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Abstract. In this paper, we give some interesting identities of poly-Cauchy
numbers and polynomials arising from umbral calculus.

1. INTRODUCTION

For k € Z, the polylogarithm factorial function is defined by

Lifi(t) =) WZW (see [11,12,13]). (1)

m=0
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When k =1, Lify(t) = .2 o — &=L

m=0 (m+1)! t

The poly-Cauchy polynomials of the first kind C¥ (x) of index k are defined
by the generating function to be

Lka(llO_i tl +1)) Z C®)(z (k€ Z), (see[ll]). (2)

For A € C with A # 1, the n-th Frobenius-Euler polynomial of order r is
defined by the generating function to be

(1 - ) ZH(” m -, (r€Z), (see [1,10]). (3)

As is well known, the n-th Bernoulli polynomial of order r is given by

(et t_ 1) ot — ZBq(zT)(x)%’ (r e Z), (see [1,15]). (4)

n=0
The Stirling numbers of the first kind are defined by the generating function
to be

(log(1 + )" = m! S $u(1, m)% (m € Zso). (5)
I=m

Thus, by (5), we get

(@) =x(x—1)---(x —n+1) ZSlnl (6)

and

e =z(z4+1)---(z4+n—-1)= Z(—l)"’lsl(n, Dat, (see [14]).  (7)

=0

Let C be the complex number field and let F be the set of all formal power
series in the variable ¢ over C with

= {f(t) :Zakﬁ

Let P = C[z] and let P* be the vector space of all linear functionals on P.
(L | p(z)) denotes the action of the linear functional L on the polynomial p(z).

ag G(C} (8)



Poly-Cauchy numbers and polynomials 2237

For f(t) € F with f(t) = > =, ak%, let us define the linear functional on P
by setting

(f(t)]z") = an, (n>0), (see [2,14,15]). 9)
By (8) and (9), we easily see that

(t*]z") = nlo,p, (n,k > 0), (10)

where 4, is the Kronecker symbol (see [14,15]).

Let us consider fr(t) =Y ;- L"T tk. By (10), we easily see that (fr,(t)|z") =
(L|xz™) and so as linear functlonals L = fr(t). The map L+ fr(t) is a vector
space isomorphism from P* onto F. Henceforth, F denotes both the algebra
of formal power series in ¢ and the vector space of all linear functionals on
P, and so an element f(t) of F will be thought of as both a formal power
series and a linear functional (see[14,15]). We call F the umbral algebra.
The umbral calculus is the study of umbral algebra (see [14]). The order
o(f(t)) of a power series f(t)(# 0) is the smallest integer k for which the co-
efficient of t* does not vanish. If o(f(¢)) = 1, then f(t) is called a delta series;
if o(g(t)) = 0, then g(¢) is called an invertible seires. Let f(¢),g(t) € F
with o(f(t)) = 1 and o(g(t)) = 0. Then there exists a unique sequence
Sn(x) (deg Sy (x) = n) such that (g(t)f(t)*S,(x)) = nld,, for n,k > 0. The

sequence Sy (x lled the Sheffer sequence for (g(t), f(t)) which is denoted

) is ca
by Sn(x) ~ (g(t ()), (see [14]).

) =
(9(t),
For f(t),g(t) and p(z) € P, we have

(FBg@®)p(x)) = (f®)lg(t)p(x)) = (g(O)]f (B)p(z)) (11)

and
Z (f(t Ix'“> o P Z (t*lp()) 77 (12)
By (12), we get

pM(0) = (t*Ip(x)) = (1p™ () (k > 0). (13)
Thus, by (13), we have

tp(a) = p¥ @) = L, (see [14)) (14)

Let S, (x) ~ (g(t), f(t)). Then we see that
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g(f Z% ',foralle(C (15)
where f(t) is the compositional inverse of f(t) with f(f(t)) =t,
N~ L Y R
50 = 2 TG 1o
and
f(#)Sp(x) =nS,_1(z), (n>0), (see [14,15]). (17)

As is well known, the transfer formula for p, () ~ (1, f(%)), ¢, ~ (1,9(t)), (n >
1), is given by

an(x) = (%) v pa(x), (see [14]). (18)
Let S, (x) ~ (g(t), f(t)). Then it is known that
=|z— gy L x), (see
Suna(o) = (= 280 ) i Sulo). (see D) (19

For Sy, (z) ~ (g(t), f (1)), rn(z) ~ (h(t),1(t)) we have

T) = Z CrmTn(), (20)

where

L) (e
Cun = g (12", (see [14) (21)

Finally, we note that e¥'p(z) = p(xz +y), (p(z) € P).
In this paper, we investigate some properties of poly-Cauchy numbers and

polynomials with umbral calculus viewpoint. From our investigation, we derive
some interesting identities of poly-Cauchy numbers and polynomials.

2. PoLy-CAUCHY NUMBERS AND POLYNOMIALS

From (2), we note that i (x) is the Sheffer sequence for the pair (g(t) =

m, f(t) =e " —1), that is,

C®(z) ~ (m et — 1) , (keZ, n>0). (22)
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When z = 0, C) = C’T(Lk)(O) is called the n-th poly-Cauchy number of the
first kind with index k.
Thus, we see that

Lif(log(1+1)) ZC(k o (see [12,13]). (23)

By (16) and (22), we easily get

n

CP(2) =Y %<Lz’fk<wg<1 1) (—log(1 + £))i 2™y (24)

J=0

Now, we compute.

(Lifillog(1+ D)(~log(1 + O 1a") = (=17 3 s (logl1+ )" a")
= (—1)’ m'<m1+ G %Sl(l +m+j,m~+5) (L +m+ 5) 0 isme
— (~1) m("zlmjf)l')ksl(n,m +)
" (25)
Thus, by (24) and (25), we get
n—j m+j '
C (« Z{ )’ msl(nam +j)}a’
S j
— jzo{(—l) 2 (m_j+1)k51(n,m)}x (26)
= L (m (—x)
= ;Sl(n7m) ~ (]) (m —j+ 1)k:
From (22), we have
1 om x)~ (l,e " — x" o~
Lz’fk(—t)C" (x) ~ (1, 1), (1,1). (27)

By (18) and (22), for n > 1 we get

1 t " t\"
mcﬁ“(@ =z (et — 1) vl = (1) (ette_ 1) "t (28)
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Now, we observe that

tet \" —t \" 2 (—1)hh — (-1)B, ,
(=) - (=) =(ZT&1 S PP
11=0 1,=0
- ! tl
— l
=2 ( 2. () (h,... ,ln)B“mBl”> Ik

1=0 \ly+-tln=l
(29)
where B, is the n-th ordinary Bernoulli number and (l1 " ln) = #'ln'
From (28) and (29), we have
O (@)
n_l n—1
(-1 () B BLiA-0e
1=0 L+ +ln=
n_l o n—1 n—1
= (=1 n -1 m+l - -
(=1) (=1) (l1,~-,ln,n—1—l)(m)
1=0 ly+-+lp=l m=0
1
B -.-B pvim
X m e
n—1 n—I
s n—1 n—1 Bl"'Bl :
=(-1)" —1)" . . J
( ) .. i ( ) (llv"'alnan_l_l)< J )(n_l_j+1)kx

_n_l Z n—1 Bll"'Bln
N . I, lpyn—1—1) (n—14+1)k

n n—j
. n—1 n—I Bl"'Bl
-1y 1 n
+ Z Z ( )(ll,~-~,ln,n—1—l)<j)(n—l—j—i—l)k

' (30)

j=1 UI=0 ly4+-+ln=l

Therefore, by (30), we obtain the following theorem

Theorem 2.1. Fork e Z, n > 1, we have

n—1
() (1) — n—1 By B,
W@=% ¥ (e

1=0 ly++ln=l

From (28), we have

n n—j
. n—1 n—I Bl"'Bl
—1) 1 ul
15 92D DI DN CEH RN | () e e =
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Thus, by (31), we get

n —1

— 1 /m-1\/(a—1\ @ .
C’ff)(x):(—l)”nlzza(a_l>< ; )B((l )1 (Lifr(—t)z™
a=1 ’
!

=1 1=0
n a—1 1
n 1 /m—1\/a—-1\/1+1 (_1)l+17m “
SR 99 901 () [ Cay [ (g o= = S
a=1 =0 m=0
G ()
— n (—1)l+1 n—1 a—1 Ba N
a=1 1=0
I+1 B
1 /n— a—1\[1+1\ (=1)Ht=m "
il (=D -
+;;mz—1@'(a )< l )(m)([+2_m)kz a—1-17
iazl 1+1( 1)(@—1) B(g) y
B a=1 = ! a—1 l (l+2)k
shelie - (@)
D= i — 1\ fa—1\ [l +1 B -
EEE ) )

- (32)

n a—1

Therefore, by (26),(30) and (32), we obtain the following theorem.
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Theorem 2.2. Forn>1, 1 <5 <n, we have

L)
S R

m=j
A 5 ( n—1 )<n—l) B, B,
i Lo lpym—1—1 j (n—1—j+1)*
n a—1 — (a)
(—1)i+1= (n — 1) (a — 1) <l + 1) B,”,
= (—=1)"n! — T
2 2 -0 )0 )y
Moreover,

Si(n,m) n—1 By, ---B
C(k): 1 l1 ln
" mZ: m+ 1)k Z Z L, Jlpyn—1=1)(n—1+1)F

1=0 Ll =l
)" |Zn:§ 1)l+1 n—1\fa—1 Béa—)1—l
g a—1 I ) (l+2)k

where k € Z, n > 1.
From (7), we note that

o0 n o0 . t
:;(—x :;I( )n'

and

(—1)"z™ = Z(—l)mSI(n,m)xm ~ (1,e™" = 1).

m=0

Thus, by (27) and (35), we get

1
Lifi.(—t)
From (36), we have

CP(2) = (~1)"a™ & CW (@) = (~1)"Lifu(—)a.

(35)

(36)
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n

O (x) = Lifi(—t)(=1)"2™ = "(=1)"Sy(n, m) Li fr(—t)z"™

m=0

=SS m)

(m —j)i(m —j+1)

m=

=)

<.
I
=)

It is well known that the Sheffer identity is given by

n

Sua ) = 3 (1) S P, (see 1))

where S, (x) ~ (g(t), f(t)) and P,(z) = g(t)S,(z).
By (38), we easily get

OO 1 y) = 3 (-1 (M@,

j=0 J

where y™ = y(y +1)---(y +n —1).
From (19) and (22), we have

N =[SO

 Lifi(—t) n
= etigjj’;gig CW () — 20W (x4 1).

Now, we compute

Lifi(=t)

B () — Lif' (=) [ — L oWy
(IR @) = L) (1 P

Lif(—t) "

= Lifi(=t)(=1)"a" = (=1)"Lif;(~t)a"™

n

= (=" ()" 'Sy (n, D) Lifi(—t)a".

=0

By the definition of the polylogarithm factorial function, we get

2243

(38)

(39)

(40)

(41)
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Lifi(-n =3 (12)

From (41) and (42), we can derive

L’Lf]g(—t) (k) )= (— n n nl n l l,lfm
T CW @) = () S ) Yo (-1 ( )

(m + 2)k
=0 m=0
n l j (l) (43>
Z n,l) Z
— g (l —j+2
Thus, by (40) and (43), we get
! j(l) "
n+1 —625171[2 l_] 2 2/ — 2CF) (x4 1)
. (44)
( 1)J(l) "
Therefore, we obtain the followmg theorem.
Theorem 2.3. For k€ Z, n >0, we have
l (_1)j (é) i (k)
O\ (x 251 Zﬁ( r+ 1)) —aCP(x+1).
For f(t) € F and p(z) € P, we note that
(f@)lp(x)) = (0f(t)|p(x)), (see [14]), (45)

where 0, f(t) = dfd—(tt).
By (10) and (45), we get,

Z ! k) 7" = <Llfk((i0i(;);' t) |xl,n—1>

<at<mfk<1og<1 +1))(1+8)7)|z")
= ((OyLi fr(log(1 +1)))(1 + t)*y\x"*1> + (Lifr(log(1 +¢))0: (1 + t)*y\x"*)
= (Lifi(log(1 +))(1 + ) 2""") — yC, (y + 1).
(46)
It is easy to show that
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(tLifi(t)) = Lifi(t), (tLifi(t)) = Lifi(t) + tLifi(t). (47)

Thus, by (47), we get

rify() = £t A0 (43)

From (48), we can derive the following equation:

(Lifi(log(1 +1))(1+1)" 2"

= (Lfiafopll 2 1) = DALOBR LD g 1 gy m 1y

= j_ol (n ; 1) Bl<1>(1)<L"fk71(log(1 + t))t— Lifp(log(1 +1t)) (1 1) v iy

) lZ; ("7 ) oy oG D = BRERCEO) gy Ly
_ :‘z_é (n ) 1) il(l)_(lz> (Li fir(log(1 + 1) — Lify(log(1 + 1)) (1 + )~z

—1
1 n _
=23 (1)t - e )
=0

(49)
Therefore, by (46) and (49), we obtain the following theorem.
Theorem 2.4. For k€ Z, n >0, we have
1< -
C®(z) = —2C™ (x + 1) + - > (7) BP({C™ Vz+1) — W (z + 1)}
1=0
For n > m > 1, we evaluate
((log(1 +1))™Li fu(log(1 + 1)) [z") (50)

in two different ways.
On the one hand, we get
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—_

((log(

n—

+1))" Lifr(log(1 +1))|z") = (Lifi(log(1 +1))[(log(1 + £))™x")

3

(51)

0
m

S ~

n (k)
- m (l m) 1( +m,m) n—l—m

On the other hand, we have

((log(1 + )™ Lify(log(1 +t))]z") = ((log(L + 1)) Li fy(log(1 + 1)) |z2" ")
= (i(log(1 + 1)) Lify.(log(1 + 1)) |2"~").

(52)
Now, we observe that

O;((log(1 +1))™ Li fi,(log(1 +t))) = dp{(log(1 + )™ log(1 + t) Li fy:(log(1 + 1))}
= (0, (log(1 + t))™ Y 1og(1 + t) Li fi.(log(1 + t)) + (log(1 +¢))™*
x (Oy(log(1 +t)) Lifi(log(1 +1)))

= (log(1 + )™ {(m — D Lifi(log(1 + 1)) + Life(log(1 + 1))}

(53)
By (52) and (53), we get,

((log(1 +#))™ Li fi(log(1 + 1)) |")
= (m — 1)(Lifi(log(1 +))(1+ )" "[(log(1 + )" 2" ")
+ ((Lifi-1(log(1+£))(1 + 1)~ (log(1 +1))™ 12" ")

n

- f(m —1)! (z fﬂi 1) Si(l+m—1,m—1{m-1C®_ 1)+c*" 1)}

n n—Il—-m
=
(54)
Therefore, by (51) and (54), we obtain the following theorem.

Theorem 2.5. Forn >m > 1, we have

= Zm(m ~1)! (z fn;i 1) Sil+m—1,m—1){(m-1)C¥,_ 1)+ 0 (1)},

n—t—m
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In particular, for n > 1, we have

n—1
k-1 n k
et = Y evn(, el

=0

From (1), we note that

ZC — = Lifi(log(1+1t)) = el 1)’ (55)

where C,, = C{" (0) is called the n-th Cauchy number of the first kind.
Let us consider the following sequences which are defined by the generating
function to be

t " > t
—— ) Lifi(log(1+1)) T ’€> 56
(log(l + t)) ifi(log(1 + Z " (56)

n=

Then, by (55) and (56), we get

o0

ot N _ n ®
(log(l—i—t)) Lifi(log(1 +1)) => > (ll,---,zm)al C, 0

n=0 | li+-+lr41=n

(57)
From (56) and (57), we have
TTETJC) — Z (ll7 N .TL’ lr+1> Oll CZTCIT_H (58)
li++lrp1=n
For n > 1, by (10), we get
Cflk) = (Lifi(log(1 +t)|2") = (Lif,(log(1 + t)|z2™1)
B , nely Lz’fk,l(log(l + t) Lifi(log(1 +t) -
_ <Lifk71(1og(1 +1)) — Lifi(log(1+¢)) 1 Ly
B (1+1¢)log(1+1t) n
= o (e (08(1 4 0) = Lifilog(1 + D)l =")
(59)

It is easy to show that

tTL

n!’
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o0 n

(=t)'a" =) (=1)'(ny"". (60)

1 n
—x =
141 P

l

By (59) and (60), we get

n

cP = — Z(—l)l(n)mm(u fr—1(log(1 + 1)) — Lify(log(1 + 1)) =" ")
=0

Therefore, by (61), we obtain the following lemma.

Lemma 2.6. For k € Z, n > 1, we have

n

Cr(zk) _ l Z(_l)nfl(n i l)' (7;) (jvl(l,k—l) . E(l,k))

n
=0

It is known that
0;" Li f(log(1 + 1))

— Zm:iSl(m,a)Sl(ajL 1,01+ 1)(

a=1 [=0

Lifui(log(1 + 1))
1+ t)™(log(1 +t))*’

(see [11]).
For n >m > 1, by (62), we get

CF = (Life(log(1 + t))|2") = (9" Li fe(log(1 + t))|z"~™)

m Lifr—i(log(1 +1))
_ ;;Sl(mm&(ﬁ b DT (log (1 + 1))

ot 1 Lifr_i(log(1 + 1))
B ;;Sl(m’a)sl(a+1’l+1>(n—m+a)a<(1+t)m(log(1+t))

D 9) SCIUNICIES RN

i (n—m+a),

a ‘xnfm>

- ‘taxnfm+a>

t ‘o 1
X <(m) Llfk—l(log(1+t))|(1+t)m

Now, we observe that
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n—m-+ta

L pnma _ 3 (—1)8(””5_1) (n—m—+a)a™ ™5 (64)

(14+t)m — s
From (63) and (64), we have

*) ¢ T m+s—1 (n —m)!
G ZZ Z ( )(n—m—l—a—s)! (65)

a=1 [=0 s=0
x S1(m,a)Si(a+ 1,1+ 1)T\" fnll o
Therefore, by (65), we obtain the following lemma.
Lemma 2.7. Forn >m > 1, we have

=333 ("

a=1 =0 s=0

x S1(m,a)Si(a+ 1,1+ TR0
For S, (x) ~ (g(t), f(t)), it is known that

< =Z()f ")), (66)

1=0
From (22) and (66), we have

d )

() = (7) (—log(1 +1)|a" )0} (x)

T @)
=32 ()0 S e
— (1Y ), ()

= Z Cn,mBr():) (@), (68)
m=0
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log(1+t)

( log(1+t) 1)1”
Com = (A0 1og(1 + )7}a)

1
Lifg(log(1+t))

_ | ﬂ?m@@fkaog(l +1)) ((1 e 12g(1 — t)) (log(1 +1))"|z") o)
m” > 51 L4+ m,m)(n)irm

=0 t ) .
(1+t)log(1+t)) ["=7).

Carlitz’s polynomials @(f) (x) are defined by the generating function to be

X (Lifr(log(1+1)) (

t ’ - tr
1 T _ (r) — 4 .
(gmy) (0= S see 03] (70)
By (69) and (70), we get,
n—mn—m-—I —m I
-1 s O (—rc® ..
) — % (l+m)< a ) 1( +m7m)/6a ( ) n—m—Il—a
(71)
Therefore, by (68) and (71), we obtain the following theorem.
Theorem 2.8. Fork e Z, n >0, we have
n n—mn—m-—I
ro=3{er S (L))
m=0 =0 a=0
xS1(1 -+ m,m) 80 (=) O, } B (@),
Remark 1. It is known that
t . te
=) BW—_ 2
(1+4¢t)log(l+1t) ; “ al (72)
Thus, by (72), we get
: - i > ¢ Blv... gl | £
(1 + t) 10g(1 + t) =0 \ay 4o tar—a ai, -, Qy ay ar CL!
(73)

From (69) and (73), we can also derive
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n—mn—m-—I
n n—m—1I a
i PP I I (R | Gy
=0 a=0 ai1+-+ar=a l+m a ar, - ar (74)

X Syl m,m) B BIOCE,
By (68) and (74), we get

-3 {orE s 2 (L))

m=0 a=0 ai1+--+ar=a

X Su(l+mm)BE - BeIC®, L BY(@)

From (3) and (22), we consider the following two Sheffer sequences:

CW®) () ~ (m,e—t — 1) , HO (2] \) ~ ((elt__;\\)Tt) , (76)

where r € Z>.
Let us assume that

CW (x Z Chom HE (2] X). (77)

m=0

Then, by (21), we get

Cly = %w Fe(log(1+ 1) (1%15 _ A) (log(1 + £))™z")

(s S (o

_>< (Lifr(log(1 + 1)) (1 4+ ¢)~ 2™ ™)

() semn 3 (1) e,

Therefore, by (77) and (78), we obtain the following theorem.

(78)

1_

OM§

Theorem 2.9. Fork € Z, n,r € Z>(, we have

o= (5SS () ()

m=0 =0 a=0

xSi(l+mmNC, (@)} B (a]A),
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Remark 2. By the same method, we can see that
n erTa n—mn—m—l r
+b—-1
c®) _ a+b a

w(n —m— Z),,x—asl(z +m, m)qgjm,l,b} HD (z])).

(79)
For C’flk)(x) ~ (szk( 7€ et — 1), ™ ~ (1,1 —e7?), we have
CW (z Z Chomz™ (80)
where
Cogn = —{Lify(log (1 + 1) (~6)" ")
= O )i o1+ 1)) 1)

= (-1)" (Z) ..

Therefore, by (77) and (78), we obtain the following theorem.
Theorem 2.10. For k € Z, n > 0, we have

ca) = -1 (1) Ot

m=0

where (" = z(x +1)---(z +n — 1).
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