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Abstract

In this paper, we establish several inequalities for the generalized
weighted quasi-arithmetic integral mean by use of the Chebyshev in-
equality, Jensen inequality and convexity.
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1. Introduction

Let p be a real positive Lebesgue integrable function on [a, b], f a real Lebesgue
integrable function on [a, b], and g a real continuous and strictly monotonic
function defined on J , the range of f . In [6], the generalized weighted quasi-
arithmetic integral mean of function f with respect to weight function p is
defined by

Mg(p, f) = Mg(p, f ; a, b) = g−1

(∫ b

a
p(x)g(f(x))dx∫ b

a
p(x)dx

)
, (1.1)

where g−1 denotes the inverse function to the function g.
It is not difficult to verify that

α ≤ Mg(p, f ; a, b) ≤ β,

where α = inft∈[a,b] f(t) and β = supt∈[a,b] f(t).
Many known means in the integral form of two variables p and f are a

special case of Mg(p, f) when taking the suitable functions p, f and g. For
instance,

• for p(x) ≡ C on [a, b], where C is a positive constant, we get the gener-
alized quasi-arithmetic integral means of a function f

Mg(f) = Mg(C, f ; a, b) = g−1

(∫ b

a
g(f(x))dx

b − a

)
;

• for f(x) = x = id(x) on [a, b], we get the classical weighted quasi-
arithmetic integral means

Mg(p, id) = Mg(p, id; a, b) = g−1

(∫ b

a
p(x)g(x)dx∫ b

a
p(x)dx

)
;

• for g(x) = x = id(x) on J , we get the weighted arithmetic integral means

A(p, f) = A(p, f ; a, b) = Mid(p, f ; a, b) =

∫ b

a
p(x)f(x)dx∫ b

a
p(x)dx

.

Means Mg(p, f) generalize also other types of mean, cf. [2], e.g. general-
ized weighted arithmetic, geometric and harmonic means, logarithmic means,
intrinsic means, power means, one-parameter means, extended logarithmic
means, extended mean values, generalized weighted mean values, and others.
Hence, from Mg(p, f) we can deduce most of the two variable means.
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Some basic properties of means Mg(p, f) related to properties of input
functions f and g were studied in [2, 3] in connection with the weighted inte-
gral Jensen inequality for convex functions. In [4], some integral inequalities
analogous to the well-known Hermite-Hadamard inequality for the generalized
weighted quasi-arithmetic integral mean Mg(p, f) were established. And, in [1]
the authors discussed the Schur convexity of the generalized quasi-arithmetic
integral mean Mg(f) and the generalized weighted quasi-arithmetic integral
mean Mg(p

′, f), where p′ denote the derivative of the weight p.

The following Lemma 1.1 (Chebyshev inequality) can be found in [5].

Lemma 1.1. Let p be a positive Lebesgue integrable function, h and k two
Lebesgue integrable functions on [a, b], both increasing or both decreasing on
[a, b]. Then

∫ b

a
p(t)h(t)k(t)dt∫ b

a
p(t)dt

≥
∫ b

a
p(t)h(t)dt∫ b

a
p(t)dt

·
∫ b

a
p(t)k(t)dt∫ b

a
p(t)dt

.

If one of the functions h and k is increasing and the other is decreasing, then
the above inequality is reversed.

In general measure theoretical notation the Jensen inequality theorem sounds
as follows: let (Ω, A, μ) be a measurable space, such that μ(Ω) = 1. If f is a
real μ-integrable function and φ is a convex (concave) function on the range
of f , then

φ

(∫
Ω

fdμ

)
≤ (≥)

∫
Ω

φ ◦ fdμ.

The purpose of this paper is to present some new and interesting inequali-
ties for the generalized weighted quasi-arithmetic integral mean.

2. Main Results

Theorem 2.1. Let p be a positive Lebesgue integrable function, f a Lebesgue
integrable function, g a continuous and strictly monotonic function, and h a
positive monotonic function. Then the following statements are true.

(1) If h and f have the same monotonicity, then

Mg(p, f) ≤ Mg(hp, f). (2.1)

(2) If h and f have opposite monotonicity, then inequality (2.1) is reversed.

Proof. We only give the proof of Theorem 2.1(1) in detail. Similar argument
leads to the proof of Theorem 2.1(2). We divide the proof of inequality (2.1)
into two cases.

Case 1. h and f are increasing. We divide the discussion into two subcases.
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Subcase 1.1. g is strictly increasing. Then h and g ◦ f have the same
monotonicity, and the Chebyshev inequality implies that∫ b

a
p(t)h(t)g(f(t))dt∫ b

a
p(t)dt

≥
∫ b

a
p(t)h(t)dt∫ b

a
p(t)dt

·
∫ b

a
p(t)g(f(t))dt∫ b

a
p(t)dt

.

That is ∫ b

a
p(t)h(t)g(f(t))dt∫ b

a
p(t)h(t)dt

≥
∫ b

a
p(t)g(f(t))dt∫ b

a
p(t)dt

. (2.2)

From (2.2) and the monotonicity of g we clearly see that

g−1

(∫ b

a
p(t)h(t)g(f(t))dt∫ b

a
p(t)h(t)dt

)
≥ g−1

(∫ b

a
p(t)g(f(t))dt∫ b

a
p(t)dt

)
. (2.3)

Therefore, inequality (2.1) follows from (2.3).
Subcase 1.2. g is strictly decreasing. Then h and g ◦ f have opposite

monotonicity, and the Chebyshev inequality leads to∫ b

a
p(t)h(t)g(f(t))dt∫ b

a
p(t)dt

≤
∫ b

a
p(t)h(t)dt∫ b

a
p(t)dt

·
∫ b

a
p(t)g(f(t))dt∫ b

a
p(t)dt

.

That is ∫ b

a
p(t)h(t)g(f(t))dt∫ b

a
p(t)h(t)dt

≤
∫ b

a
p(t)g(f(t))dt∫ b

a
p(t)dt

. (2.4)

Therefore, inequality (2.3) follows from (2.4) and the monotonicity of g.
Case 2. h and f are decreasing. We divide the proof into two subcases.
Subcase 2.1. g is strictly increasing. Then h and g ◦ f have the same

monotonicity, and the Chebyshev inequality leads to the conclusion that in-
equality (2.2) holds again. It follows from the monotonicity of g that inequality
(2.1) holds.

Subcase 2.2. g is strictly decreasing. Then h and g ◦ f have opposite
monotonicity, and the Chebyshev inequality implies that inequality (2.4) holds
again. Therefore, inequality (2.1) follows from (2.4) and the monotonicity of
g. �

Corollary 2.2. Let p and q be two positive monotonic functions, f a mono-
tonic function, and g a continuous and strictly monotonic function. If p and
f have the same monotonicity, q and f have opposite monotonicity, then

Mg(p, f) ≥ Mg(f) ≥ Mg(q, f).
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Proof. Let h = 1
q
. Then h and f have the same monotonicity, and Theorem

2.1(1) leads to
Mg(f) = Mg(hq, f) ≥ Mg(q, f).

The proof of the remaining part is similar. �

Theorem 2.3. Let g1 and g2 be two continuous and strictly monotonic func-
tions, p a positive Lebesgue integrable function, and f a Lebesgue integrable
function. Then the following statements are true.

(1) If g2 is strictly increasing and g2 ◦ g−1
1 is convex, or g2 is strictly de-

creasing and g2 ◦ g−1
1 is concave, then

Mg1(p, f) ≤ Mg2(p, f). (2.5)

(2) If g2 is strictly decreasing and g2 ◦ g−1
1 is convex, or g2 is strictly in-

creasing and g2 ◦ g−1
1 is concave, then inequality (2.5) is reversed.

Proof. If g2 ◦ g−1
1 is convex, then the Jensen inequality implies that

(g2 ◦ g−1
1 )

(∫ b

a
p(t)g1(f(t))dt∫ b

a
p(t)dt

)
≤
∫ b

a
p(t)g2(f(t))dt∫ b

a
p(t)dt

.

If g2 is strictly increasing, then the above inequality leads to

g−1
1

(∫ b

a
p(t)g1(f(t))dt∫ b

a
p(t)dt

)
≤ g−1

2

(∫ b

a
p(t)g2(f(t))dt∫ b

a
p(t)dt

)
,

and inequality (2.5) holds. The proofs of the remaining parts are similar. �

Let g1 = id or g2 = id, where id is the identity transformation, then
Theorem 2.3 deduces the following Corollary 2.4.

Corollary 2.4. Let g1 and g2 be two continuous functions, p a positive
Lebesgue integrable function, and f a Lebesgue integrable function. If g2

is strictly increasing and convex or strictly decreasing and concave, and g1 is
strictly decreasing and convex or strictly increasing and concave, then

Mg1(p, f) ≤ A(p, f) ≤ Mg2(p, f).

Theorem 2.5. Let p be a positive Lebesgue integrable function, f1 and f2

two Lebesgue integrable function, and g a continuous and strictly monotonic
function. Then the following statements are true.

(1) If f1(t) ≤ f2(t) for all t ∈ [a, b], then

Mg(p, f1) ≤ Mg(p, f2). (2.6)

(2) If f1(t) ≥ f2(t) for all t ∈ [a, b], then inequality (2.6) is reversed.
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Proof. (1) We divide the proof into two cases.
Case 1. g is strictly increasing. Then we clearly see that

g(f1(t)) ≤ g(f2(t))

for all t ∈ [a, b].
Therefore, ∫ b

a
p(t)g(f1(t))dt∫ b

a
p(t)dt

≤
∫ b

a
p(t)g(f2(t))dt∫ b

a
p(t)dt

. (2.7)

From (2.7) and the monotonicity of g we get inequality (2.6).
Case 2. g is strictly decreasing. Then we have

g(f1(t)) ≥ g(f2(t))

for all t ∈ [a, b], and

∫ b

a
p(t)g(f1(t))dt∫ b

a
p(t)dt

≥
∫ b

a
p(t)g(f2(t))dt∫ b

a
p(t)dt

. (2.8)

Therefore, inequality (2.6) follows from (2.8) and the monotonicity of g.
The proof of part (2) is similar. �

Corollary 2.6. Let p be a positive Lebesgue integrable function, and g a
continuous and strictly monotonic function. If f1(t) ≤ id(t) ≤ f2(t) for all
t ∈ [a, b], then

Mg(p, f1) ≤ Mg(p, id) ≤ Mg(p, f2).

Theorem 2.7. Let g1 and g2 be two continuous and strictly monotonic func-
tions, p a positive Lebesgue integrable function, then we have

(1) If f1 ≤ f2, g2 is increasing and g2 ◦ g−1
1 is convex, or g2 is decreasing

and g2 ◦ g−1
1 is concave, then

Mg1(p, f1) ≤ Mg2(p, f2). (2.9)

(2) If f1 ≥ f2, g2 is increasing and g2 ◦ g−1
1 is concave, or g2 is decreasing

and g2 ◦ g−1
1 is convex, then inequality (2.9) is reversed.

Proof. We only give the proof of Theorem 2.7(1) in detail.
If g2 is increasing and g2 ◦ g−1

1 is convex, or g2 is decreasing and g2 ◦ g−1
1 is

concave, then Theorem 2.3(1) implies that

Mg1(p, f1) ≤ Mg2(p, f1). (2.10)
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If f1 ≤ f2, then Theorem 2.5(1) leads to

Mg2(p, f1) ≤ Mg2(p, f2). (2.11)

Therefore, inequality (2.9) follows from inequalities (2.10) and (2.11). �

Theorem 2.8. Let g1 and g2 be two continuous and strictly monotonic func-
tions, p1 and p2 two positive Lebesgue integrable function with p2 = p1h. Then
the following statements are true.

(1) If h and f have the same monotonicity, g2 is increasing and g2 ◦ g−1
1 is

convex or g2 is decreasing and g2 ◦ g−1
1 is concave, then

Mg1(p1, f) ≤ Mg2(p2, f). (2.12)

(2) If h and f have opposite monotonicity, g2 is increasing and g2 ◦ g−1
1 is

concave or g2 is decreasing and g2 ◦ g−1
1 is convex, then inequality (2.12) is

reversed.

Proof. If g2 is increasing and g2◦g−1
1 is convex, or g2 is decreasing and g2◦g−1

1

is concave, then Theorem 2.3(1) implies that

Mg1(p1, f) ≤ Mg2(p1, f). (2.13)

If h and f have the same monotonicity, then Theorem 2.1(1) implies that

Mg2(p1, f) ≤ Mg2(p2, f). (2.14)

Therefore, inequality (2.12) follows from inequalities (2.13) and (2.14).
The proof of part (2) is similar. �

Theorem 2.9. Let g be a continuous and strictly monotonic function, p1

and p2 two positive Lebesgue integrable functions with p2 = p1h. Then the
following statements are true.

(1) If f1 ≤ f2, and f1 or f2 have the same monotonicity with h, then

Mg(p1, f1) ≤ Mg(p2, f2). (2.15)

(2) If f1 ≥ f2, and f1 or f2 have opposite monotonicity with h, then
inequality (2.15) is reversed.

Proof. (1) Without loss of generality, we assume that h and f1 have the same
monotonicity. Then Theorem 2.1(1) leads to

Mg(p1, f1) ≤ Mg(p2, f1). (2.16)

If f1 ≤ f2, then Theorem 2.5(1) implies that

Mg(p2, f1) ≤ Mg(p2, f2). (2.17)
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Therefore, inequality (2.15) follows from inequalities (2.16) and (2.17).
The proof of part (2) is similar. �

It is easy to see that the following Theorem 2.10 follows from Theorems
2.1, 2.3 and 2.5.

Theorem 2.10. Let g1 and g2 be two strictly monotonic functions, p1 and p2

two positive Lebesgue integrable functions with p2 = p1h. Then the following
statements are true.

(1) If f1 ≤ f2, f1 or f2 have the same monotonicity with h, g2 is increasing
such that g2 ◦ g−1

1 is convex or g2 is decreasing such that g2 ◦ g−1
1 is concave,

then

Mg1(p1, f1) ≤ Mg2(p2, f2). (2.18)

(2) If f1 ≥ f2, f1 or f2 have opposite monotonicity with h, g2 is increasing
such that g2 ◦ g−1

1 is concave or g2 is decreasing such that g2 ◦ g−1
1 is convex,

then inequality (2.18) is reversed.

Theorem 2.11. Let k be a strictly monotonic and differentiable function on
[a, b]. Then the following statements are true.

(1) If f ≤ k−1 ◦ f ◦ k, (p◦k)·k′
p

and f have the same monotonicity, g ◦ k is

increasing and g ◦ k ◦ g−1 is convex, or g ◦ k is decreasing and g ◦ k ◦ g−1 is
concave, then

Mg(p, f ; a, b) ≤ k−1(Mg(p, f ; k(a), k(b))). (2.19)

(2) If f ≥ k−1 ◦ f ◦ k, (p◦k)·k′
p

and f have opposite monotonicity, g ◦ k is

decreasing and g ◦ k ◦ g−1 is convex, or g ◦ k is increasing and g ◦ k ◦ g−1 is
concave, then inequality (2.19) is reversed.

Proof. Equation (1.1) leads to

k−1(Mg(p, f ; k(a), k(b))) = (k−1 ◦ g−1)

⎛
⎝∫ k(b)

k(a)
p(x)g(f(x))dx∫ k(b)

k(a)
p(x)dx

⎞
⎠ . (2.20)

Making the change of the variable x = k(t) we obtain

(k−1 ◦ g−1)

⎛
⎝∫ k(b)

k(a)
p(x)g(f(x))dx∫ k(b)

k(a)
p(x)dx

⎞
⎠

= (g ◦ k)−1

(∫ b

a
p(k(t))g(f(k(t)))k′(t)dt∫ b

a
p(k(t))k′(t)dt

)

= Mg◦k((p ◦ k) · k′, k−1 ◦ f ◦ k; a, b). (2.21)
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From equations (2.20) and (2.21) we have

k−1(Mg(p, f ; k(a), k(b))) = Mg◦k((p ◦ k) · k′, k−1 ◦ f ◦ k; a, b). (2.22)

Therefore, Theorem 2.11 follows from Theorem 2.10 and equation (2.22). �

Let g = id. Then Theorem 2.11 leads to the following Corollary 2.12.

Corollary 2.12. Let k be a strictly monotonic and differentiable function on
[a, b]. Then the following statements are true.

(1) If f ≤ k−1 ◦ f ◦ k, (p◦k)·k′
p

and f have the same monotonicity, k is
increasing and convex, or k is decreasing and concave, then

A(p, f ; a, b) ≤ k−1(A(p, f ; k(a), k(b))). (2.23)

(2) If f ≥ k−1 ◦ f ◦ k, (p◦k)·k′
p

and f have opposite monotonicity, k is

decreasing and convex, or k is increasing and concave, then inequality (2.23)
is reversed.

Let p = C, where C is a positive constant. Then Corollary 2.12 leads to
the following Corollary 2.13.

Corollary 2.13. Let k be a strictly monotonic and differentiable function on
[a, b]. Then the following statements are true.

(1) If f ≤ k−1 ◦ f ◦ k, k′ and f have the same monotonicity, k is increasing
and convex, or k is decreasing and concave, then

∫ b

a
f(t)dt

b − a
≤ k−1

⎛
⎝∫ k(b)

k(a)
f(t)dt

k(b) − k(a)

⎞
⎠ . (2.24)

(2) If f ≥ k−1 ◦ f ◦ k, k′ and f have opposite monotonicity, k is decreasing
and convex, or k is increasing and concave, then inequality (2.24) is reversed.
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