x1 and
x2 in X, there exist regular closed sets U and V in Y such that f(x1) ∈ U,
f(x2) /∈ U, f(x1) /∈ V and f(x2) ∈ V. Since f is contra pre -I-continuous,
f−1(U) and f−1(V ) are pre -I-open subsets of X such that x1 ∈ f−1(U),
x1 /∈ f−1(V ), x2 ∈ f−1(V ), x2 /∈ f−1(U). This shows that X is pre -I-T1.

Theorem 2.31.. Let the graph of a function f : (X, τ, I) → (Y, σ) be contra
pre-I-closed. If f is injective, then X is pre -I-T1.

Theorem 2.32.. Let (X, τ) be extremally disconnected and submaximal, then
for any ideal I on X, the following are equivalent for a function f : (X, τ, I) →
(Y, σ) :

1. f is contra pre-I-continuous,

2. f is contra pre-continuous,

3. f is contra semi-I-continuous,

4. f is contra semi-continuous,

5. f is contra α-I-continuous,

6. f is contra α-continuous,

7. f is contra-continuous.

Proof. This follows from Corollary 4.42 of [3].
Recall, a topological space (X, τ) is locally irreducible if each point x ∈ X has
an irreducible neighbourhood.

Remark 2.33.. It should be noticed that since every locally irreducible space is
extremally disconnected, then if the space is locally irreducible and submaximal,
then the conditions of Theorem 2.32 hold.

Recall, a topological space (X, τ) is R0 if every open set contains the closure
of each of its singletons.
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Remark 2.34.. The Theorem 2.32 is true if the space is submaximal, R0 and
the intersection of any family of open subsets of (X, τ) is open.

Definition 2.35.. A function f : (X, τ, I) → (Y, σ,J ) is said to be pre-I-
irresolute if f−1(V ) is pre-I-open in X for every pre-J -open set V of Y.

Theorem 2.36.. For the functions f : (X, τ, I) → (Y, σ,J ) and g :
(Y, σ,J ) → (Z, η), the following hold:

1. g ◦ f is pre-I-continuous if f is contra pre-I-continuous and g is contra-
continuous.

2. g ◦ f is contra pre-I-continuous if f is contra pre-I-continuous and g is
continuous.

3. g ◦ f is pre-I-continuous if f is pre-I-irresolute and g is contra pre-J -
continuous.

Remark 2.37.. The composition of any contra pre-I-continuous functions
need not be contra pre-I-continuous in general.
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