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Abstract
We introduce a new class of spaces. The properties are discussed

sufficiently. And the Wiener spaces embedded into the spaces. We
present the application in the Hörmander multipliers.
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1 Introduction

In this section we will introduce a new class of spaces denoted with Xs,p

and study the basic properties. Then we recall the definition of α-modulation
spaces preparing for the discussion of the relation between the two classes of
spaces.

An main motivation is to give a new condition of the Hörmander mul-
tipliers. Denote mj(ξ) = ψ(ξ)m(2jξ) where ψ is the generator of the Paley-
Littlewood decomposition. (Refer to [10] for the details of the Paley-Littlewood
decomposition) The Hörmander multiplier theorem as a classical result pre-
sented in [12] states that if m ∈ S ′(Rn) satisfies

sup
j

∥Fmj∥Hs <∞, s >
n

2
,

1Partially supported by NSF of China (Grant No. 11271330, 10931001) and NSFZJ of
China (Grant No. Y604563).



2190 Congwei Song

then m(D) is bounded on Lp for all 1 < p <∞ (see also [6]), where Hs is the
Sobolev space. After recalling the previous work such as [13], [16] refined the
condition as

sup
j

∥Fmj∥Ms
2,1
<∞, s > 0. (1)

Notice that Hs′+n
2 ⊂ M s

2,1, s
′ > s > 0. It is the best result in the sense that

it does not hold any longer when s = 0. In the paper, we propose a new
condition (see Theorem 3.1) that is even weaker than (1), namely

sup
j

∥mj∥X <∞

where FM s
2,1 ⊂ X, s > 0. For this purpose, we shall introduce a new class of

spaces contain the Fourier transform of modulation spaces. It is found that
the spaces have interesting properties.

Notice the functions mentioned above are all defined on Rn. See the ab-
breviation for the notations in subsection 1.3.

1.1 New Class of Spaces

We introduce a new space in the paper motivated by the relation with
modulation spaces at least. (See Theorem 2.1)

Definition 1.1 Xs,p(Rn) denotes the function space with the norm

sup
R>0

⟨R⟩s(
∫
|x|>R

|f(x)|pdx)
1
p , s ≥ 0, p > 0 (2)

where f is a measurable function defined on Rn and |x| is the norm in finite
dimension. The homogenous analogue Ẋs,p(Rn) is obtained via replacing ⟨R⟩
with |R| in (2).

Xs,p(Rn) will be written as Xs,p for short. It looks extremely like the
Morrey spaces. [1] In fact the norm represents the decreasing rate

(

∫
|x|>R

|f(x)|pdx)
1
p . ⟨R⟩−s.

A definition much closer to the Morrey spaces is

∥f∥s,p = sup
R>0,y∈Rn

⟨R⟩s(
∫
|x−y|>R

|f(x)|pdx)
1
p , s ≥ 0, p > 0,

but (2) is only used in the paper.
We begin to study the properties of the spaces with the following example.
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Example 1.1 Let χB(0,λ) be the characteristic function on B(0, λ) ⊂ Rn the
ball with radius λ about 0, then

∥χB(0,λ)∥Xs,p ∼
{
λ

n
p , λ < 1,

λs+
n
p , λ ≥ 1.

Obviously, Xs,p ↪→ X0,p = Lp and Xs2,p ↪→ Xs1,p, s1 ≤ s2. Moreover
Xs,p = Ẋs,p ∩ Lp. Another interesting fact is Xs,p ∩ Y = Ẋs,p ∩ Y where Y is
the set of functions vanishing near the origin. It also has Hölder’s inequality

∥fg∥Xs,p ≤ ∥f∥Xs1,p1∥g∥Xs2,p2 ,
1

p
=

1

p1
+

1

p2
, s = s1 + s2.

With the help of Hölder’s inequality, we get the boundedness of the operator

⟨x⟩−r : Xs−r+n( 1
p
− 1

q
),q → Xs,p, p ≤ q, s+ n(

1

p
− 1

q
) > r,

equivalently

⟨D⟩−r : FXs−r+n( 1
p
− 1

q
),q → FXs,p.

It is easy to get the homogeneous analogue.
Following is the dilation properties of the spaces (refer to [5, 15])

∥f(λx)∥Ẋs,p = λ−s−n
p ∥f(x)∥Ẋs,p ,

∥f(λx)∥F Ẋs,p = λ
s− n

p′ ∥f(x)∥F Ẋs,p ,

namely the smoothness degrees deg(Ẋs,p) = λ−s−n
p , deg(F Ẋs,p) = λ

s− n
p′ . Di-

lation properties are regarded as the norm of the dilation operator on the
spaces. Define

Dλf(x) = f(λx).

We have

∥Dλ∥Ẋs,p = λ−s−n
p , (3)

∥Dλ∥Xs,p ∼ λ−s−n
p ∨ λ−

n
p . (4)

The lower bounds of ∥Dλ∥Xs,p is ensured by Example 1.1.
Finally to consider the duality of the spaces, we have to extend the family

of the spaces as follows,

f ∈ Xs,p,q iff

(∫
R>0

⟨R⟩sq(
∫
|x|>R

|f(x)|pdx)
q
p

) 1
q

<∞, p, q ≥ 1

that is equivalent to ⟨y⟩sf(x) ∈ Lp
xL

q
y(|x| > y > 0). Now we assert

(Xs,p,q)′ = X−s,p′,q′ .
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1.2 α-Modulation Spaces

We review the α-modulation spaces before discussing the embedding rela-
tion. The α-modulation spaces were introduced to contain the Besov spaces
and the modulation spaces as special cases. [3, 4, 9, 11] Refer to [8, 18] for
more details about modulation spaces. In the paper, we only focus on the
relation between α-modulation spaces and Xs,p.

The definition of the α-modulation spaces is based on the so-called α-
covering. (See [3])

Definition 1.2 A countable set Q of subsets Q ⊂ Rn is called an admissible
covering if Rn =

∪
Q∈QQ and there exists n0 <∞ such that

{Q′ ∈ Q|Q ∩Q′ ̸= ∅}, for all Q ∈ Q.

An admissible covering is called α-covering, 0 ≤ α ≤ 1 if |Q| ∼ ⟨x⟩αn for all
x ∈ Q ∈ Q that yields

inf
x∈Q

⟨x⟩αn ∼ sup
x∈Q

⟨x⟩αn,

where ⟨x⟩ = 1 + |x|.

Similarly, we get the homogenous version replacing ⟨x⟩ with |x|. It follows
from Definition 1.2 that

i) |Q| ∼ |Q′|, for all Q ∩Q′ ̸= ∅ in Q.

ii) If Ω is bounded, then {Q ∈ Q|Q ∩ Ω ̸= ∅} is finite, and |Q| ∼ ⟨x⟩αn for
all x ∈ Ω,Ω ∩Q ̸= ∅.

Now the α-modulation spaces can be defined with the terms of α-covering.

Definition 1.3 Given {ψQ, Q ∈ Q} is a unity partition as a generalization
of uniform partition of the frequency domain where ψQ is supported on Q, we
define α-modulation space as a function space with the norm

∥f∥Ms,α
p,q

:=

(∑
Q∈Q

⟨ξQ⟩qs∥ψQ(D)f∥qp

) 1
q

(5)

where ξQ ∈ Q and Q is an α-covering.

Strictly, only when 1 ≤ p, q ≤ ∞, (5) becomes a norm. Denote M s
p,q =M s,0

p,q .

Remark 1.1 (see [3]) People obtain the unity partition through translating
and dilating a generator (or several generators), as

ψQ = ψ(⟨cQ⟩−α(x− cQ)), cQ ∈ Q.
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The modulation space can be regarded as an example of the Fourier trans-
form of the Wiener amalgam space [2, 5, 7]. Now we fix the definition of the
spaces inspired by the definition of α-modulation spaces.

Definition 1.4 Given a function Banach space X and a sequence Banach
space Y indexed by Q ∈ Q, the space Wα(X, Y ) consists of all distributions
u ∈ S ′ (u ∈ Xloc more precisely) for which

∥u∥Wα(X,Y ) := ∥{∥ψQu∥X}∥Y <∞.

Actually,M s,α
p,q = FWα(FLp, ℓs,q), where ℓs,q is the q−summable sequence

with the weight ⟨ξQ⟩s.

1.3 Notations and Organization

Through the paper, A(x) . B(x) means that there exists a positive con-
stant C such that A(x) ≤ CB(x) for all x in a domain where A,B are two
non-negative functions on the domain, while A(x) ∼ B(x) is used to denote
A(x) . B(x) . A(x).

∑
k∈Zn (supk∈Zn) will be simply written as

∑
k (supk),

if there is no ambiguity. Lp(Rn) is shorten as Lp, if n is arbitrary and kept
uniform.

This paper is organized as follows. In section 2, we prove the embedding
theorem of the spaces. In section 3, we show a new Hörmander type theorem
as an application.

2 Embedding Theorem

Following theorem says that the Wiener spaces can be embedded in Xs,p.
The proof is a generalization of the proof in [16].

Theorem 2.1 Wα(Lq, ℓs+nα( 1
p
− 1

q
),1) ↪→ Xs,p, s ≥ 0, 1 ≤ p ≤ q, namely for any

R > 0,

(

∫
|x|>R

|K|p)
1
p . ⟨R⟩−s∥K∥

Wα(Lq ,ℓ
s+αn( 1p− 1

q ),1
)
.
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Proof. Let BR is the ball with radius R about the origin. It is not hard to
see that Q ∩BR ̸= ∅ implies |xQ| & R for large R. Thus

(

∫
|x|>R

|K|pdx)
1
p ≤

∑
Q

(

∫
|x|>R

|ϕQ(x)K(x)|pdx)
1
p

.
∑

|xQ|&R

∥ϕQ(x)K(x)∥p

.
∑

|xQ|&R

⟨xQ⟩−s⟨xQ⟩s|Q|
1
p
− 1

q ∥ϕQ(x)K(x)∥q

. ⟨R⟩−s
∑
Q

⟨xQ⟩s+αn( 1
p
− 1

q
)∥ϕQ(x)K(x)∥q

= ⟨R⟩−s∥K∥
Wα(Lq ,ℓ

s+αn( 1p− 1
q ),1

)
,

where
∑

|xQ|&R is the sum of Q such that |x| & R for any x ∈ Q.
On the other hand, since

Wα(Lq, ℓs+nα( 1
p
− 1

q
),1) ↪→ Wα(Lp, ℓs,p) ↪→ Lp,

for finite R,

(

∫
|x|>R

|K|pdx)
1
p ≤ ∥K∥p

≤ ∥K∥
Wα(Lq ,ℓ

s+nα( 1p− 1
q ),1

)
.

Combining the inequalities obtained above, we complete the proof. 2

Note that each space X mentioned above means X(Rn). Similarly, we

have Ẇα(Lq, ℓs+αn( 1
p
− 1

q
),1) ↪→ Ẋs,p. Furthermore, applying Hölder’s inequality

in the sum
∑

Q, we have

Wα(Lq, ℓs+nα( 1
p
− 1

q
),r) ↪→ Xs− n

r′ ,p, s ≥ n

r′
, 1 ≤ r ≤ p ≤ q.

Remark 2.1 The key is the second step of the first inequality in the proof.
It is true for any unity partition consisting of compactly supported functions
{ψQ} and the distance between the support suppψQ and the origin tends to
infinity as |xQ| → ∞.

Taking p = 1, q = 2, we immediately get

Corollary 2.1

M
s+n

2
α,α

2,1 ↪→ FXs,1, Ṁ
s+n

2
α,α

2,1 ↪→ F Ẋs,1.

The embedding is sharp, since deg Ṁ
s+n

2
α,α

2,1 = degF Ẋs,1 = s.
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3 Application

The application gives a new condition of the Hörmander multipliers (or
the Calderón-Zygmund type theorem). Assume {ψj} is the Littlewood-Paley
decomposition [6, 14] in the following theorem whose supports form a homo-
geneous 1-covering.

Theorem 3.1 Let K̂j = ψjK̂, K =
∑

j Kj. If

sup
j
⟨2j⟩s∥Kj(x)∥Xs,1 <∞ (6)

namely K(x) ∈ W 1(Xs,1, ℓ∞(⟨2j⟩s)), s > 0, then the corresponding convolution
operator of K is bounded on Lp, 1 < p < ∞ and weakly bounded on L1 where
ℓ∞(⟨2j⟩s) is the bounded sequence space with weight ⟨2j⟩s.
Proof. Let A = supj⟨2j⟩s∥Kj(x)∥Xs,1 , ∥Kj∥1 ≤ A. First, it is easy to get

∥K∥FL∞ = sup
j

∥Kj∥FL∞ ≤ sup
j

∥Kj∥1 ≤ A.

Then we go to verify the Hörmander condition∫
|x|>2|y|

|K(x− y)−K(x)|dx <∞. (7)

On one hand, for the estimate ∥∇Kj∥1 . 2j∥Kj∥1, [17]∫
|x|>2|y|

|Kj(x− y)−Kj(x)|dx . |y|∥∇Kj∥1

. 2j|y|∥Kj∥1

. 2j|y|A.

On the other hand,∫
|x|>2|y|

|Kj(x− y)−Kj(x)|dx .
∫
|x|>|y|

|Kj(x)|dx

. |y|−s∥Kj∥Xs,1

. (2j|y|)−sA.

It follows from the estimates that∑
j

∫
|x|>2|y|

|Kj(x− y)−Kj(x)| = (
∑

2j |y|≤1

+
∑

2j |y|>1

)

∫
|x|>2|y|

|Kj(x− y)−Kj(x)|

.
∑

2j |y|≤1

2j|y|A+
∑

2j |y|>1

(2j|y|)−sA

. A.

Now we get (7) via the dyadic decomposition of the kernel. 2



2196 Congwei Song

Remark 3.1 It is straightforward to see that (8) can be replaced with

sup
j
⟨2j⟩s′∥Kj(x)∥Xs,1 <∞, s, s′ > 0,

where s must > 0.

With the dilation property (see (4)), the condition can be replaced by

sup
j

∥2−jnKj(2
−jx)∥Xs,1 <∞.

It also yields that if K is homogenous of degree −n namely K(λx) = λ−nK(x),

e.g. K(x) = Ω(x)
|x|n where Ω is homogenous of degree 0, then (8) is tantamount

to ψ̂ ∗K ∈ Xs,1. Moreover, it holds when replacing Xs,1 with Ẋs,1 or making
{ψj} inhomogeneous.

With Corollary 2.1, we have

Corollary 3.1 (see [16]) Let m = K̂, and supj⟨2j⟩s∥ψjm∥
M

s+n
2 α,α

2,1

< ∞, s >

0, then m is a Hörmander multiplier.

Noticing H
n
2
+s′ ↪→M s

2,1, s > s′ > 0, we can get the classical result obtained
by Hörmander. [6]

At the end, we show that {ψj} can be replaced with other type unity
partition. Assume {ψk} is the unity partition associated to α-covering, 0 ≤
α < 1 and xk ∼ |k|

1
1−α , xk ∈ suppψk. [3] With similar argument, we have

(7) .
∑
k<C

|k|
α

1−α |y|+
∑
k>C

(|k|
α

1−α |y|)−s

. C
α

1−α
+n|y|+ Cn−s α

1−α |y|−s,

then it implies {
C− α

1−α
−n & |y|,

C− α
1−α

+n
s . |y|.

If α
1−α

< n
s
, then

C . |y|1/(−
α

1−α
−n) ∧ |y|1/(

n
s
− α

1−α
),

otherwise the inequality may not hold for all y but it is not a problem as you
see.

Given an α-covering and the unity partition based on it, it yields that

Theorem 3.2 Let K̂Q = ψQK̂, K =
∑

QKQ. If

sup
Q

⟨xQ⟩αs∥KQ(x)∥Xs,1 <∞, s > 0, (8)

then K is bounded on Lp, 1 < p <∞ and weakly bounded on L1 as an operator.

It indeed holds for Ẋs,1 and the corresponding corollaries are obtained
easily.
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