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Abstract

In this paper we propose an effective approach that was used to solve
the Navier-Stokes equations in three dimensional space. The proof of
the approach is described in details in the article ”Existence, uniqueness
and smoothness of a solution for 3D Navier-Stokes equations with any
smooth initial velocity” [12].
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1 The mathematical setup

The system of non-linear partial differential equations is given by

Fk,l(x, �u, Dα�u) + Fk,n(x, �u, Dβ�u) = fk(x) (x ∈ RN , 1 ≤ k ≤ N) (1)

Here �u(x) = (uk(x)) ∈ RN , (1 ≤ k ≤ N) − is an unknown vector-function;

fk(x) are components of a given, externally applied force �f(x); Fk,l(x, �u, Dα�u)
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are linear parts of equations; Fk,n(x, �u, Dβ�u) are non-linear parts of equations;
α = (α1, . . . , αn) is a multi-index of non-negative integers α1, . . . , αn, and
β = (β1, . . . , βn) is a multi-index of non-negative integers β1, . . . , βn. Then we
have Dα = Dα1

1 . . .Dαn
n , Dβ = Dβ1

1 . . . Dβn
n , where Di = ∂

∂xi
(1 ≤ i ≤ N).

The order of (1) is defined as the highest order of a derivative occurring in the
system of equations.

System of equations (1) can be considered in the whole space or in some
sub domain of it. In the first case the definition of the solution space has to
include conditions on the behavior of the solutions at infinity. In case if system
(1) is considered in some sub domain of the whole space one or more boundary
conditions have to be imposed. For this approach the boundary conditions (or
conditions at infinity) must include only linear operators.

A system of non-linear partial differential equations together with bound-
ary conditions gives a non-linear problem, which must be considered in an
appropriate function space.

2 Integration of linear part of the system of

partial differential equations (1)

To start the process of solution of a non-linear problem let us add (−Fk,n(x, �u, Dβ�u) )
to both sides of the equations (1). Then we have:

Fk,l(x, �u, Dα�u) = fk(x) − Fk,n(x, �u, Dβ�u) (x ∈ RN , 1 ≤ k ≤ N) (2)

Let us denote

f̃k(x, t) = fk(x, t) − Fk,n(x, �u, Dβ�u) (1 ≤ k ≤ N) (3)

or we can present it in the vector form:

�̃
f(x, t) = �f(x, t) − �Fn(x, �u, Dβ�u) (4)

Then we should solve the system of linear partial differential equations. Cor-
responding methods of this integration are presented in V.P. Palamodov [8],
G.E. Shilov [9], L. Hormander [4], S. Mizohata [7], J.F. Treves [11], R. Courant,
D. Hilbert [2].

Result of this stage is the system of integral equations for vector-function
�u. Non-linear parts (4) are integrands for integrals in the system of integral
equations.

We have to show equivalence of the problem in differential form (1) and in
the form of an appropriate system of integral equations.
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3 The fixed point principle

We can use the fixed point principle (L.V. Kantorovich, G.P. Akilov [5], V.A.
Trenogin [10], W.A. Kirk and B. Sims [6], A. Granas and J. Dugundji [3], J.M.
Ayerbe Toledano, T. Dominguez Benavides, G. Lopez Acedo [1]) for the solu-
tion of received equivalent system of integral equations.

4 Conclusion

This approach was used in the article ”Existence, uniqueness and smoothness
of a solution for 3D Navier-Stokes equations with any smooth initial velocity”
[12]. The authors expect that it can be successfully applied to other systems
of nonlinear differential equations in partial derivatives.
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